IMPERIAL agricultural 
RESEARCH INSTITUTE, NEW OELHI* 




BIOMWFtllKA 


A JOUKNAL FOR THE STATISTICAL STUDY OF 
BIOLOGICAL PROBLEMS 

B'OUNDEI) BY 

W. h\ K. WELDON. FRANCIS GALTON and k4rL jPEARSON 

EDITED BY 

KARL PEARSON 

ASSISTED BY 

EGON SHARPE PEARSON 

VOLUME XXVI 

19:34 


310973 

llllilililiillllillilillllllll 


lARI 


ISSUED BY THE BIOMETRIKA OFFICE 
UNIVERSITY COLLEGE, LONDON 
ANT) PRINTED AT THE 
UNIVERSITY PRESS, CAMBRIDGE 




.xxra: 





CONTENTS OF VOLUME XXVI 

Memoirs 

PACK 

I. On the Pa„ Test for Randomness: Remarks, Further Illustration, 

and Table for Px,. By Florence N. David 1 

II. On the Corrections for the Moment Coefficients of Frequency Dis- 
tributions when the Start of the Frequency is one of the Character- 
istics to be determined. By E. S. Martin 12 

III. On Asymptotic Formulae for the Hypergeometric Series. Part II. 

By O. L. Davies 59 

IV. Die Statistik der Seltenen Ereignisse. Von Rolf LCders . . 108 

V. On Certain Non-normal Symmetrical Frequency Distributions. By 

G. H. Hansmann 129 

VI. A Biometric Study of the “Flatness” of the Facial Skeleton in Man. 

By T. L. Woo and G. M. Morant 19C 

VII. The Wilkinson Head of Oliver Cromwell and its Relationship to 
Busts, Masks, and Painted Portraits. By Earl Pearson and 
G. M. Morant 269 

VIII. Contribution k I’llltude de la Th4orie de la Correlation. Par Professeur 

Carlos E. Dieulefait 379 

IX. The Use of Confidence or Fiducial Limits illustrated in the Csiso of 

the Binomial. By C. J. Clopper and Eqon S. Pearson . . 404 

X. The Roumanian Silhouette. By Marioara Pertia and others . 414 

XI. On a New Method of Determining “Goodness of Fit.” By Karl 

Pearson 425 

XII. A Statistical' Study of the Daucus Carota L. (Second Article.) By 

William Dowell Baten 443 

Miscellanea 

(i) On Certain Measures of Dependence between Statistical 

Variables. By Professor J. F. Steffensen .... 261'< 

(ii) Remarks on Professor Steffensen’s Measure of Contingency. 

By Karl Pearson 266 



PAOX 


(iii) Spearman’s General Factor Again. By Professor Bubton 

H. Camp 260 

(iv) Note on the Recurrence Formulae for the Moments of the 

Point Binomial. By A. A. Kbishnaswami Ayvanqab . 262 

(v) Note on the Incomplete Moments of the Hypergeometrical 

Series. By A. A. Kbishnaswami Ayyanhab . .264 

(vi) On Simometers and their Handling. By Kabl Peabson . 266 

(vii) Paul Harzer’s TaJbellen fur alle statistische Zwecke in Wissen- 

schaft und Praxis. Review by F. Garwood . . . 469 

lAst of Plates, etc. 

Pearson and Morant : The Cromwell Head. 

The Wilkinson Head in Right Profile, showing the oak pole and 
the corroded tip of the iron prong, and the Cincture marking 
the removal of the skull-cap to take out the Brain. Note flowing 
moustache and hair on chin Frontispiece 

Plate L Photograph of Egyptian Criminal and of his Skull . .to face pope 2'JO 

Plate II. Drawing of the Skull of Egyptian Criminal fitted to the 
Drawing of his Face. To show the manner in which the real 
Skull fits its actual Face 

Plate III. J. T. Smith’s Engraving of John Crunch, “ an impe- 
cunious person of poetic nature,” Writer of the first account of 
the Head discussed in this Memoir 

Plate IV. Title-page of John Cranch’s account of the Cromwell 
Head with an Engraving of it by him, 1799. [The Head has 
been reversed in the Engraving] 

Plate y. John Cranch’s Oil Painting of the Head. The Painting 
is in the possession of Canon Horace Wilkinson. Painted in 
1799 or thereabouts 

Plate VL Sepia Drawing of the Wilkinson Head from a grangerised 
copy of Pennant’s London, 1790, in the Print Room, British 
Museum. Probably firom the last quarter of the 18th Century . 

Plate VII. The Lord Protector lying in state at Somerset House. 

From an Engraving by Jas. Caldwall of an original Print in the 
Collectioh of John Towneley, Esq. The original Print must have 
been contemporary, see Plate VIH 


Si Si 


„ 279 


Si >» > 


292 


»> » » 


800 



Contents 


V 


Plate Vlll. His Highness* Effigies standing in state. From an 
Envying by Jas. Caldwall of an original Print, in the Collection 
of John Towneley, Esq. The original Print must have been 
contemporary, for it appears much reduced as Frontispiece to 
CafHngton’s HisUyty of the Life and Death of ...Oliver, late Lord 
Pri^tor, 1669, the Year following Crora well’s Death . . to face page 300 

Plate lx. Facsimile of the Inscription on the gilded plate found 
on Cromwell’s Breast when his Coffin was opened at the 
Exhumation. Copy with Statement by Dr Cromwell Mortimer 
in the possession of Karl Pearson 298 

Plate X. Facsimile of the Resolution of the House of Commons 
for the Exhumation of the Bodies of the Regicides and their 
Hanging on the Gallows at Tyburn, with the Lords* Amendment 
“in their coffins.** From the Library of the Speaker, by his kind 
permission „ 310 

Plate XI. Facsimile of the Mason’s Receipt for the Money for 
digging up the Bodies of Cromwell, Ireton and Bradshaw. From 
Dr Cromwell Mortimer, in the possession of Karl Pearson . . 

Plate XII. Interior of Westminster Hall during the Trial of 
Charles 1. Bradshaw presides and Cromwell is on his right at K „ „ 314 

Plate XIII. The Triple Gallows at Tyburn, with the Pit for Burial 
below the Gallows. From a contemporary Dutch Print . . „ „ „ 

Plate XIV. The Scene at Tyburn, The Building seen under and 
above the Gallows appears to be Westminster Hall. Whether 
the Building on which the Heads are poled is supposed to be 
the South End of the Hall we cannot say ; it is more like the 
West Side curtailed. From a contemporary Dutch Print . . „ „ 

Plate XV. Plan of Westminster Hall and Palace in Tudor Times 
(based on early maps and other sources of information). From 
William Newton*s London, Westminster and Southwark as in the 
Olden Times. . . London, 1865. The Flan shows jagged steps on 
both Gables of the Hall, the Fish Yard to the West of the Hall 
and the range of buildings at the South-West Corner and others 
South of the Hall (the former may have included “ Heaven ”) . „ „ 316 

Plate XVI. View of the City of Westminster. Print showing the 
Buildings at South End of Westminster Hall, which would not 
hinder, however, the View from Lambeth and the River of 
Heads poled at that End » )i 

Plate XVII. Print showing View of Westminster Hall from the 
River. The Boofe of Buildings at South-East Comer would not 
screen Heads poled on the South End of the Hall. Fart of the 



vi 


CofutenU 


Parapet of the Hall, with Windows opening on to it, is visible. 

Date of Drawing drca 1722 . tof(M page 316 
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Court • »> 319 

Plate XX. View of New Palace Yard, Westminster. This View is 
of some interest because it seems to indicate in the Wall or 
Palisade in front of the Tudor Buildings (Court of Exchequer) 
just above the two -horse Coach in the foreground, the Entrance 
to a Cellar, from which two Persons are coming out. Was this 
one of the Entrances to the Taverns under the Exchequer ? . „ „ n 

Plate XXL Interior of Westminster Hall in Pepys’ Day. Court of 
King’s Bench to left. Court of Chancery to right of Steps, Court 
of Common Pleas in right-hand comer of Print, Stalls for Sale 

of Books and Hosiery, etc » 322 

Plate XXH. Leads of St Stephen’s, of the White Hall, and of 
other Buildings at the South End of Westminster Hall, on to 
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ON THE Pa,, TEST FOR RANDOMNESS: REMARKS, 
FURTHER ILLUSTRATION, AND TABLE OF FOR 
GIVEN VALUES OF -log..X„. 

By FLORENCE N. DAVID. 

Dr .Karl Pearson has drawn my attention to the fact that in his recent paper 
on the Test for Randomness in Sampling*, he had judged roughly in which 
direction the probability integrals should be measured, endeavouring to choose that 
direction which would lead to the more stringent result, i.e. that in which the 
probability of a more improbable result occurring would be the smaller. Consider 
the simple case of an individual drawn at random from a normal parent population. 
If in the ordinary notation we found ^ (1 — «) = *005, we should argue that such an 
individual was very unlikely to have been drawn in a single random sampling, for it 
deviates from the mean value by about 2*68 times the standard deviation in excess, 
but actually the improbability would be as great in the case of an individual 
deviating from the mean value by 2*58 in defect, in which case the probability 
integral measured in the same direction would be *995. Now, if we have two prob- 
ability integrals px andpa, we may either take pi or (1 — /)i)(l — P 2 ) but we 

cannot take px (1 — jp*) or (1 — pi)p 2 > for the proof of the randomness in this test 
depends on the probability integrals being measured in the same direction. 
Accordingly in this case pxp% will be larger than (1 — — i? 2 ) Pi+Pz bo 

greater than unity. But when we increase the number of probability integrals 
there is no easy method of at once determining whether 

PlP 2 -.Pn or (l-pi)(l-p 2 ) --(l-/>n) 

will give the more stringent test. These remarks apply equally well when the 
frequency distribution of the parental population, true or hypothesised, is skew. 

In order to ascertain whether any strikingly different results would arise if the 
probability integrals in Pearson's illustrations had been measured in the opposite 
sense, I have worked out the values of — logio(l —P 2 ) ••• (1 ^Pn) for those 

illustrations and determined the corresponding values of 1 This seemed 

practically as short as comparing the two products ^ 

PiJPs- • •Pn and (1 -pi) (1 -P 2 ) . • . (1 - Pn)> 
for it is actually the value of i (n— 1, u) we require for relative appreciation. 

* Biometrikat Vol. xxv. pp, 379—410. 
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Px^ Test for Randomness 

The following Table I gives the value of Qa, for the various illustrations, and 
denotes which method leads to the more stringent results: Qa, measures the 
probability of less probable cases occurring. The smaller it is, the less stringent 
the test. 


TABLE I. 


Illastration 

Table and Page, 
Biometrika, Vol. xxv. 

A 

Value of (?A„ 
from p, ft... p/ 

B 

Value of from 

(1-Pj)(1-P2)-(1-P») 

A or B 
the more 
stringent 

(i) 

Table I, p. 387 

•118 

•343 

A 

(ii) 

Table lit, p. 390 

•070 

•074 

A 

(Hi) 

Table IV, p. 391 

•738 

•520 

B 

(iv) 

Table V, p. 39-2 

•000,008 

•995,361 ' 

A 

(v) 

Table Vlt, p. .396 

•037 

•242 

A 

(vi) 

Table VIII, p. 397 

•649 

•888 

A 

(viii) 

Table IX, p. 400 

•126 

•345 

A 

(i*) 

Table XI, p. 403 

•048 

•976 

A 

(s) 

Table XII, p. 40b 

•436 

•393 

B 

(«) 

‘ Table XIII, p. 406 

•524 

•431 


(xii) 

Table XIV, p. 409 

•221 

•663 

A 

Given below 

Table II below 

•575 

•388 

B 


Thus in 8 out of 12 illustrations the more stringent direction of the probability 
integrals was selected by mere inspection. In the other 4 cases B ought to have 
been taken instead of A, but in none of these four cases was the difference such as 
to upset the judgment as to randomness deduced from A. The results, however, 
might modify a judgment ivs to one hypothesis being more or less probable than, a 
second. The departure from randomness, represented by = ’5, may be in e:£ces8 
or defect and we must necessarily be as cautious of the approach of Qk^ to 1 as 
to 0. Hence in cases of doubt it may be desirable to work out the values of by 
B as well as A. 


A further illustration of the method may be made here, namely to testing 
whether a series of Regression Coefficients may be taken as random samples from a 
bivariate normal population. We reproduce the theoretical discussion and its 
application to a particular example which has already been given in the Annals of 
Eugenics, as it is likely to escape many readers of Biometrika. 


The distribution of the regression coefficient Ry.x, which we will write Rt for 
the fth Age Group, is in samples of % given by* 



where a and b are constants of the parent population, of which we are in ignorance. 


* R.S. Proe, Vol. 113 A., pp. 1 — 14, or Tahiti for Statiitieiatu, Part ii, p. cll. 
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If -we suppose a and 6 to be the same for all the sampled populations, then we have 
the combined surface in the case of k samples, if 8 (rit) N, 


z 


Va "-* n 




1 


(ii). 


To determine the most probable values of the constants a and b we must make 
z a maximum, or taking logarithmic differentials of z with regard to a. and b : 


N--k nta 

“a t^ia^ + (Rt-b)^ 


t^k 

S 


t^\ 


nt(Rt-b) _ 


(iii). 


Thus to determine a* and 6 wc have the equations 

fit _N-k 


(iv), 


ntRt _i N — k 

i^a^ + (Rt-bf~'* a» 


,(v). 


These equations appear to be only capable of solution by approximation, the chief 
difficulty being to obtain the first approximation. 

Returning to Equation (i) we see that if be considerable, we may replace it by 


and accordingly (ii) by 


z^ - e 

a 

(Vi), 

M fn,-by 

2^ = 

(vii). 


Again taking logarithmic differentials we have 




(viii), , 


Cl -y~ « ' T» ▼ 

k N 


.(ix). 


Thus the first approximation to 6 is given by 6i =» the weighted mean of RtS and 
the first approximation to is equal Njk times the weighted standard deviation 
of the i2/s. If we now put 6 = 6i -h €i and a® = ai* + ei^ in (iv) and (v), where €i and 
€i' are small quantities, the squares and products of which may be neglected, we can 
proceed to a second approximation and if needful to higher approximations. 
Substituting these values of a and b in (i) we obtain by aid of the Tables of the 
Incomplete ^-Function the probability integral pt of each Rt. 

lUustratim. Reff^^esaion Coefficients of Sitting Height on Stature, As the method 
of determining whether a number of regression coefficients may be considered as 
due to random sampling from one and the same population is of interest from the 

1—2 



TABLE II. To test Regression Coefficients of Sitting Height on Stature. 
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practical standpoint, we may illustrate it on the data for the 28 Age Groups in the 
regression of Sitting Height on Stature. The necessary working is given at length 
in Table II. The numbers are here sufficiently large to justify for present purposes 
the use of a normal curve (vii) for the distribution of Rsh-.st- Column (i) indicates 
the Age Groups, (ii) the number, of cases in the sample, (iii) the observed value 
of Bshist^ (iv) the difference of this from the weighted mean value Rghisu (v) the 
squares of the entries in (iv), to ascertain the weighted standard deviation of Rsh-.stf 
(vi) gives this weighted standard deviation a divided by V *, (vii) gives the ratio of 
the deviation in (iv) to the standard deviation of Rsh-.st in (vi), (viii) gives 

. the values of pt and finally (ix) the values of logiop«. The sum of the values in this 
column (ix) is — 11*5865^5666 and since Vn logioe = V28 logioe = 2*298,0705, 
w = 5*041,8630 and 7(27, = ‘42451 from the Incomplete V’Ennction TaWe, using 

third differences. Thus the probability on our hypothesis of more divergent sets of 
samples of 28 Age Groups occurring is *57549 or some 58% of sets would exhibit 
greater divergence. As far ns this test is concerned it seems not unreasonable to 
suppose that the regression coefficient of Sitting Height on Stature is constant for 
all ages. 

We may now examine this problem supposing the probability integrals measured 
in the reverse direction. 

The values of 1 — and their logarithms are given in Table III below: 


TABLE III. 

Probability Integrals of the Regression Coefficients of Sitting Height on Stature. 


No. 

Value of 1 

logi, (1 -Pt) 

No. 

Value of 1 -pt 

Jogio (1 -Pt) 

1 

•00466 

3-668,3859 

15 

-41879 

T'621,9963 

2 

•67003 

r -826,0942 . 

16 

-71904 

1-856,7531 

3 

'61409 

1 -788,2320 

17 

-55764 

1-746,3539 

4 

•30503 

1-484,3426 

18 

-47210 

1 •674,0340 

5 

•92785* 

1 -967,4801 

19 

-56553 

1*752,4556 

« 

■01463 

2-166,2443 

20 

-07493 

2-874,6557 

7 

•82639 

1-917,1801 

21 

•44038 

1-643,8276 

8 

•97882 

1-990,7028 

22 

•50000 

i -698,9700 

9 • 

•13136 

1 •118,4631 

23 

•41294 

1-615,8870 

10 

•63307 

1 •801,451 7 

24 

•72240 

1-858,7777 

11 

•10027 

1-001,1710 

25 

•28774 

1-459,0002 

12 

•67724 

1 -830,7426 

26 

•71226 

l-852,6386 

13 

•29116 

1-464,1317 

27 

•78230 

1*893,3733 

14 

•83147 

T-919,8466 

28 

•67364 

1-828,4279 





— Ioctia X«. j 

-12-679,3754 


V n logio e * 2*298,0705 


w = 5-51 7,4005 


* is foaud at once from the tabled values in Oomrie’s edition of Barlcw'i Tables, 
Jnt 









6 


P)^ Test for Randomnm 


Hence 


«/ (27, 6*617,4006) 
• *6124, 


from the Incomplete V-Function Table. And accordingly we may take = *388, 
which is somewhat more stringent than the = *576 of the A method as noted in 
Table I, but would not alter our judgment that the hypothesis that all the regres- 
sion coefficients may be taken as due to random sampling from the same normal 
population of regression coefficient : at ‘B362 is not unreasonable. Had we asked 
whether Case No. 1 of regression coefficient * *6261 was a reasonable sample 
from a population of Rshist “ ’8362 we should have answered in the negative. This 
indicates how different our judgment may be when we are considering one or 
twenty-eight samples. Table IV below gives the value of for given values of 
n, the number of probability integrals, and of - logic i.e. the logarithm of the 
product of the probability integrals to base 10 with the minus sign before it. This 

table saves the trouble of computing u = and then interpolating into the 

vn logics 

Incomplete T-Function Table. The latter must still be used for values n > 30. 


The table will suffice by using ^Px^ to obtain values of Pa„ to four figures 
except when n and — logicX^ very small, say n< 6 and — logicXn < 1*125, when 
inay be found from S^Pa* if we desire four-figure accuracy. 


The present Table IV may be used to find without much extra labour P{')^,n!). 
It is true that it will only give the value of P n') to four figures, but this is 
usually ample, and it doubles the range of the table in Tables for Statisticians, 
going up to n' = 61. All we need to do is to enter the present table with 

n*J(n'~l), and - logicX,, = ^ logic e, 
and then P n') =* 1 - Px^. 


For example: What is the value of P(;^* n') for 14, nf - 17 ? 
Here n » 8, - logioX^ = 7 x logic e =» 7 x *434,2944 = 3*0406. 

But from our column for w = 8, we have 


*-logioX«, for 3*00, **3875, 

-logioXn, for 3*25, =*4729, 
whence by linear difference the required Pa„ 

* *3876 4- *0854 x *1624 * *4014, 
and P(X*,n')**5986. 

Palin Elderton’s table gives *6987, which is the value actually provided by the 
present table, if second differences are used. 


Of course the Tables of the Incomplete T~Fmction carry the P(x*, w') Table to 
7 decimal places up to n'* 101, but a table to 4 decimal places up to n'* 61 will 
be found not without value. 
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TABLE IV. 

Table of the P)^ Function. 

I »-6 ..f "“1 («»'•> 




n -.5 (coni.) n "G (coni.) 


•0000 + 818 
•0343 +454 
•1139 +206 
•2142 +53 

•3127 ““36 

•4216 -84 

•6151 -106 
•5980 -111 

•6697 -107 
•7308 -99 

•7819 -87 

•8243 -76 

•8592 -64 

•8876 -54 

■9106 -45 

•9291 -37 

•9439 -30 

•9558 -24 

•9652 -19 

•9727 -16 

•9786 -12 

•9833 -10 


3-000 '9921 - 5 

3-125 -9939 - 4 

3-250 *9952 - 3 

3-375 -9963 - 2 

3-500 -9971 - 2 

3-625 -9978 - 1 

3-750 -9983 - 1 

3- 875 -9987 - 1 

4- 000 -9990 - 1 

4-125 -9992 - 1 

4-250 -9994 - 


4-375 -9995+ 
4-500 -9996 
4-625 -9997 
'4-750 -9998 


•0000 + 7 •< 

-0032 +144 
•0208 +186 
•0670 +170 
•1101 +128 
•1760 +80 
•2499 +36 

•3273 - 9 

•4046 -28 

•4792 - 47 

•5490 -58 

•6130 -01 

•6705+ -66 
•7216 -64 

•7662 -GO 
•8048 -55 

•8379 -50 

•8660 -44 

•8898 -38 

•9097 -33 

•9262 - 28 

•9400 -24 

•9513 -20 

•9606 -17 

•9682 -14 

•9744 -12 

•9795' -10 
•9836 - 8 

•9869 - 6 

•9895+ - 5 
■9917 - 4 

•9934 - 3 

•9947 - 3 

•9958 - 2 

•9967 - 2 

•9974 - 1 

•9979 - 1 

. -9984 - 1 


•0000 -12 -0000 ___ 

•0002 +24 -0000 + 3 *0^ 

.^9 + 62 -0003 +13 ‘(m +2 

•om +91 -0020 +30 -0003 +7 

.0297 +105 ■00(15+ +47 -0012 +16 

•0682 +105 -OIM +«2 +^ 

•0973 +92 ‘0314 +71 -0086 +36 

•1456 + 73 -0540 +71 *0171 +45 


4-875 

-9998 

5000 

•9999 

6126 

•9999« 

5-250 

•9999» 

6-375 

•9999* 

5-500 

•9999* 

5625 

•9999’ 

6-760 

•9999’ 

6-876 

•9999“ 

6-000 

•9999* 

6^25 

11 -OOOOr 



•2012 +52 -0841 +71 

•2619 +28 1212 +g 

•3255+ + 8 -1647 +52 

•3899 - 9 -2134 +38 

•4534 ^ 23 -2659 +24 

•5145+ -34 -3208 +11 

•5723 -41 -3769 - 1 

•6260 -45 -4329 -12 

•6751 -47 *4877 

•7196 -47 -5405+ -£ 

•7594 -45 -5906 -33 

•7947 -43 -6376 -36 

•8257 “40 -6810 -36 

•8527 -36 -7208 -37 

•8761 -33 *7569 -36 

•8961 -29 -7894 -35 

•9133 -26 -8184 -33 

•9279 -23 -8441 -31 

•9402 - 20 -8667 -28 

•9506 -17 •8 S 65+ -2«> 

•9693 -11 -9037 -23 

•9665+ -12 ‘9180 -21 
•9726 - 9 -9314 -18 

•9776 - 9 -9424 -16 | 

•9817 - 7 -9517 -14 

.9851 - 6 -9597 - 2 

•9879 - 5 -9664 -10 

•9902 - 4 -9721 -9 

.9< r 21 - 3 -9769 - 8 

.9<)36 - 3 W - i 

.99-48» - 2 -9812 - 6 

.9958* - 2 -9870 - 4 


•0301 +52 

•0483 +56 

•0721 +56 

•1016 +53 

•1364 +48 

•1759 +40 

•2195+ +31 
•2662 +22 

•3151 +12 

•3653 + 3 
•4157 - 5 
•4657 -12 

•5145- -18 
•5614 -23 

•6061 -26 
•6481 -29 

•6874 -30 

•7236 -30 

•7567 -30 

•7869 -29 

•8141 -28 

•8385+ -27 
•8603 -25 

•8795+ -23 

•89(35- -21 
•9114 -19 

•9244 -17 

•9357 -15 

•9454 -14 

•9538 -12 

•9605+ -10 
•9672 - 9 


•9973 - 1 -99^ - 3 

•9979 - 1 -9929 - 3 

•9983 - 1 *9942 - 2 


1 -9952 - 2 

- 1 •9961 - 2 

- -9968 - 1 

- -9974 - 1 


•9994‘ — *9979 - J 

•9996 — *9983 - ] 



9994 - 

•9995» - 
•9996 — I 

•9997 - 


9999* - 
'9999* - 
-9999‘ - 
•9999* - 


9999* — 
-9999* — 
•9999* - 
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TMe of the Function (coni.) 


•0000 - 
•0000 + 1 
•0000 -h 1 
•0003 +4 

•0009 + 8 

•0023 +14 

•0051 +22 

■0101 +32 

•0133 +43 

•0308 + 54 

■0487 +62 
■0728 + 68 
•1037 +71 

■1414 +69 

■1858 + 66 
•2360 + 59 

■2911 +48 

•3496 + 34 
•4100 +20 

■4709 + 4 

•5309 -21 

•5888 -32 

•6434 -40 

•6940 -45 

•7402 -48 

•7816 -48 

•8182 -47 

•8501 -45 


8-76 

•9007 

9-00 

•9203 

9-26 

•9364 

9-60 

•9-498 

9-75 

•9606 

10-00 

•9693 

10-25 

•9762 

10-60 

•9817 

10-75 

•9860 

ll-OO 

•9894 

11-25 

•9920 

11-50 

■9940 

11-75 

•9966+ 

12-00 

■9967 

12-25 

•9976 

12-60 

•9982 

12-75 

•9987 

18-00 ! 

•9990 

13-26 i 

-9993 

13*60 

•9995+ 

13-76 1 

-9990 

14-00 ! 

•9997 

14-25 

•9998 

14-60 

•9999“ 

14-75 

-99991 

15-00 

•9099* 

15-26 

•0999* 

15-50 

•9999’ 

16-75 

•9909* 


•9909* 

16-25 

•0000* 

16-50 1 
10-76 1 

•9999* 

•0999* 

17-00! 

1-ooor 

17-25 



•0000 - 
•0000 - 
•0000 + 1 
•0001 + 1 
•0003 +4 

•0009 + 7 

•0021 +12 
•0045+ +19 

•0088 + 27 
•0158 +37 

•0264 + 46 
•0417 +55 

•0625- +61 
•0893 + 64 
•1225+ +63 
•1621 +59 

•2075“ +51 
•2580 +40 

•3125+ +28 
•3698 +14 

•4285- + I 
•4873 -12 

•5449 -23 

•6003 -31 


•0000 - 

•0000 

•0000 — 

•0000 + 1 

•0001 + 1 

•0003 + 3 

•0008 + 0 

•0019 +10 

•0040 +10 

•0076 +23 

•0136 +31 

•0227 +40 

•0358 + 48 

•0537 +54 

•0770 +59 

•1062 +60 

•1413 +57 

•1822 +52 

^2283 +44 

•2788 + 34 

•3327 +22 

•3887 +10 

•+458 - 2 

•5025+ -13 


-38 -5580 -23 

-42 -Olll -31 

-45 m 2 -36 

-45 -7077 -40 

-44 ^7501 -42 

-42 •7883 -43 

-39 8223 -42 

-35 -8520 -40 

-31 •8778 -37 

-28 -9000 -34 

-24 -9187 -30 

-20 •9344 - 27 

-17 -9475- -23 

-14 -9583 -20 

-12 •9670 -17 

-10 ^9741 -14 

- 8 •9798 -12 

- 6 •9844 -10 

- 5 •9880 - 8 

- 4 •OOOB - 6 

- 3 9930 - 6 

- 2 •9947 - 4 

- 2 •9900 - 3 

- ; •9970 - 2 

- 1 •9978 - 2 

- 1 -9983 - 1 

- •9988 - 1 

- •DOQl - 1 

- — 

- -9995- - 

- •9996 - 

- -9997 - 


n «» 

18 

n « 

19 

n - 

20 

n - 

31 



5- A . 

f *. 


^An 





•0000 



•0000 


•0000 


■0000 


•0000 

•0000 


•0000 

— 

•0000 


•0000 



•0000 

■0000 

— 

•0000 

— 

•( XXX ) 


•0000 



•0000 

•0000 

— 

•0000 

— 

•0000 

— 

•0000 



•0000 

•0000 

+ 1 

•0000 

— 

•0000 


•0000 



•0000 

•0001 

+ 1 

•0000 

+ 1 

•( XKX ) 


•0000 



•0000 

•0003 

+ 3 

•0001 

+ 1 

•0000 

+ 1 

■0000 



•0000 

■0008 

+ 4 

•0003 

+ 2 

•0001 

+ 1 

•0000 

+ 1 

•0000 

■0017 

+ 8 

•0007 

+ 4 

•0003 

+ 2 

•0001 

+ 1 

•0000 

•0035+ 

+ 13 

•0015+ 

+ 8 

•0007 

+ 3 

• fX )03 

+ 1 

•0001 

•0067 

+20 

•0031 

1-11 

•0014 

+ 6 

•0006 

+ 3 

•0002 

•0117 

+27 

•0058 

+ 16 

•0027 

+ 10 

•0012 

4 6 

•0005+ 

■0195+ 

+35 

•0101 

+24 

• oa 50+ 

+ 14 

•0024 

+ 8 

•0011 

•0307 

+42 

•0168 

+29 

•0088 

+ 20 

•0044 

+ 12 

•0021 

•0461 

+49 

•0264 

4 37 

• 0145 - 

+ 26 

•0076 

+ 17 

•0038 

•0664 

f 53 

•0397 

444 

•0227 

4 32 

•0125- 

+22 

•0066 

•0920 

+56 

•0574 

+ 47 

•0342 

438 

■0196 

+28 

•0108 

•1232 

+55 

•0798 

+52 

•049(5 

444 

•0295+ 

+34 

•0169 

•1599 

+52 

•1074 

+52 

•0692 

+47 

•0428 

+39 

•0255- 

•2018 

+ 46 

•1402 

+52 

•0936 

+49 

•0601 

+43 

• ai 7 i 

•2483 

+38 

•1782 

+46 

■1229 

+49 

•0816 

+46 

•0521 

•2986 

4 28 

•2208 

+41 

■1572 

+47 

■1077 

+47 

■0711 

• a 517 

+ 17 

•2675+ 

+33 

•1961 

+42 

•1385+ 

+46 

•0944 

•4066+ 

+ 6 

•3175“ 

+ 22 

•2392 

+36 

•1739 

+43 

•1220 

•4019 

- 6 

•3697 

+ 14 

•2859 

+28 

•2136 

+38 

•1541 

•5168 

-15 

•4233 

+ 2 

•3354 

+ 19 

•2570 

+31 

•1904 

•5702 

-23 

•4771 

- 7 

•3868 

+ 9 

•3036 

+23 

•2306 

•6213 

-30 

•5302 

-16 

•4391 

— 

•35251- 

+ 16 

•2742 

•6694 

-35 

•5817 

-23 

•4914 

- 9 

•4029 

+ 6 

•3206+ 

■7141 

-38 

•6309 

-29 

•5428 

-17 

•4640 

- 2 

•3688 

■7549 

-40 

•6772 

-33 

•5926 

-24 

•5049 

-10 

■4183 

•7910 

-40 

•7202 

-37 

•6400 

-27 

•5647 

-17 

•4682 

•8244 

-39 

•7594 

-38 

•6847 

-33 

•6029 

-23 

•6177 

•8532 

-38 

•7949 

-38 

•7260 

-35 

•6487 

-28 

•6061 

■8783 


•8266 

-37 

•7639 

-36 

•6918 

-31 

•6127 

•8998 

-32 

•8545- 

-35 

•7982 

-36 

•7317 

-33 

•6570 

•9182 

-29 

•8789 

-34 

•8288 

-30 

•7682 

-35 

•6986 

•9337 

-26 

•8999 

-30 

•8668 

-34 

■8014 

-35 

■7371 

•9466 

-22 

•9179 

-28 

•8795+ 

-32 

•8310 

-34 

•7725“ 

■9573 

-19 

•9331 

-24 

•9001 

-29 

•8573 

-32 

■8046+ 

•9661 

-17 

•9459 

-22 i 

•9177 

-26 

•8803 

-30 

•8332 

•9732 

-14 

•9565- 

-19 

•9326 

-23 

•9003 

-28 

•8587 

•9790 

-11 

•9652 

-15 

•9452 

-21 

•9176 

-26 

•8812 

•9836 

- 9 

•9724 

-14 

•9558 

-18 

•9323 

-23 

•9007 

•9873 

- 8 

, -9782 

-11 

•9645- 

-16 

•9447 

-20 

•9176 

•9902 

- 6 

•9829 

-10 

•9717 

-13 

•9651 

-17 

•9320 

•9925+ 

- 5 

•9867 

- 9 

•9775+ 

-11 

•9638 

-15 

•9443 

•9943 

- 4 

•9897 

- 7 

•9823 

- 9 

•9710 

-13 

•9546 

•9967 

- 3 

•9920 

- 5 

•9861 

- 8 

•9769 

-11 

•9632 

•9967 

- 3 

•9938 

- 4 

•9892 

6 

•9817 

- 9 

•9704 

•9976+ 

- 2 

•9953 

- 3 

•9916 

- 6 

•9856 

- 8 

•9763 

•9982 

- 2 

•9964 

- 2 

i -9936+ 

- 4 

•9887 

- 6 

•9811 

•9986 

- 1 

•9973 

- 2 

•9950+ 

- 3 

•9912 

- 6 

•9860+ 

•9990 

- 1 

•9980 

- 2 

•9961 

- 3 

■9931 

- 4 

•9882 

•9992 

- 1 

•9985“ 

- 1 

•9971 

- 3 

•0947 

- 3 

•9908 

•9994 

— 

1 -9988 

- 1 

•9978 

- 2 

•9959 

- 3 

•9928 

•9996 


! -9991 

- 1 

•9984 
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ON CORRECTIONS FOR THE MOMENT COEFFICIENTS OF 
FREQUENCY DISTRIBUTIONS WHEN THE START OF THE 
FREQUENCY IS ONE OF THE CHARACTERISTICS TO BE 

DETERMINED. 

By E. S. martin, B.Sc. 

1. Introduction, In certain statistical data, for example, in cases of disease 
incidence in infancy, wages, incomes and house-valuations, the exact point at 
which the frequency commences is not evident Thus the number of cases of 
Whooping Cough under one year of age may be recorded, but it is very unlikely 
that any of these occurred under three months ; the number of houses valued for 
income-tax purposes under £20 per annum is published, but no house is actually 
valued at nothing per annum ; the number of divorces occurring in the first year 
of marriiage has been given, but it is clear that there is a certain minimum time 
which the legal formalities must take. Methods hitherto devised for fitting curves 
to such distributions have assumed the frequency to start at “zero,” but this 
assumption may not only give poor results for the moments, but, in the case when 
the first frequency is less than the second, may make the distribution appear 



Fig. 1. 
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non-asymptotio when it is really asymptotic. The object of this paper is to 
investigate the possibility of determining the start of the frequency by means 
of an auxiliary curve and to examine what improvement in the evaluated moments 
of the distribution is thereby obtained. 


2. Let the histogram of the first few sub-frequencies be as in Fig. 1, where 
the range of the first is \ho and the ranges of the others are ho. Let there be 
p sub-ranges taken from x = 0 (at A) to x^Xp, As in the paper by Eleanor 


Pairman and Karl Pearson*, let J ^ydx, and assume that Z is given in the 
neighbourhood of A by the 5 th order parabola 

+ +ca(£) +C4(£) +05 (Q, 


where N is the total frequency f. The c*s are now determined in terms of \ by 
fitting, the parabola to the first five frequencies. When 

x — \hoy Z=^N — vi^ 


x = (l + X)hoi Z == N -- ill — no, etc., 

whence 

- ni = Xci 4- X^C 2 + X*C3 4“ 4- X^Cs 

— Ill — 772 ~ (1 4" X) Cl 4" (1 X)® C 2 4 (1 4 X)* Ca 4 (1 4 X)^ C 4 4 (1 4 X)® C 5 

— Hi — 1?2 '^8 ** (2 4 X) Cl 4 (2 4 X)* Ca 4 (2 4 X)® Ca 4 (2 4 X)^ C 4 4 (2 4 X)® C 5 ► 
— Ill — 112 — 178 ~ ^4 (3 4 X) Cl 4 (3 4 X)^ C 2 4 (3 4 X)® Ca 4 (3 4 X)* C 4 4 (3 4 X)® C 5 
- iij - 112 — w -8 - a4 - 1?6 = (4 4 X) Cl 4 (4 4 X)* Ca 4 (4 4 X)* C 3 4 (4 4 X)* C 4 4 (4 4 X)* Cs, 

(I). 

If we put 


X~/Xr — 2, ni — mt, ni4ii2 = i?^, Hi 4 wa 4 Wa = 


Hi 4 Wa 4 na 4 Ha * m*, ni 4 Ha 4 113 4 114 4 115 = 1 H 5 , 
the solution of these equations is 

2 fe, , - ?.) 1 4 y y - •*> .i, 

/X — 2 A*- ~ I 

fi /X 4 J /X 4 2 

24c = + + + 4 m* 

/A — 2 /Lt — 1 

.«4^»-10/lc ,4m»-V-8^ + 4_ (4^-2)(^*-/*-1)^ 

+ 6 -£Z !Z ms — 4 — L — m* 4 —5 wis, 

fi ji + l M + a 


* Biometrika, Vol. xn. pp. 231—268. 
t In the paper by Pairman and Pearson the form 


^ = + +C,(J) +C4(^j +‘’•(01 


was taken, but the above form is chosen here as it dispenses altogether with the use of ** proportional 
frequencies.’^ 
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24 c = - ^ mi + 4 ^® 4 - ^ m. 

/» — 2 fi — 1 


-6 


ms +4 m4 - 

/* /A + 1 /A “h 


6yA^ - 6 /a — 1 


^ 5 , 


^ 4/1 + 2 . 4/a + 1 , ^ 4f/A . 4 /a — 1 4/a — 2 

24 c = + ~-^mi- 4 ^«t, + 6 -^ni »-4 -^-+ 2 


24 c 6 = ~ 


4 


6 


4 


/4— 2 /A— J /i /A + 1 /A+2 


The coeflScients in these equations have been evaluated for values of X between 
0 and 1. On substituting back for the m's in terms of the ns, the c’s are obtained 
as linear functions of wi, r?a> '^3. ^4, The coefficients in these expressions are 
given to twelve places of decimals in Table III. 


Now let nifig' be the 5th moment of the first frequency about 0 , i.e., about 
« = Xho, as given by the auxiliary curve. Then 


fktlQ 

nifAg'' - I y {x dx, 

whence the first four moments are 


^ ho (^X*Ci+ JX®C2+ JX*C3+ ^X®C4+ iX^Cs), 

W(J>^*0i+ iX*C2 + iVX®Cs+TV^®C4+ ^X’Cg), 

Wi/Aa *s h(? X^Ci + 4- ^X’c4 + ^X®C5), 

=» — "1" 1^5 ^^^2 "1" ^^^<^3 + 

With the help of Table III, these may be expressed as linear functions of ni, 
Tia, ns, 114, 715; the coefficients are given in Table IV. 


Next, the formula 



gives the abruptness coefficients at x = Xho as linear functions of the true 
ifrequencies. These are 

tti == Cj + 2 Xc 2 “h 3X*C8 + 4X^C4 + 5X^C5, 

cta=® 2ca + 6Xc^ +12X*6’4+ 2()X®C5, 
aa== 6 c8 + 24 Xc 4 + 60 X*C 5 , 

(14— 24 c 4 + I2OXC5, 

U6= I2OC5, 

and again using Table III, the abruptness coefficients were calculated and are 
given in Table V. 

Now suppose the raw moments of the remainder of the frequency, when ni is 
excluded, are calculated about 0 , using a sub-range k Let them be {N - wi) vi*\ 
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etc., and write po = A/Aoand a/a»a,po*. Then the corrected moments of the dis- 
tribution about X =* \Ao are as follows : 

= (iV^ - m) i/i'" + (ax' - ^oa' -h + nx/ii" 

= (i\r - m) ~ - Tk«4') + nx/ia" 

iVr^^a' - (iV^ - rix) (i/a'" - \h^ v^) - («i' “ «5') + 

i^P4' = (i^ - wx) {vr -hhW' + Ti^A^(aa'- k«4') + nip4" 

provided the distribution be not abrupt at the other end ; in that case the usual 
corrections for abruptness must be applied for that terminal. 

If A = ho, then a/ = a,, and the equations may be simplified by putting 

ATa = — (oa ~ Tk®4) + p 

-^4 ~ rk (^3 bV® 4) + Pi 

whence the corrected moments are 

i\r/ix' = (iV^-^x) + 

i\rpa' - (i\^ - nx) (i;a'" - A') + h^Ko 
Nfio' = (iV^ - ^i) (vz" - i + A^iTs 

= (i^ ~ nx) ( 1 / 4 "' - vr 4- ttIit A") + **^4 

The values of the K\ are given in Table VI. 

3. We now come to the most troublesome part of the problem : namely, to 
determine from a given set of frequencies the best value of \. Three methods will 
be proposed. 

1st Method, Following on the lines of Miss Pearse’s paper on asymptotic dis- 
tributions*, we may select \ by making our parabola fit the sixth frequency /?e* 
When 0? = (6 4- \) ^0, ^ =* -V — wx — wa — /Is — W4 — ns - We and on substituting in the 
equation of the parabola we get 

We = — nx -'Wa — r^s ^ ^4 — ^ — (5 4- A) Cl — (5 4- ca 

-(5 + X)»C8-'(5 + \)^C4-(5 4*X)^C5. 

giving We as a linear function of wx, wa, Ws, ns, whose coefficients are given in 
Table II. 

In order to select X in any given case, the values of we are calculated from this 
table for various values of X and that value of X is chosen which yields a result 
nearest to the given no, 

* “On Oorrectiona for the Moment Ooeffioienta of Frequency Distributions when there are Infinite 

Ordinates at one or both of the Terminals of the Range,” Biometrikay Vol. xx^, pp. 314 — 356. 
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This method does not always work very well, thus (a) the value of \ so found 
sometimes differs widely from the true value, (6) the table may not give any value 
of X, i.e., there is no auxiliary parabola, for which X is less than unity, which fits 
the first six frequencies, (c) the table may give two values of X, i.e., there are two 
such parabolas. 

2nd Method, If it is expected that the final frequency curve will rise abruptly 
from the a'-axis, we may, instead of making our parabola fit the sixth frequency, 

dZ 

impose the condition that its initial ordinate shall be zero. Now since y ~ 

Ct 

ordinate at a; = 0 is - Hence we may use Table III to find that value of X which 

makes c\ most nearly equal to zero. This test, while not always giving an accurate 
result, has been found in several cases to give a better result than the first test, and 
it has not yet in any case been found to give a double value of X. 

3rd Method, The poor results which the above tests sometimes give are no doubt 
due to the inadequacy of our parabola to represent various types of curves. 

Accordingly, for the purpose of choosing X a new type of auxiliary curve may 
be proposed. 

(i) If Z^N + be taken as auxiliary curve*, then ^contains three unknowns, 

ii, q and X. We may hence fit this curve to the first three frequencies. We have 

— ni = dX^, 

— rii-n2«d(l +X)«, 

- - ri2 - ns = d (2 + X)^. 


Writing ni-mi, 

we get, eliminating d, 

7n2 


mi 


whence 


ni + Us = m2, ni + 112 + ns = m-s , 


/1+X,\« 


/2 + XY 

1 V / 

’ nii 

U +xj 



1 logi 

('4^) 


i logl 

/2 + X\ 


is the equation from which to determine X. Writing 

T-) 


8^ 
s^a ' 


we have calculated the values of the latter ratio for various values of X, the results 
being given in Table I. All the computer has to do, therefore, is to calculate the 

value from the given frequencies and, referring to Table I, select that value 
of X for which ^ is most nearly equal to the computed value of . 


* X stands here for x/X) • 
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If q a|^ be required, we have q = ^ and the appropriate value of *ii can be 

taken from the column adjacent to . 

(ii) Now three frequencies will often be insufficient from which to determine 
especially if ho be large. To get a better result we may fit the curve 

to the first four frequencies. Eliminating A, q and a from the resulting equations 
by successive divisions we get 




(2 + X)» 

+ X) (3 + X) 


and q=^. 

The values of and 4L1 are given in Table I and the procedure is as for three 
frequencies. 

(iii) Similarly, fitting Z^N -^Aacfi 
to the first five frequencies, we have 

, (m^m^ , f(l + X)®(3 + X)' 

'”8 to) 

I , j(2 + X)*(4 + X)l ’ 

‘“*to') ‘»n<T+X)-(s-+\)'} 

5/^1 

or - — = 

5A/2 

and q = . 

5L1 

The values of ^ and are given in Table I. 

6^2 

(iv) If the curve 2 = ^-1- 

be fitted to the first six frequencies, the equation for \ is 

1 / mf^m^ \ 1 j (1 +X/(3 j 

^yntxm^mj ^ (\(2-f xy(4-f \)) 

log/ ^ " log I 1 ’ 

* ° |(1 + X) (3+X)*(6+X)) 

or •S=.— 


Biometrika xxvi 
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The values of ^ and tLi are given in Table I. 

(v) If the curve Z- 

be fitted to the first seven firequencies, the equation for \ is 


log I 




or 


and 




(l+\)n3 + X)">(5 4-X)] 

“ X(2 + X)^®(44-X)» ) 
( 2+\)«(4 + X )«*(6 + \) ’ 
.(l + X)(3+\)">(6 + X)»J 

iMi —iln 

•jM^ 7 Z /1 * 


The values of ~ and •jLt are riven in Table L 

•jL% ° 


This method, though apparently rather elaborate, is simple in application. If 
the logarithms of wi, wia, ? 7 i 8 , WI 4 , ms, me and riVf are found, the five values of X 
corresponding to 3, 4, 6 , 6 and 7 frequencies are quickly determined*. In any 
theoretical distribution it will be found that the more frequencies are taken, the 
more nearly does the corresponding value of X approach the true value. In fact, 
among numerous theoretical frequencies that have been tested, we have not found 
one in which the test fails to 3 deld the correct value of X (to one significant figure) 
when th^ seven initial frequencies are taken. In experimental frequencies, however, 
this is not the case, as the values of Mi and M% become more and more affected by 
the sampling errors as more frequencies are taken. Thus the value of X given by 
seven frequencies may be an impossible one, while that given by four or five 
frequencies may yield good results. For this reason the present test may not be as 
efficacious as the previous tests in any particular case, but it has one advantage over 
them; it can be used for either asymptotic or non-asymptotio frequencies. We have 
placed no limit on the value of q and if it is found that 0 < gr < 1 then an asymptotic 
frequency is indicated. It may be remarked, however, that although the auxiliary 
parabola of the we test is incapable of having an infinite initial ordinate, yet it 
can have a vejy large one and will yield reasonable results when applied to an 
asymptotic frequency, provided the degree of asymptoticity is not large. 

Our third method will be referred to as the “e test." 


As an example consider the Type VI curve 

y =* 88 X (160)* , starting at a? = 4. 

Let Ao ‘2, X « *5, then from the formula 

10 * (1 - + 

* W« note that: -Iogmj+61ogmj-X01<^mj4-101ogTO4-51ogm|+IogW4, 

and eimilarly for the other Jf ’s. 
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we have the "frequencies 

ni« 83,877, ?i5« 128,600, 

7ia« 168,900, 91,023, 

Wa =» 189,434, r\^ = 65,653. 

714-160,671, 

Tables II and III give the following results: 


\ 



•1 

966,781 

-368,500 

•2 

276,218 

- 171,696 

•3 

111,069 

- 90,182 

•4 

61,994 

- 39,886 

•6 

61,108 

- 3,641 

•6 

54,606 

+ 24,479 

•7 

63,613 

+ 47,148 

•8 

74,072 

+ 65.788 

•9 

84,638 

+ 81,248 

10 

. 94,607 

+ 94,078 


These results are shown in Figs, 2 and 3 . It is seen that the test gives 
(without interpolation) the two values *3 and 10 for while the Ci test gives the 
correct value ‘ 5 . 


Applying our third test we have 
TTix — 33,377, 
ma — 202,277, 
7713 = 391 , 711 , 

7714 - 552,382, 

7715- 676,982, 
7713 = 767,005, 
7717 = 832,658, 


log 7711 = 4-523 4473. 
log 771a = 5’305 9465, 
log 7718 = 5-592 9658, 
log 7714 = 5-742 2395, 
log 7775 -5-829 9351, 
log 7713 = 5*884 7983, 
log 7717 =6*920 4667. 


Taking in each case the nearest value of \ (without interpolation) from Table I, 
we get the following results: 


3 frequencies. ' 

,Jlf, -7824992 
-2870193 

X = -3. 

4 frequencies. 

-495 4799 

4-F,“ -137 7456"^®*^^^' 

\=-4. 

6 frequencies. 

-367 7343 _ „ 

,ifa"-0761676“ ’ 

X = - 6 . 

6 frequencies. 

-2816668 

X--5. 

7 frequencies. 

0323137 ’ 

X = *5. 


2-2 
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AMue6 of 
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of C, 
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Hence the correct value of X is obtained by the use of five frequencies. 
The equation of the auxiliary parabola with the correct value ‘5 for X is 

18,206 + 1,513,618 - 817,671 

+ 176,037 (1)*- 14,187-94 {^ . 


The equations of the two parabolas given by the test are 


X= -3, y = 460,911 + 771,550 

1-356,436(1)* 



+ 49,760-9 (: 

E)'-1.896-Oo(|)‘, 

X = l-0, y-- 470,389 + 1,656,678 ( 

'D - 641,898 (1 

)‘ 





+ 95,914-6 (: 

0-5,146-46(1). 


These parabolas together with the original curve are shown in Fig. 4. It will be 
seen that the parabola for which 1*0 has, besides its incorrect starting-point, 
another serious fault; its first frequency % is composed of a negative and a positive 
part. 

As an example of an asymptotic frequency let us take the Type III curve 

10 ® *1 « 

Take X « -8, A© = i V‘9> then XAo = -4 -\/-9. The first seven frequencies, from the 
Tables of the Incomplete T -Function, are shown below: 


X 

ti 

I K P) 

n 

m 

logm 

•4V'9 

•4 

•365 4305 

365,431 

365,431 

6-662 8054 


•9 

•620 7737 

255,343 

620,774 

5*792 9336 

1-4V*9 

1-4 

•7703635 

149,580 

770,364 

5-886 6903 

1*9 v/-9 

1-9 

•8600470 

89,693 

860,047 

5*934 5222 

2-4 v'-9 

2-4 

•914 3798 

54,333 

914,380 

6-961 1267 

2-9 V9 

2«'9 

•947 4827 

33,103 

947,483 

6*976 5715 

3-4 s/-9 

3-4 

•967 7261 

20,243 

967,726 

6*985 7624 


Using the n column with Table II, we have 

X = -8, 88,314; 

X=«-9, n«= 9,683. 

Hence, since n« is really 33,103, the n, test gives *9 as the nearest value of X, or 
'87 by linear interpolatioa 
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Using the log m column, we get 


-230 1281^ 

-093 7568 

\ = -3. 

4^1 _ 136 3713 _ 

4Jf,“ 046 9249 

II 

sJfi -090 4464 _ „ 

jif, 0246975"®®®^^’ 

\--8. 

,if4_ -065 7489^ 
tM, -014 6298 

\»-8, 

_ 051 1191 _ .g 
7^1/,“ 009 4579 ’ 

11 

pb 


Hence the correct value of X is again obtained by the use of five frequencies. 

I,soo.ooo)]. 



100.000 
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The equation of the parabola with \ = ’8, referred to its start, is 
y = 1,263,616 - 919,415 + 356,072 

-72,694-5(QV5.8I1-89(2)*, 
and of that with \ = *9, referred to its start, is 

y = 1,038,998 - 438,479 (£) + 49,970-6 

+ 5,305-22(Sj'-l,104-0l(£)‘. 

These, together with the original curve, are shown in Fig. 5. It is seen that 
there is very close agreement between the curves for frequencies rts, W4, W5 and 
that there is a good attempt at agreement at the start, especially in the parabola 
with the correct value of X. 

The curves of our e-test would no doubt fit still better, and there is in fact 
some inconsistency in using these curves to determine the value of X and then 
reverting to our original parabola. But it will be shown in the following examples 
that if the correct value of X be determined, the corrections given to the moments 
by the parabola are usually adequate. Further, if the e-curves were used for 
correcting the moments, the K*s would have to be worked out ab initio for each 
example, owing to the impracticability of tabling for values of both X and q. There 
is the further objection that with these curves the abruptness coefficients tend to 
diverge. We shall therefore be content to correct the moments by the use of the 
tables at the end of this paper, no matter how the value of X may be determined. 

4. We will now investigate, in some further distributions, the extent to which 
the moments are corrected by the method of this paper. 

Example 1. Consider the curve y ~ 156 x 10®ir(l — from 0 to 1, which has 
a total “frequency"' 1,000,000. We will take our first sub-range as *02 starting from 
a? = 0 and the other sub ranges as ‘06; thus X =5 J. The frequencies are as follows: 


X 

Frequency 

X 

Frequency 

0— -02 

26,951, 

•38— -44 

11,965, 

•02—08 

252,423, 

•44— -60 

4,264, 

•08— -14 

281,978, 

•50— -56 

1,302, 

•14— -20 

205,002, 

•56— -62 

330, 

•20— -26 

122,556, 

•62— -68 

66, 

•26— -32 

63,781, 

OC 

1 

10, 

•32— -38 

29,372, 

*74— -80 

1. 

We have first to find X. 



(i) The n« test. Table II gives: 



when X = 

•2, We '=76,661; 

when X«*3, 

- 2,153; 

when X = 

•6, = 53,936; 

when X = *7, We- 

81,889. 


Since n® is really 63,781, this test gives the two values *2 and *6 for X. 
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(ii) The test. Table III gives: 

when \=*’8, ci = — 22,007; when X=»'4, Ci» 30,348. 

Hence Ct is most nearly equal to zero when X — ’3, or ’34 by linear interpolation 
This is a good result. 

(iii) The e test We have 

f»i= 26,961, logmi=»4’430 6749, 

THj = 279,37 4, log TO* *= 5'446 1860, 

TO, * 661,362, log TO, X. 6-749 2362, 

TO, «= 7 66,364, log TO, “ 5*884 4295, 

TO, = 888,909, log TO, - 5-948 8673, 

TO, = 952,690, log TO, = 5-978 9616, 

mj = 982,062, log mj = 6-992 1389. 

Whence, using Table I we have 

= 3-35131, X = -15-, 

,M, 

M 

1:^^ = 4-24511, X = -31, 

‘^‘ = 6-6104, X = -35•^, 

•-E^ = 7-3797, X = -34, 

aiWa 

1:^^ = 9-291, X = -333 

7^2 

The values of \ are obtained by linear interpolation. It is seen that 4 frequencies 
give a value correct to 1 significant figure while 7 frequencies give a very exact value, 

Let us take X«’3 and test Table IV to find the accuracy with which oui 
auxiliary curve gives the moments of the fiist frequency about a?— *02. We get 
the following results: 



From Table 

True value 


-186’36 

-186-44 


+ 1-868 

+ 1*906 

wifis" 

•022 25 

- -02.3 21 

nim" 

+ -000 2914 

+ *000 3126 


It is seen that the first moment is in error in the units figure, but since the total 
first moment of the whole curve about re * 02 is 122,857f, this error will not 
seriously affect the results. Similarly the total second moment about a;>»»*02 is 
23,257|, and hence the error in the second moment will not affect the sixth 
significant figure. Also since the total third and fourth moments are respectively 
6692 and 1693*572. we should aeain sret at least six fisrures correct on addinir the 
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corresponding moments of the first frequency. We can therefore say that the 
moments of the first frequency as given by Table IV are sufficiently accurate. 

We will now find the corrected moments of the total frequency about x=’02, 
taking A » 1 as our working sub-range. With the notation of Equations III (p. 16) 
above, 

= 2,063,961-5, 26,400.693-4, 

{N - m) n'" = 6,538,164-26, (AT - m) »/*"' = 1 26,209,2786. 

The values of the ITa, obtained by using \ = -3 in Table VI, are 
= - 16,220-0, ifa = -f 46069, 
ira==+ 3267-6, if* = -1966-0. 

The corrected moments are therefore 

JV/ai' = 2,063,961-5 - 16,2200 = 2,047,742, 

27/xa' = 6,638,164-25 - 81,087-42 + 3257-6 = 6,460,334, 

W/**' = 26,400,593-4 - 516,990-4 + 4605-9 = 25,889,209, 

JV/a*' = 126,209,278-6 - 3,269,082-1 + 28,380 6 - 1955-0 = 122,966,622, 
whence /ii' = 2-047 742, /*»' * 25-889 209, 

/tj' = 6-460 334, /U4' = 122-966 622. 

Transferring to the mean as here given, viz., 2-047 742 from the start of the second 
frequency, we obtain 

/*,= 2-267 087, 

/a,= 3-375 294, 

/t4= 20-697 620. 

Now the true moments about the mean are easily found from the equation of 
the curve, and can be brought to the working scale by dividing /a, by ( 06)*. They 
are shown in the following comparative table: 



By present method 

True value 

°/o error 

Mean from start of\ 
second frequency J 

M2 

Ms 

M* 

2-047 742 

2- 267 087 

3- 376 294 
20-697 620 

2-047 619 

2*267 574 
3*374 366 
20*699 890 

+ *006 

-•021 
+ •028 
-•on 


It is seen that the percentage errors in all four moments are very small. 

It is of interest to compare these results with those which would be obtained 
by supposing the first frequency group on the same base as the others and finding 
the moments about its supposed start. We shall use the abruptness coefficients 
as given in the paper by Pairman and Pearson cited above. The raw moment- 
coefficients are 

vi’- 3-060 486, 63-183 388, 

j;i' = 11-646 874, ,v«' = 280 271 217. 
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These, if taken without correction, give the following results: 

Mean from start of second frequency =< 2‘050 4>86, error = + ‘140%, 

Vi— 2‘340 4!09, error — + 3’212%, 

./,= 3379 081, error -+ •14o£ 
vt - 21-776 860, error - + 5-203 % . 

Applying Sheppard’s corrections we get {vi and Vi being uncorrected) 

11-562 641, 
vj'-ii/i'- 62-420 767, 

" 4 ' -i I'*' + 5^5 = 274-477 447. 

With these corrections alone, we get 

/ 4 j = 2-257 076, error = - -463 % , 

/44 = 20635 988, error— - -309%, 
which are a good improvement on the raw moment results. 

Now the usual abruptness corrections* work out bo be 

jffa = --013 828, JT, = - 003 662, 

Fa = --004 091, ^4 = - '003 872, 

whence the fully corrected moment-coefficients are 
= = 3-064 314, 

fi» = I/a' - ^ - Fa = 11-566 632, 

= I/s' - i vi' + Fs = 52-417 106, 

M4' = *'4' - i va' ^ + F4 = 274-473 575. 

Hence Fi acts the wrong way and gives a worse value for the mean than the raw 
first moment: 

Mean from start of second frequency = 2-064 314, error = + '816% . 

Beferred to this mean, 

/ta= 2-176 612, error = - 4-011%, 

/is= 3-633 669, error — + 7-685%, 

M 4 = 19-131 702, error - - 7-676 £ 

These are obviously much worse than the raw moments alone. 

Thus -we have the remarkable result that Sheppard’s corrections, which are 
obviously inapplicable since there is not high contact at the start, give very good 
results, while the usual abruptness corrections give very bad results. Now it is 
shown in the paper by Pairman and Pearson that the reverse is often the case, and 

• P. Sandon, Biometrika, Vol. xn. pp. 193 — 19S (with an error in the value for/a,'), and TabU$for 
Statisticians and Biomctricians^ Part n. p. oxoiii, Tntroduotion (error oorreoted). 
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hence one must conclude that the present result is due to the incorrect value given 
to the base of the first frequency. This in fact has cancelled those errors in the 
moments as given by Sheppard’s corrections and in the raw first moment, which 
ai^ normally corrected by the abruptness corrections. To prove this, one may omit 
the first frequency and examine the moments of the remainder about its start. 
The results are as follpws : 


Moments of the remainder of the frequency about its start. 



True value 

Haw moment 

With Sheppard 

With abruptness 
correction 

{N-ny)^r 

2 050 726 

6 459 788 

25 888 986 
122 960 760 

2 063 961 

6 5.38 164 

26 400 593 
126 209 279 

2 063 961 

6 457 077 

25 884 603 
122 968 578 

2 049 890 

6 459 401 

25 889 420 
122 966 457 


Thus we see that when the first frequency is excluded from consideration, the 
raw moments are improved by Sheppard’s corrections, but the abruptness correc- 
tions make a still further improvement in all four moments. Hence the previous 
unusual result was due entirely to the effect of the first frequency. 


But obviously Sheppard’s corrections alone cannot always be relied on to give 
good results where their use is not justifiable, and since using the abruptness cor- 
rections for full first range may actually be worse than the raw moments, and give 
errors of more than 7%, the need for our present method is clearly demonstrated. 

Lastly we may inquire whether the value *3 taken for \ can be improved. Using 
the four moments obtained by the present method and fitting a Type I curve in 
the usual way, we obtain the following equation, reduced to the original scale : 


y- 154-966 


• 9995 / 


Distance from start of curve to mean *= 2’3793 x *06, distance from start of second 
frequency to mean = 2*0477 x *06, hence \ = *3316 and the base of the first frequency 
is *0199. 

Hence in fitting a curve it is best not to fix the start at the value given by our 
tables, but to fit with four moments. 


Example 2. The curve in the last example was one in which our tables could 
reasonably be expected to give a good result, as its equation could be expanded in 
the form of the auxiliary curve. We will now take a curve whose equation cannot 
be so expanded, 

y = yoa^’^(l -a?)*- 

If 10* as before, yo== 7,611,605*926. Take h « *08, \ = * 6 , then XA =* *04. 
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The "freauencies” are as follows: 


X 


0 — *04 

180,698 

• 04 — -12 

311,260 

• 12 — -20 

212,991 

• 20 — -28 

134,844 

• 28 — -36 

79,796 

• 36 — *44 

43,790 

• 44 — *62 

21,913 

• 62 — *60 

* 9,726 

• 60 — -68 

3,663 

• 68 — *76 

1,082 

• 76 — -84 

216 

• 84 — *92 

21 

• 92 — 1-0 

0 

Total 

1 , 000,000 


(i) The fi« test. Table II gives : 

when \ = *4, wa =* 198,469, when X = *5, r?a == — 19,300. 

Hence, since n% is really 43,790, X« *6 is the nearest value and this is the correct 
value. 


(ii) The Ci test. From Table III we have: 

when X » '8, Cl « — 66,710; when X *= '9, ci =* + 6,469. 

Hence this test gives X » 9, a bad result. 

(iii) The e test. The results are as follows: 

Using 8 frequencies, X = ’24, 

„ 4 „ X 5® 47, 

„ 6 „ X * '62, 

„ 6 „ X = ’60, 

„ 7 „ X = '60, 

Hence again four frequencies are suflScient to give the value of X correct to one 
figure. 

Taking X » *5 and carrying out the work as before, with A s 1 as working unit, 
w^ get 

{N nx) « 1,611,250, {N ~ m) « 19,012,399'i?, 

{N - nx) vi” • 4,643,887-5, {JS - « 92,962.029. 

JTi « - 74, 940-3, Za « + 33180, 

jT* « + 14,650-6, iiTa - -f 2882-7. 
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Nfti' = 1,611,250 - T4,940 = 1,486,310, 

Nftt' = 4,643,887-5 - 68,275-2 + 14,650-5 = 4,590,263, 

Nfit’ - 19,012,399-5 - 377,8125 + 33180 = 18.637,905, 

Nfit' = 92,962,029 - 2,321 ,944 + 23,896 + 2833 = 90,666,814. 

Ih' » 1-436 310, = 18-637 905, 

/*»' = 4-590 263, /t4' = 90-666 814. 

The last three moments are now referred to the mean and give the following 
comparison with the true values: 



True value 

By present method 

Error °/o 

Mean from start of \ 
second frequency J 
fh 

Ms 

M4 

1*436 620 

2*526 687 

4*788 490 
27*616 648 

1 

J -436 310 

2-527 277 

4-784 959 
27-637 739 

-•022 

+ •067 
-*074 
+ •077 


Let us again compare these results with those obtained when the first frequency is 
placed on the same base as the other frequencies, taking the origin at the supposed 
start of the first frequency. We get 

vi' = 2-420 901, va' = 38 319 701, 
vj'* 8-530 864, v/ = 203750 548. 

These if taken without correction give: 

Mean from start of second frequency «= 1-420 901, error = — 1-094%, 
v*= 2-670102, error » + 5-722%, 
v,- 4-739 218, error =-1-029%, 

1/4 = 29-616 321, error = + 7-241%. 

Applying Sheppard's corrections, 

vi' = 2-420 901, 

8-447 531, 

37-714476, 
xZ-K + 5^5“ 199-514 283. 

Taking these as true moment-coefficients and transferring to the mean, we get 
fH - 2-586 769, error = + 2-422 % , 

^ = v»= 4-739 218, error = - 1-029%, 
m = 28-310 447, error = + 2-518%. 

Hence Sheppard’s corrections make a considerable improvement in the second 
and fourth moments, but the errors are still large; the good results which they gave 
in the first example were due to a good luck which is not repeated here. 
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The Pairman-Pearson abruptness corrections are 

ifi « - -004 698, i?8 = -f 000 216, 

jy, =x - *006 360, J?4 « + -006 776, 

whence the fully corrected moment-coefficients are 

/xi' « 2*426 499, = 37-714 692, 

= 8*463 891, « 199*620 069. 

The mean is thus 1*426 499 from the start of the second frequency, the error 
being — *774%. We get also 

2*670 846, error = 4- 1*792%, 

/A 3 = 4*738 621, error « — 1*041 % , 

/U .4 « 28*189 347, error = + 2 074£ 

These results are an improvement on the results with Sheppard’s correction 
only, but are considerably worse than those obtained by the method of this paper. 

Example 3. We will now try our corrections on an asymptotic frequency 
distribution. 


For this purpose let us take the Type III curve 

Taking A = sj'%, \ » '5, we get, from the Tables of the Incomplete V-Function : 


X 

U 

I (“. p) 

Frequencies 

is/'S 

•6 

•466 3930 

466,393 

1-6 V8 

1-5 

•807 4006 

341,008 

2*5 V*8 

2*6 

•926 7682 

119,358 

3-5 s!-» 

3-5 

•971 5767 

44,818 

4-6 V8 

4*6 

•988 8467 

17,269 

6*6 V8 

5*5 

•996 6913 

6,746 

6-6 V’8 

6*6 

•998 2487 

2,667 

7-6 V8 

7*5 

•999 3018 

1,053 

8*6 V'8 

8*5 

•999 7208 

419 

9'.'JV'8 

9-5 

•999 8881 

167 

10-6 V-8 

10*5 

•999 9551 

67 

11'6V'8 

11*5 

•999 9820 

27 

12-6 V-8 

12-6 

•999 9927 

11 

13-6 

13*6 

•999 9971 

• 4 

14'6 n/-8 

14-6 

•9999988 

2 

16-6 -j-e 

15-6 

•9999995 

1 



Total 

1,000,000 


(i) The «• test. Table II gives: 

when X '6, k, » 101,244 ; when X =» '7, 7i» — — 133,346. 
Hence, since n« is really 6,746, this test gives X = '6. 
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(ii) The e test. This test gives : 

Using 3 frequencies, \ = *1, 

,, 4 „ X “ ’3, 

,, 5 „ X = '4, 

„ 6 „ X=*5, 

„ 7 „ X = '5, 

Hence six frequencies give the correct value of X. 


We find, with A 1 as working unit, 
679,542-6, 

= 1,154,247-75, 

With X = *5, Table VI gives 

Zi-- 186,671-9, 
K% = + 38,430*9, 

Applying the full corrections we get 
-397 8706, 
/ia' = 1148 2114, 


(N - m) = 3,632,652-625, 
(N ~ ni) v^!" - 15,517,049*4375. 

iTs*- 4,253-5“, 
j^4= + 13,794-1. 

3*483 5135, 

14*969 2831, 


whence the moinent-coeflficients about the mean are 


*989 910, 

2*238 961, 

At4« 10-440 733. 

Now A has been taken as 1 , whereas it should have betm V'3. Hence we multiply 
fig by (V*8)* and got the following results : 

yui' = -355 8663, fis == 1*602 070. 

fi2 - *791 928, )a4 = 6*682 069. 

Now the true mean is *8 from the start of the curve, or *8 — XX = *352 7864 from 
the start of the second frequency. Thus the error in the mean as here obtained is 
+ 0*87%. 

The true values of /a 2 , /is 8'J^d fi^ are *8, 1*6 and 6'72 respectively. Hence the 
errors in our values are — 1*01 %, + 0*13 % and ~ 0*56 % respectively. 

These results, while not as good as those obtained for non-asymptotic frequencies, 
are still very reasonable, especially when it is remembered that nearly half the total 
Irequency is contained in the first group. 

We will again compare these results with those obtained by assuming the first 
sub-range to be equal to the others. 

On trying Miss Pearse^s method we find no value of q, that is, the method fails 
to indicate an asymptotic distribution. 

a 

Biometrika xxvx 
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Moment Corrections with unknown Curve-Start 


The raw moment-coeflBcients about the supposed start of the first frequency are 

rx'* 1-346 346, v#'=. 9-426 9296, 

i/*'« 2-963 638, 1 / 4 ' - 39-864 073. 

The uncorrected moments about the mean work out to be 

y,- 1-160 890, y» = 2-336 990, ^ 4 = 11-466 869. 

Reducing to the base h = V’ 8 , we get: 

Mean from start of second frequency « -346 346 x V’S * -309 781 ; error— — 12-2 %, 
1-160 890 X -8- -920 7120; error - + 16-1%, 
y» - 2-336 990 x (VS)* = 1-672 214; error - + 4-61 % , 

^ 4 = 11-466 869 X -64 = 7-338 160 ; error = + 9-20 %. 

The percentage errors given are those which would be made if these results were 
taken instead of the true moment-coefficients. 

Now applying Sheppard’s corrections, we have 

1-346 346, 

/*»'= 2-880 206, 

/x,'= 9-089 343, 

/i 4 ' = 38-376 221, 

giving, with base \/- 8 , 

(Lt = 1-067 657 X -8 - -854 0466 ; error = + 6-76 %, 

H, = 2-336 988 x (^- 8 )* = 1-672 214; error - + 4-61 %, 

/X 4 = 10-893 331 X -64 = 6 971 732 ; error - + 3 76 % . 

The mean is as above, with an error of — 12-2 %. 

Hence Sheppard’s corrections make a good improvement in the second and fourth 
moments. 

Applying now the abhiptness corrections on the assumption that ho=h, we obtain 

jffi - -f- -032 0865, H,=+ 011 2686, 

Ha - - -003 6942, H 4 - - 003 1662. 

Hence /xi' = vx' — Hi = 1-314 2605, and Hi has again acted the wrong way. The mean 
is now '314 2606 x V '8 = *281 0832 from the start of the second frequency and is in 
error to the extent of 20'3 %. We have also 

V - 2-883 899, fn' - 9-100 602, ^ 4 ' - 38-872 066, 

whence, reduced to base the moment-coefScients about the mean ar4 
1-156 618 X -8 --926 294; error = + 16'7%, 

- 2-270 212 X W-Sf = 1-824 431 ; error - + 1-63 %, 
fH « 11-467 182 X -64 - 7-338 964 ; error - + 9'21 %. 
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Thus three of these moments are actually worse than the raw moments* The 
results of this example are shown in the following table. 


Moments of Asymptotic Curve y = 


-2 



Mean, {rom 
iC=W8 




True value 

•352 786 

•8 

1-6 

6-72 

Present method 

•356 866 

•791 928 

1-602 070 

6-682 069 

Raw moments ... 

-.309 781 

•920 712 

1-672 214 

7-338 150 

With Sheppard... 

•309 781 

•854 046 

1-672 214 

6-971 732 

Assumption, k—ho 

•281 083 

•926 294 

1-624 431 

7-338 964 


Example 4. Age incidence of Whooping Cough cases in Metropolitan Boroughs 
in 1912: 


Under 1 year ... 

. . . 

. . . 

212' 

1 — 2 years ... 



427 

2—3 „ ... 



344 ■ 

3-4 „ ... 



270 

4—5 „ 



210, 

6-10 „ ... 



2.5.3 

10—16 „ 


... 

14 

Total ... 

... 

... 

... 1730 


One case between 40 and 45 years has been omitted. 


Now here we have the difficulty, common in such statistics, that after the first 
five years the frequencies are given only for 5-yearly groupings. To get \ from 
the na test a knowledge of the frequency in the sixth year is required; further, in 
finding the raw moments omitting the first frequency, the sub-ranges must be 
equal, and this is impossible as the frequencies stand at present. We have there- 
fore to make an estimate of the frequency in the sixth year, and either arrange the 
remaining frequency in groups 6 — 11 years, 11 — 16 years, etc., or split it entirely 
into yearly groupings. In the present case, as there is not a long tail, the second 
method is feasible^ and may be performed as follows : 



8-S 
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Moment Correetiom with unknown Curve-Start 


Let U8 take five frequencies ni, ms, Ws, « 4, ws on equal ranges of 2 units, and fit 
the parabola 

fx 

ydx ■■ a® + -f da^ + ea? 

Jo 

to them. We get, taking the origin as in the figure, 

wi = f ydx = 2a — 165 -f 98c - 644(Z + 2882c, 

J-5 

n% = 2a — 85 + 26c — 80(i + 242c, 

Tia =2a + 2c 4- 2c, 

— 2a -i” 85 4" 26c + 80c? 4" 242c, 

n$ « 2a 4- 165 4- 98c 4- 544ci! 4- 2882c, 


whence 


3840a =* 9ni — 116w2 4- 2l34n8 — II6W4 4* 9ii5, 

3845 ■■ 6wi - 34ri2 4- 34w4 - 5«6, 

384c ■■—rii 4- I2na— 22n8 4- 12n4-- ^5, 

768ci = — wi 4- 2nj| — 2n4 4- U5, 

3840c = ni — 4)712 4- fiws — 4w4 4- wj. 


We now divide 712 into five frequencies I'l, i'2» 7'8> on equal bases, getting 
r-13/6 1 

a j ydx = 250^ ( 399ni 4- 4054n2 — lOSlwa 4- 729w4 - 126%), 

, f-n/5 1 

v % * ydx = vgTTfci g ( + 36497?* — 10867?* 4- 3497 i 4 — SO??*), 

loo^o 

r-9/5 I 

l/jas :r^^^g(-lll7li 4- 3319712- 4l7l8 - 56/144- 14715), 

J-11/5 lOOZO 

f-7/5 1 

yc5»» (-181 Til 4- 25 997/2 4- 1039718 - 401714 4- OOti*), 

j -9/5 100^0 

f~l 1 

1 / 5 - J ^ ydaj = (“~ 176711 4 1804r?2 4* 2019718 - 62 I 7144 - 99%). 

To apply these formulae to the Whooping Cough statistics, we suppose for this 
purpose that the frequency starts at 0 years, and we have the five frequencies 
1463, 253, 14, 0, 0 on equal bases. Then the frequency 253 divides into 101, 68, 
43, 26, 16. 

If we take the five frequencies 253, 14, 0, 0, 0 and apply the above formulae to 
split up the 14 frequency, unsatisfactory results are obtain^, some of the resulting 
frequencies being negative. We accordingly take the same five frequencies as 
before and divide % into i//, by the formulae 

j 126711 4- 1029% 4- 2794%- 671% 4- 99%), 

, f-i/ft 1 

% ydx 349% 4* 8289% 526%+ 69%), 



E. 8. Martin 


37 


f+l/6 1 

va' = j 16626^ 14%- 181% + 3459n8 - 181%+ 14ne), 

fS/S 1 

Vi = I ydx = ” 526% + 3289% + 349% - 56%), 

J 1/5 looZO 

Vh *= j y<^' = 15^6 ^ 1029w4 - I 26W5). 

These divide the frequency of 14 roughly into 7, 3, 2, 1, 1. 

We thus have the revised data: 



(i) The test. Table II gives : 

when \ — *4, we == 269*840; when \ = *5, =* 30*565. 

Hence *5 is the nearest value for 


(ii) The Ci test. Table III gives: 

. when\=:*8, ci = - 33*903; when\=*9, ci = H- 53*638. 
Hence this gives \ = *8. 

(iii) The e test gives the following results: 



We have to choose from these the best value of X, i.e. the value which gives the 
best fit to the total frequency. We may reject, perhaps, in this case the values of 
X greater than unity, but there is no guide as to which of the other values is best. 
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Moment Corredtiom with unJenown Curve-Start 


Accordingly, curves have been fitted for the values ’5 and ’S, using four moments. 
In each case a Type I curve is indicated by the j8’s and the value *8 gives a better 
fit than the value '6. 

The fitting for \ « *8 is, with the usual notation, as follows: 

About the start of the second frequency, 


16171-5, 
ifi-- 99-9286, 

A', = + 30-0474, 

whence, using the full corrections, 

2-090 793, 


(iy-«i)v,'"== 83873-26, 
(JV - Ml)!//" » 570882-875. 
Z, = - 3-7007, 

A4 = + 7-5620, 

(»,'= 8-713 900, 

/*«' = 325-635 238. 


These give 


^ = 4,7-942 369, 

/tg= 4-342 485, 

/aa» 11-564 934, 

A(4-9o-909 687. 

/9i = 1-633 320, /3, = 5086 106. 

These values indicate a Type I curve. Fitting with four moments, we have 

6^j - 6^1 - 6 


T ss - 


3^1 — 2/Sj + 6 


= 20-22227, 




= 30-28830, 


= 35-27423. 


Wi + 1, »»* •+ 1 are t^ie rgots of the quadratic m'* — m' + « = 0, whence 
7Ki = 0-62899, mt = 1769328. 


ai= 


yo = 


JBl + Wtj 


= 1-217684, 0 ,= 


All + nit 

r(mi + CTg+2) 


b (nil + r (wi + 1) r {mt + 1) 


34-05666- 
= 426-880. 


Mean to mode = — => 1-623 906. 

2r--2/i* 


The equation, referred to the mode, is 


y -426-880(1 + 


1-217 684 

This curve is drawn in the diagram (Fig. 7). 


) o.snn / 

(' 


V»' 


34 - 06665 ) 
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To find the theoretical frequencies, the mid-ordinates of the groups (except the 
first) were calculated, and the frequencies were calculated from the formula 

Wr “ 55rj^ (y**-! "1' y^'+i) y»’+*))* 


The first two frequencies were calculated from the formula 




j 


at 


mi + 1 


jaa ^. (^\ 4 . ”»« 

7Mj + 2\6/ 2I(»nj + 3)\6/ 
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Mcment Correctiom with unknown Curve-Start 


obtained by expanding the equation of the curve referred to its start as origin, 
and integrating. The results are as follows : 



For goodness of fit, this gives P « *61, The goodness of fit to the original seven 
groups is given by P « ’36. 

Now d = mean ~ mode = 1*623 905, 

and AO (Fig. l)=!base of 1st frequency 

= Oi — ft/ H- d = ’750 696. 

Now this indicates that the value *7507 for \ would be a better one to take ; if this 
is done, and the if's evaluated by linear interpolation in Table VI, and a curve 
again fitted by four moments, a new value of \ is found. 

The question naturally arises whether the series of values of \ found by 
successive fittings tend to a limit ; further, is this limit eventually attained if we 
start off with a bad value of e.g. the value *5 obtained from the test ? This 
point has been investigated, with the following results: 

Cl = 0 gives Xj « ‘8 (nearest). 

1st fitting with Xi ** *8 gives X2 = ’7507, 

2nd fitting with X2== ’7507 gives X3 =» *7421, 

3rd fitting with Xa = ’7421 gives X4 « *7406, 

4th fitting with *7406 gives X5 = ’7403, 

5th fitting with X5 = *7403 gives Xe “ *7403. 

The ua test gives Xi = *5 (nearest). 

1st fitting with Xi = *5 gives X2 * *6586, 

2nd fitting with X* = ’6586 gives X3 « *7 198, 

3rd fitting with Xs « *7198 gives Xt » *7367, 

4th fitting with X4«*7367 gives X5S* *7896, 

5th fitting with X® ■■ *7396 gives X4 = *7402. 
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Hence we may conclude that the values of X obtained by successive fittings tend 
to a limit, here *7403, and this is the case even if a bad value is originally selected. 

These data therefore indicate that Whooping Cough starts at ‘2597 year of age. 

The curve fitted with the value *7403 for X should thus give the best fit 
possible; the details of this fitting are: 



= - 

- 987699, 

^2= + 28-5936, 


= 

- 2-4606, 

Kt = + 6-6076. 


s 

2-091 462, 

8-713 060, 


ss 

47-943086, 

326-634 686, 


a: 

4-338847. 


/As 

= 

11-670984, 


/A 4 

= 

95-825 642. 


^1 

= 

1-639 145, 

ySj = 5-090 175, 

r 

» 

19-96181, 


€ 

r=: 

29-65197, 


rrvi 

ss 

-617 276, 


m% 

== 

17-334535, 


b 

= 

34-93440, 


tti 


1-201 223, 


at 


33-73318, 


yo 

= 

427-027, 


d 

= 

1-630 527, 



AO (Fig. 1) = ‘740 288. 


The equation, referred to the mode, is 


y = 427 027 (l+j^ 


201 223) 


\ 0-617276 




The frequencies are calculated as before, with the following results : 


n observed 

n theoretical 

Contribution to 

212 


212-5 


-00 

427 


419-2 


-16 

344 


363-7 


1-07 

270 


267-9 


-02 

210 


182-0 


4-31 

101 


117-1 


2-21 

68 


72-1 


•23 

43 


42-8 


•00 

26 


24-6 


•08 

15 


13-6 


•14 

71 


7-31 



3 


3-8 



2 

>14 

1-9 

. 14-3 

•01 

1 


0-9 



ij 


0'4j 





;^*=*8*22, 7l'*»ll 
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Moment Correetiom with unknown Curve-Start 


This gives Psa‘61. For the original seven frequencies P is still *36. Hence 
the result of our successive fittings has been to improve very slightly the fit at 
the start of the curve, but without any sensible increase of P. The conclusion we 
may draw is that if the start of the fre(j[uency obtained by fitting with four moments 
does not differ greatly from the value selected from the tables without interpola* 
tion, it is not worth while to make a second fitting. If this is not the case, then 
successive fittings steadily improve the goodness of fit; thus the above curve is 
much better than the one which would be obtained by using the value X«*6 
obtained from the test. 

The curve with X« *7403 is shown in Fig. 8. 
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EmmjAe 6. Dwelling houses in England and Wales first assessed for Income 
Tax in 1929—30. 

Valuation No. of Houses 

Under £20 40,272 

20—40 104,243 

40—60 27,589 

Over 60 12,226 

The information here is meagre ; no indication is given of the minimum 
valuation taken, and all houses valued at more than £60 are grouped together. 
The first point, namely the start of the frequency, must be discovered by our 
present method. The second difficulty can be met by a hypothetical spreading out 
of the frequency 12,226 into a suitable “tail.” 

d 


Fig. 9. 



Let US assume the form y = — for the tail, the origin being as in the 
figure. 


Then [ ydx^N^{\ and we have 

Jo 

yd® - 27,689 = JV' (1 - H^), 


whence 

and 



- 39,816 -W', 
- = 1-180679. 
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Mome'tit Correctiom with unknown Curve-Start 


Putting a? = 2, 3, 4, etc. we get the corresponding frequencies which are shown 
in the following distribution : 


Valuation 

No. of Houses 

Under £20 

40,272 

20— 40 

104,243 

40— 60 

27,689 

60— 80 
80—100 

8,472 ] 
2,602 

100—120 

799 

120—140 

245 

140—160 

76!- 

160—180 

23 

180—200 

7 

200—220 

2 

220—240 

1 


Total 184,330 

(i) The test. From Table II, 

whenX = ‘l, na = 868,763; when\=:*2, ne = 247. 
Hence this test gives X « *2. 


(ii) The e test. 


Using 3 frequencies, X < '06, q < *4, 


n 


4 

5 

6 
7 


i) 

ft 

If 


\ = ‘05, 

\ = 1, g-=.-7, 
\=-l, q = -7, 
\- l, 3 = -7. 


The values of q indicate an asymptotic curve, therefore the ci = 0 test was not tried. 


We find that the value X= "2 gives the best results. The e test is remarkably 
constant for 5, 6 and 7 frequencies, but this is due to the fact that all the frequencies 
except the first two are already smoothed. 

With X =i '2 we have 


/?! = - 18.898-41, 
K,~- 1,092-24, 
With the usual notation, 
(iV-ni)vx'" = 129,484, 
(W-n,)v,'"» 201.810-6, 

Applying, the full corrections we 
the start of the second frequency : 

/h'v -6999827, 
1-023 7808, 


A, = + 4,045-02, 

Kt== + 1,660-88. 

(W- %)!<,"'= 501,121, 

(W - Hi) = 1,691,063-626. 

get the Mowing moment-coefficients about 

2-564 9380, 

/i4' = 8-667 8470, 
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leading to 

/«,= -6638611. 

^-11641947, 

/44 «* 4’324 9300, 

ffi « 4-563 304, fit - 9-813 51 5. 

Now 2/9j — 3/ffi — 6 «■ — -032 882, which is sufficiently near to zero to allow a 
Type III curve to be taken. 

If the equation referred to the start of the curve is 

© p -(p+l)- 

e 


we have 


I— 1=_-121 5170, 

Pi 




-763 6693, 


_iV(H-p)p+i_ 

2'«-a TTp + 1)~ ’ 

Start of curve to mean = a = *763 6693. 

Start of second frequency to mean = fii = *599 9327, whence base of first 
frequency = *163 7366, and the curve starts at *836 2634 x £20, or about £16*7 
per annum. 

To get the theoretical frequencies, we have 

r ,.(p + i) 

in the notation of the Tables of the Incomplete V-Function, where 

(P + 1)- 

' n n* nn. 


Vn -f 1 


: = Vjt> + l-=:-937 2742". 


The tables mentioned give the following theoretical frequencies which are 
placed beside the observed frequencies for comparison. 


Observed 


Theoretical 


40,272 

104,243 

27,689 

8 , 472 n 

2,602 

799 

245 

76 12,2 
23 
7 


40,858 
102,972 
28,362 
8,441 >1 
2,566 
788 
243*6 

76*6 y 12 , 147*6 


1 
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MomerU Corrections wUh unknown Curve-Start 


These results are in fairly good accord but the probability P is zero to five 
places of decimaie. This is explained by the fact that the given frequencies are so 
large that they would have to be reproduced with extreme fidelity in order to give 
a reasonable value of P. 

It may be remarked that an attempt to fit a curve by four moments, assuming 
the base of the first frequency to be the same as the others and using the ordinary 
abruptness corrections, fails owing to the appropriate Type I curve omitting the 
first frequency. 

The curve obtained above is shown in Fig. 10. 
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Eaample 6. Cricket Scores, 1931. In order to make the scores as homogeneous 
as possible, only First Class County Championship matches have been considered 
and all “not outs” and uncompleted innings (“declared” or abandoned) have been 
excluded. The distribution is as follows: 


Score (Buns) 

Number of 
Innings 

Score (Runs) 

Number of 
Innings 

0 

701 

81— 90 

35 

1,2 

627^ 

91—100 

22 

3,4 

470 1 

101—110 

21 

5,6 

374 } 2109 

111—120 

15 

7,8 

335 1 

121—130 

10 

9, 10 

303 J 

131—140 

8 

11-20 

895 

141—150 

3 

21—30 

524 

151—160 

6 

31—40 

330 

161—170 

1 

41-50 

170 

171 -180 

0 

51—60 

105 

181—190 

1 

61—70 

83 

191—200 

0 

71—80 

66 

201—210 

1 


Total 6096 


(i) The test gives, for X® *8, 419; 

X == *9, We “ 284. 

Hence, since we =■ 303, X = *9 is the nearest value. 

(ii) The e test gives the following results : 

Using 3 frequencies, X » ’5 {q = *6), 

„ 4 „ X = *7 (? = ‘8), 

„ 5 „ X>1 (^>1). 

Now we can see from the data that X should not be greater than *5, hence we 
take the value *5 given by three frequencies in the e test*. The value of q indicates 
that the distribution is asymptotic. 


* This ohoioe is supported bj results obtained if we do not use the subdivision of the group 
1 — 10 runs, i.e., If we take as the first seven frequencies 701, 2109, 896, 624, 330, 170, 105. With these 
the e test gives : 

Using 8 frequencies, X-*05; 


»> ^ I* 

ft 6 „ 

99 ® *» 

99 7 „ 


X=l; 

X=:-l; 

X=-l; 

X=-2. 


Hence, since our sub^raages are now five times as great, the value X=: 1 given by 4, 6 and 6 frequencies 
corresponds to the value Xss*5 taken above. The e test here gives more constant results as the frequencies 
are more regular than those in the subdivisions. 
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Moment Cwrection^ with unknown Cwrve-Start 


Table VI cannot be need in this example, as Ao is not equal to A. We get, from 
Table IV, taking A =» 1, A© «■ *2, \ = ‘6, 

- - 196-362, ni/in" - - 39-072. 

68-727, »i /«,"=+ 2-749. 

^ 26-624. - 0-213, 

^ni/ni" = + 10-884, .-. ni/x4"=+ 0017. 

Table V gives 

ai-_ 977-525+ .-. ax'-= 5ai =- 4,887-63. 

0 ,- + 1,266-217, .-. a,'= 26a, = + 31,665-4. 

a, - - 2,260-555, . - . a,' = 125a, = - 282,669. 

a, = + 2,510-921, .-. 0,'= 625a4 = + 1,569,326. 

a, = - 1,253-460, .-. a,' = 3125a5= - 3,917,063. • 

The abruptness functions are 


i2 


^ as' 
720 ■^30240 


= - 144-378. 


a,' a« 
120 3024 


= + 265-162. 


oi' , ^ 

40 ■^504 “9600 


30-435. 


a,' a,' 

126 “1440 


= - 838-577. 


Now to calculate the moments of the remainder about its start, when the first 
trequency is omitted, we must group together the next five frequencies with a 
total 2109 in order to have all the ranges equal, as required by the theory. We get, 
with h — 1, 

8,488-6, (ilT - %) r,'" - 282,622-126, 

(N-ni)v,"' = 38,074-75, (W-ni)v 4 '" = 2,801,964-6875, 

whence, using Equations II on p. 15, 

/*i'- 1-629 719, /s,'- 66-037 157, 

/it,' = 7-450 238, It,' = 645-968 976. 

Transferring to the mean, we obtain 

/t, = 4*794 264, 

/!,- 27-268 791, 

|t, = 284-742 098, 
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whence 


/8i = 6*747 900, 


13%^ 12*388 240. 


These values indicate a Type I curve. When we endeavour, however, to fit a 
curve by four moments, we find that the curve just omits the first frequency. We 
therefore fix the start at the point given by \ = *5 and fit with three moments. 
We have: 

c*= distance of mean from start = *1 -f 1*629 719 

= 1*729 719, 

_ 64-339 415. 

2/i2* - Mac 

The negative value of r indicates that the type has changed to Type VT as a result 
of fixing the start. The working for a Type VI curve with fixed start is as follows : 

= 1-602 39628, 

7, = jp- = 1-644 14188. 

' 2/X2C 


If the equation is 
then 


(a?-ay/i 


q2 + <ii- 


= L- = _ 66-339 415, 
72-78 

^ ^3. (1 = 65-619 867. 

(27, — 73 + 72 73) (7, — 73) 

= 65-979 641, 

,^a = --359 774, 

cr 


a = — 


= 173-8278, 


92+1 

N T{qi) 


= 1-228559 X 10“i 


a’^‘r(l-r)r(9,+ l) 

Hence the equation is 

(« - l73-8278)-»s»”‘ 
y = 1-228 669 x 10‘«'^- 

Jb 

The first seven frequencies can be calculated from the formula 

J/*— lS+1 + 5T2 - +lKj. + 3)‘ + -J ■ 

where 0 « 1 — a/zr, == 52,640*23. 

The remaining frequencies can be calculated from the formula 

nr = [6178y, + 308 (y,-, + yr+i) - 17 CVr-t + y.+3)] • 
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Moment Correctiom with unknown Curve-Start 


The results are as follows: 


Score 

Observed 

Theoretical 


Frequency 

Frequency 

X* 

0 

701 


682-6* 


0*496 

1,2 

627 


657*1 


1*379 

3,4 

470 


466-0 


0-034 

5,6 

374 


372-1 


0*010 

7,8 

335 


310*7 


1-901 

9, 10 

303 


265-7^ 


5*236 

11- 20 

896 


913-0 


0-365 

21- 30 

524 


522-6 


0*004 

31— 40 

330 


319*3 


0*359 

41~ 50 

170 


201-5 


4*924 

51— 60 

105 


129*7 


4*704 

61- 70 

83 


84-7 


0-034 

71- 80 

56 


55-9 


0*000 

81- 90 

35 


37-2 


0*1,30 

91-100 

22 


24*9 


0*338 

101-110 ! 

21 


16*8 


1-050 

111--120 1 

15 


11*4 


1*137 

121-130 

10^ 


7*71 



131-140 

8 


5*3 



141-150 

3 


3*6 



151 -160 

6 


2*5 



161—170 

171-180 

1 

0 

■ 30 

1-7 

1*2 

' 24-8 

1*090 

181—190 

1 


0-8 



191- -200 

0 


0-6 



201-210 

1 


0*4 



over 210 

oJ 


1*0. 



Totals 

5096 

5096 

23*181 


Hence, since 7i' = 18, P* -144 from Palin Elderton’s Table. 

The curve has been drawn in Figs. 11(a) and 11(6). Owing to the large 
frequencies on small ranges at the start, the distribution cannot be adequately 
represented in a single diagram. The first figure therefore gives the first six groups 
and the second figure gives the remaining groups on a reduced scale. The points A 
in the two diagrams correspond. It is seen that the observed frequencies are most 
irregular and therefore the curve fits worst in the neighbourhood of 10 and of 
50 runs. This can probably be explained on psychological grounds. 

5. Gonolimon. To the question ‘^Where does a given frequency distribution start ? ” 
we can give only a qualified answer. Three tests for X are suggested in this paper 
' and they may give conflicting results. If, however, the distribution be a theoretical 
one, i.e., if there are no sampling or experimental errors, then the e test should 
always be used, as it can be relied on to give the start correctly. In other cases 
the choice of the best value may be guided from some a priori knowledge of the 
distribution or it may have to be made by fitting curves for each value of X and 
selecting that which fits best. In all the examples we have chosen, at least one 
of the tests has given a suitable value of X. When the best value of X has been 
found, the tables at the end of this paper provide adequate corrections for the 
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RUNS 


Fig. U(h) 


moments. The best results will usually be obtained by fitting with four moments, 
but if this fails, the start of the curve should be fixed at the point given by the 
chosen value of X 


I have to thank Professor Karl Pearson, F.R.S., under whose guidance the work 
was carried out, for his continual help and stimulating advice. 
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Correctwm wUh unknown Curve-Start 
TABLE I. {Exponential Teat.) 


8 frequencie* 


4 frequencies 


4*650 618 
3*708 312 
2*966036 

2-870064 
2*324 261 
2-160660 
2-020 213 
1*917 981 
1*836 378 
1-767 002 
1-709 611 
1-618181 


1-322 219 
1*041 393 
*778 161 
*636 822 
*544 068 
-477 121 
*425 969 
•386 361 
•362183 
•324 511 
•301 030 
•221 849 


8-741 460 
6-809 970 
5-122 760 
4-275 215" 

3-743 076 
3-371 237 
' 3-1194 107 
2-878 366+ 
2-704 980 
2-562 247 
2-442 476" 
2-047 416+ 


1-031 656" 
*760 566 
*614 910 
•389 038 
•309 986" 
•255 273 
•215 115+ 
•184 436 
•160 297 
•140 867 
•124 939 
•076 721 


5 frequencies 


6 ttequeneies 


13-312 918 
10-144 490 
7*414 998 
6-061 800 
6-219 689 
4*635 132 
4-201 718 
3-865 712 
3-596 643 
3-376 784 
3*190 921 
2-58^ 326" 


•913 636 
•648 882 
*414 396 
*298 039 
*227 169 
•179 662 
*146 691 
•120 369 
•101 037 
•085 889 
•073 786 
•038 737 


18*150 433 
13-640 942 
9*794 426 
7-906163 
6-736 800 
6-929 568 
5-333 254 
4-872 341 
4-504 169 
4-202 601 
3-960 642 
3-126 988 


*846 008 
*584 918 
*358 510 
•248 872 
*183 648 
*140 816- 
*110 941 
*089 224 
*072 945' 
•060 446 
•050 662 
•023 748 


7 frequencies 


23-190 383 
17-259 963 
12-239 659 
9-791 384 
8-284 368 
7-247 196 
6-483 021 
6-893 711 
6-423 872 
6-039 654 

4-719 088 
3-674 188 


•798 463 
•642 038 
•321906 
*217 390 
*166 387 
•117 067 
•090139 
•070912 
•066 750" 
•046 063 
*037 839 
•016 168 
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TABLE II. I),. 


X 

+ Wl 

-Wo 

+ «8 

~ n . 

+ % 

0 

00 

11-416 667 

13-583 333 

11-416 667 

5*250 000 

•1 

40-871 795 + 

10-128 205 - 

13*053 614 

11-232101 

; 5-219 512 

•2 

16-910 173 

9-089 827 

12-576840 

11-059 524 

5-190 476 

•3 

9-427 714 

8-238 952 

12-145 663 

10-897 816 + 

5-162 791 

•4 

5-968 296 

7-531 704 ' 

11*754 011 

10-745 989 

5*136 364 

•6 

4-063 492 

6-936 508 

11-396 825 + ' 

10-603 175 - 

5-111 111 

•6 

2-903 196 

6-430 137 

11*069 863 

10-468 599 

5 086 957 

•7 

2-147 687 

5-995 170 

10-769 535 + 

10-341 676 

5-063 830 

•8 

1-631683 

5-618 317 

10-492 794 

10-221 491 

5*041 667 

*9 

1-266 271 

5-289 285 + 

10-237 031 

10-107 797 

5-020 408 

1-0 

1-000000 

5-000 000 

10-000000 

10-000000 

5-000 000 


TABLE III. Cl. 


X 


+ ^2 

-^3 


'^5 

0 

•1 

•2 

•3 

-4 

•5 

-6 

•7 

•8 

•9 

1-0 

00 

11-951 764 469 467 
6-838 474 025 974 
5-072 935 153 825 
4-152 342 755 284 
3-674 603 174 603 
3-171 451 133 408 
2-870 213 320 777 
2-634189 640 769 
2-442 746 375 855 
2-283 333 333 333 

0 

•281 610 530 533 
•553 525 974 026 
•819 856 512 842 
1-083 657 244 716 
1-347 271 825 397 
1-612 548 866 592 

1 - 880 983 107 795 

2 - 153 810 359 231 
2-432 073 068 589 
2-716 666 666 667 

0 

•122 798 560 376 
•267 807 359 307 
•435 412 717 928 
•626 057 040 998 
•840 228 174 603 
1-078 451 133 408 
1-341 281 598087 
l -629 3 ( X ) 75 l 880 

1 - 943111 141937 

2 - 283 333 333 333 

0 

-043 6419)5 814 
•098 7.38095 238 
•166119 890768 
•246 609625668 
•341 021 825 397 
•450 164 251 208 
•574 838 772 283 
•715 842 105 263 
•873 966 444 270 
1-050 000 000 000 

0 

•007 277 4.39 024 
•018 761904 762 
•028683139 535 
•043 272 727 273 
•060 76.3 888 889 
•081 391 .304 348 
•105 390 957 447 
• 1.33000000000 
•164 456632653 
• 200000000000 ' 

Cl . 



+% 

-njj 

+ % 


+ n 5 

0 

-1 

•2 

-3 

-4 

-5 

•6 

•7 

-8 

•9 

1-0 

00 

20 - 81.3 961 806 307 
10-354 662 698 413 
6-848 448708 914 
6-084988640 871 ' 
4-021 164021 164 
3-308 675623 349 
2-797898918049 
2-413803606 238 
2-114 566024340 
1-875000000000 

2 - 881 944 444 444 

3 - 062 704861360 
3-236 337 301 587 
3-402662 402197 
3-666 678 126 796 
3-728 836 978836 

3 - 890 213.365 639 

4 - 061624 891476 
4-213696393762 
4-376916 467 141 
4-641666 666867 

1-118 055 556 656 
1-403052 714 398 
1-696 884920635 

1 - 999645 290110 

2 - .311417112 299 
2-632 276 132 276 

2 - 962 286634 461 

3 - 301 512 363 427 

3 - 650007 309942 

4 - 007 821384964 
4-376000000 000 

-.381 944 444 444 
•606 947 285 602 
• 64.3116 079 365 
•790 354 709 890 
•948 582 887 701 
1-117 724 867 725 

1 -297 713 366 539 
1-488 487 6.36 673 
1-689992690068 

1 - 902 178 616036 

2 - 125 000000000 

• 06-2 500000000 
•085 203 252033 
•110634 920635 
• 1.38 837 209302 
•169 848 484 848 
•203 703 703 704 
•240434 782 609 
•280070921 986 
•322 6.38 888 889 
• 368 163 265 .306 
•416666666667 
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TABLE III {continued), 

C8. 


X 


+ n. 

“W3 

+ W4 

7”® 

0 

•1 

•2 

•3 

•4 

•5 

•6 

•7 

•8 

•9 

1-0 

00 

13*317 393 333129 
6-115 846 959 696 
3*763 229 243 612 
2-616 103 259 486 
1*947 089 947 090 
1*514 600495 479 
1*215 232 754 657 
•998 046 331 106 
•834 683 230 328 
•708 333 333 333 

2*621 527 777 778 
2-640 940 000 204 
2-475 820 707 071 
2-422 881 867 599 
2*379 730 073 848 
2*344 676 719577 
2*316 055 060 077 
2-293100 578 676 
2*274 870 335 561 
2*260 687 140043 
2-250 000 000 000 

1*711806 555 656 
1*816 635 767 371 
1*918 623 737 374 
2*018 143 773 427 
2-115 508 021 390 
2*210978 835 979 
2*304 778 273 257 
2*397 095 499 755 
2*488 092 627 402 
2*577 909 361 185 
2-666 666 666 667 

■663 194 444 444 
•738 126 147 391 
•813 194444444 
•888 377966 704 
•963 658 645 276 
1-039021 164021 
1-114 452 495 974 
1*189941 537 282 
1-265 478801 170 
1-341 056 166 056 
1-416 666 666 667 

•114 583 333 333 
•130 691 056 911 
•147 222 222 222 
•164147 286 822 
•181 439 393 939 
■199 074 074 074 
•217028 985 507 
•235 283 687 943 
•253 819 444 444 
•272 619047 619 
•291 666 666 667 


C4. 


X 

+ n, 


+njj 

-W4 



■ftl, 

0 

00 

*826 388 888 889 

*673 611 111 in 

•326 388 888 889 

•062 800t)00000 

*1 

3-576 282 097 132 

•757 051 236 202 

•667 191 188041 

•:J32 808 811959 

•065 044650 407 

•2 

1*550099 206349 

*699 900 793 651 

•661 210 317 460 

•338 789 682 540 

•067 460317 460 

•3 

*903 489 275 582 

•652 066 279 973 

•656 626027 719 

■344 373 972 281 

•069 767441 860 

•4 

*596 829 640947 

•611 503 692 386 

•650 401 069 519 

•349 698 930 481 

•071 969696 970 

•5 

•423 280 423 280 

•576 719 576 720 

•645 502 645 503 

•354 497 354 497 

•074 074 074 074 

•6 

•314 612 882 448 

*546 598 228 663 

•640901 771337 

•359098 228 663 

•0760(6 956 522 

*7 

*241 614 759 762 

•520 290 002142 

•630 572 742 956 

•363 427 257 044 

•078 014 184 397 

•8 

•190 363 060 429 

•497 136 939 571 

•632 492 690058 

•367 607 309 942 

•079^61 111 111 

•9 

*153 007 671805 

•476 621 957 825 

•628 641 200070 

■371358 799 930 

•0815832 653 061 

1-0 

•125 000 000 000 

*458 333 333 333 

•625 000000 000 

•375 000000000 

•083)33 333 333 


6 ‘ 6 . 


D 

-ni 

+ r»2 


+ 7*4 

-ttft 

0 

•1 

•2 

*3 

•4 

•5* 

*6 

•7 

•8 

*9 

1*0 

tx> 

•340 598 294 965 
•140918 109668 
•078564 284 833 
•049 735 803 412 
*033 862 433 862 
•024 193 298 650 
•017 897 389 612 
•013 597 301 459 
•010 552 253 228 
•008 333 333 333 

•086 805 556 566 
•076068 371 702 
•067 416 223 665 
•060 324 604 056 
•054 430 863 264 
•049 470 899 471 
•046 251 145 795 
•041 626 419912 
•038 485 971 874 
•035 744043068 
•033 333 333 333 

•079 861 111 111 
•075 446 779 813 
•071 473665 224 
•067 880 524 149 
•064616 766 793 
•061 640 211640 
*058 915 520872 
•056 412 795 774 
•054 106 620718 
•051 975 265 177 
•060000000000 

•048 138 888 889 
•043 600839 234 
•042 162 698 413 
•040816128024 
•039649910 873 
•038359 788 3C50 
■037 238 326 282 
■036179 796818 
•035179093667 
•034231 641375 
•033 333333 333 

•010 4W 660 687 
•010 162 001 626 
•009920634 921 
•009 689 022 481 ' 
•009 469 £96 970 
•009 269 269 269 
•009067 971014 
•008866 248 227 
•008 680565 666 
•008603 401 361 
•008333333333 
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TABLE IV. } 

Ao 


X 




+ 714 


0 

0 

0 

0 

0 

0 

•1 

•053 146 674 

•000 449173 

•000 190 403 

•000 067 022 

•coo oil 125 


•111 505 682 

•003 389 207 

•001 557 01.5+ 

•000 563 833 

•000 094 S89 

•3 

•173 837 033 

•010 866 342 

•005 373 119 

•001 998 761 

•OCX) 340 875 

•4 

•239 262 372 

•024 618 517 

•013 025 673 

•004 970 771 

(X)0 858 667 

•5 

•307 142 857 

•046 199 157 

•026 023 06.5+ 

•010 174 851 

•001 779 514 

•6 

•377 003 205+ 

•077 054 795- 

•046002 205+ 

•018 407 333 

•003 258 000 

•7 

•448 482 797 

•118 575 634 

•074 735 131 

•030 571 163 

•005 473 708 

•8 

•521 303 258 

•172 129 631 

•114 1.35 258 

•047 681 123 

•008 632 889 

•9 

•595 246 405+ 

•239 086 220 

•166 263 359 

•070 869 029 

•012 970 125 

1-0 

•670 138 889 

•320 833 333 

•233 3.33 333 

•101388 889 

1 

•018 750 000 




\ 




- W4 

+ W5 

0 

0 

0 

0 

0 

0 

•1 

•003 650 103 

•000 046 316 

•000 019 321 

*000006 814 

•000 001 132 

•2 

•015 663 867 

•000 689 694 

•000 320 269 

*000116 407 

•000 019 625+ 

•3 

•037 282 384 

•003 342 812 

•001 678 446 

•00c 627 664 

•000 107 316 

•4 

•069 407 157 

•010 174 304 

•005 487 556 

•002 108 127 

•000 365 345“ 

•5 

•112 711010 

•024 038 742 

•013 849 817 

•(X)5 458 219 

•000 958 306 

•6 

•167 707 836 

•048 444 736 

•029 670 121 

•Oil 979f)01 

•(K)2 129 814 

•7 

•234 798 023 

•087 549 158 

•056 754 081 

1 *023 449 694 

•004 219 488 

•8 

•314 298 975~ 

•146 167 819 

•099 910 037 

•042 196 086 

•007 681 354 

•9 

•406 466 153 

•229 797 043 

•165 055 118 

•on 181 282 

•013 103 669 

1-0 

•511 507 937 

•344 642 857 

•259 325 397 

•114 0S7 302 

•021 230 159 




ft 


\ 

-fij 

■Mlo 

•W3 

+ «4 

-7/5 

0 

0 

0 

0 

0 

0 

•1 

•000 278 636 

•000 004 102 

•000001 756 

•000 000 620 

•000 000 10.3 

*2 

•002 423 061 

•000 125 549 

•000 068 724 

•000 021 396 

•000 003 611 

•3 

•008 740 137 

•000 917 673 

•000 465.341 

•000 174 614 

•000 029 904 

•4 

•021 876 387 

•003 742 508 

•002 043 440 

*000 788 408 

•000 136 921 

•5 

•044 716 081 

•Oil 104 929 

•006 490 247 

•002 570 8.58 

•000 452 500- 

•6 

•080 316 486 

•026 975 571 

•016 788 729 

•006 818 053 

•001 215 604 

•7 

•131 868 723 

•067 118 020 

•037 682 934 

•015 669 565“ 

•002 828 546+ 

•8 

•202 627 203 

•109 429 483 

•076 221 175+ 

•032 414 776 

•006 921 321 

•9 

•296 977 878 

•194 300 820 

•142.370 060+ 

•061 853 498 

•on 429177 

1-0 

•416 327 381 

•325 000000 

•249 702 381 

•110 714 286 

•020684.524 
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TABLE IV {continued). 


•000022 663 
•000 395 663 
•002 155 292 
•007 232 436 
•018 564 080 
•040 168 896 
•077 200 863 
•136 988 366 
•224 063 645 “ 
•360 186 186 + 

•000000 366 
•000 022 502 
•000 247 619 
•001 351 176 
•005 028 172 
•014 703 127 
•036 429 862 
•079 992 630 
•160 224 084 
•298 568 201 

•000 000157 
•000010 577 
•000 126 434 
•000 744 069 
•002 967 929 
•009 252 608 
•024 325 338 
•056 439 374 
•119 005 640 
•232 658 730 

•000 000066 
•000003 860 
•000047 658 
•000 287 950 
•001 179 826 
•003 772 720 
•010 160 2-23 
•024117 893 
•051 968 585 -'- 
•103 716 931 

•000000 009 
•000000 662 
•000 008 154 
•000050 082 
•000 208 029 
•000 674 000 
•001 838 150 
•004 416 456 
•009 627 849 
•019 431 217 

TABLE V. ai. 


8-174 369 079 

•257 692 412 

•105 943 951 

•036 913 192 

•ooe 097 561 

3-382 034 632 

•465 367 965 + 

•201 298 701 

•071 428 571 

•01 1 904 762 

1-885 542 836 

•635 542 836 

•287 534 087 

•103 770 261 

•017 441 860 

1-193 659 282 

•776 992 616 + 

•365 864 528 

•134 135 472 

•022 727 273 

-812 698 413 

•896031 746 

•437 : i 01 587 

•162 698 413 

•027 777 778 

•680639108 

•997 305 834 

•502 694 166 

•189 613 527 

•032 608 696 

•429 537 361 

1 084 299 255 + 

•562 769 568 

•215 018 210 

•037 234 043 

•326 336 676 + 

1-159 670008 

•618107 769 

•239 035 088 

•041 666 667 

•253 264077 

1-225 476 300 

•669 260 542 

•261 773 940 

•045 918 367 

•200000000 

1-283 333 333 

•716 666 667 

•283 333 333 

•050 000000 


+ ni 

-W2 

■fWj, 


+ ftp 






GO 

34-059 829 496 
14-091 810 967 
7-856 428 483 
4-973 580341 
3*386 243 386 
2-419 329 865“ 
1-789 738 961 
1-359 736146 
1-055 225 323 
*833 333 333 

5*763 888 889 
4*690 170 504 
3-824 865 700 
3-115 793 739 
2-526 419 659 
2*030 423 280 
1-608 447 913 
1*245 975 325“ 
•931 930 621 
•657 737 640 
•416 666 667 

+ 2*236111 111 
+ 1*794 677 981 
+ 1-397 366 522 
+ 1-038 652 415“ 
+ •711 675 579 
+ -414021 164 
+ -141652 087 

- -108.720423 

- -339 337 928 

- -652 474 482 

- -760000000 

- -763 888 889 
-•610 083 923 

- -466 269 841 

- -331 512 802 
-•204 991087 
-•085 978 836 

i + -026 167 472 ’ 
+ •132 020 318 
+ •232 090 643 
+ •326 836 863 
+ •416 666 667 

+ •125 000 000 
+ •099 593 496 
+ •075 396 825+ 
+ *062 325 581 
+ •030 303 030 
+ •009 259 259 

- -010 869 666+ 

- *030 141 844 
-•048 611 111 
-•066 326 531 
-‘083 333 333 
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TABLE V icontimied). 


-ni 

+ W2 

-Ws 

+ ^4 

-«5 






00 

71*626 641 943 
29*692 803 030 
16*498 499 816“ 
10*444 618 717 
7*111 111 111 
6*080 592 716 
3*768 451 819 
2*856 446 906 
2*215 973 178 
1*760 000000 

16*729 166 667 
13*474 358 057 
11*667 196 970 
10*168 166 852 
8*930 481 283 
7*888 888 889 
7*002 740 617 
6*241648181 
6*582 064 094 
6*006 249 044 
4*600 000 000 

10-270 833 333 
9-343 823 761 
8-509 469 697 
7-754 910071 
7-069 518 717 
6*444 444 444 
5-872 259 383 
5-346 687 113 
4*862 390 351 
4-414 803 587 
4-000 000 000 

3-979 166 667 
3-656 176 2:i9 
3-354 166 667 
3-071 176 885+ 
2-805 481 283 
2-555 555 556 
2*:i2() 048 309 
2-097 757 332 

1 -887 609 649 
1*688 644 689 
1-500 0(X) 000 

-687 500 000 
*634 146 341 
*583 333 333 
•534 883 721 
-488 6;i6 .364 
•444 444 444 
•402 173 913 
•361 702 128 
•322 916 667 
•285 714 286 
‘250 000 000 


QO 

81-743 690': 
33-820 346 i 
18-855 428 J 
11 *936 592 ^ 
8-126 984] 
5-806 391 ( 
4-295 373 t 
3-263 366 •; 
2-532 640 *: 
2-000 000 ( 


19-833 

17-256 

15-179 

13-477 

12-063 

10-873 

9*860 

8*990 

8-236 

7-678 

7-000 


333 333 
409 208 
653 680 
904 973 
407 181 
015 873 
274 991 
340 779 
633 250" 
570 336 
000 000 


16-166 666 667 
15-107 227 155+ 
14-153 679 654 
13-291 325 796 
12-508 021 300 
11-793 650 794 
11-139 725 009 
10-539 070 986 
9-985 588 972 
9*474 061 243 
9-000000 000 


\ 333 333 
i20l 416 
>047 619 

> 630 726 
. 978 610 
; 349 206 
^ 198 068 
1 151 236 
I 982 456 

> 593 930 
>000 000 


1-500 000 ( 
1-439 024; 
1-380 952; 
1-;325 581 ; 
1-272 727 5 
1-222 222 5 
1-173 913 ( 
1-127 659/ 
1-083 333: 
1-040 816; 
1-000 000 ( 


40-871 795 396 
16-910173160 
9-427 714 180 
5-968 296 409 
4-063 492 063 
2-903 195 838 
2-147 686 763 
1-631 683 376+ 
1-266 270 387 
1-000000000 


10-416 666 ( 
9-128 204 ( 
8-089 826 I 
7*238 952 ^ 
6*631 703 1 
6-936 507 i 
6-430 137 ‘ 
4-995 170 ; 
4-618 316 ( 
4-289 286 1 
4-000 000 ( 


9-583 333 333 
9-053 613 578 
8-576 839 827 
8*145 662 898 
7-754 010 695+ 
7-396 825 397 
7-069 862 606- 
6-769 535 493 
6-492 794 486 
6-237 030 621 
6-000000000 


5-416 666 667 
5-232100 708 
5-059 523 810 
4-897 815 363 
4-745 989 305- 
4-603 174 603 
4-468 599 034 
4-341 575 618 
4-221 491 228 
4-107 796 965- 
4-000000000 


1-250 000 000 
1-219 512 195+ 
1 190 476190 
1-162 790 698 
l-i;36 363 636 
1-111 ill ill 
1-086 956 522 
1-063 829 787 ^ 
1 -041 666 667 
1-020 408 163 
1 000000000 













Moment Corrections with unknotm Curve-Start 

TABLE VL Kt. 




- -263 150 199 
-•090 583 915- 

- -021 952 593 
+ -031 907 940 
+ •087 179 810 

+ -149 466 856(5) 
+ •221 303 959 
+ -304 046 996 
+ -398 610 089 
+ •606 224 868 


L 473 765+ 
I 332 954 
) 164 477 
J 165 156 
> 889 972 
) 714 122 
\ 301 676 
) 139 026 
. 125 485+ 
; 822 037 
\ 485 450“ 


~ 013 288 139 

- -009 940 563 

- *006 644 003 

- *002 576 711 
+ •003 693 177 
+ •014 299 657 
+ •032174 292 
+ -061 145 227 

+ •106 039 965(5) 
+ •172 792 029 
+ •268 551 587 


\ 775 353 
! 608 898 
414 993 
) 112 290 
I 546 686 
I 794 093 
1161322 
\ 429 212 
» 930 103 
» 629 647 
I 212 963 


) 645 635“ 
) 352 946 
)152 018 
) 109 623 
) 533 696+ 
285 319 
1 608 592 
[ 843 573 
\ 444 692 
1 000 575+ 
5 255 291 


+ 00 

+ -066 421 i 
+ •025 173 
+ •006 645 J 

- -012 136 < 
-•038 084 ( 
-•075 577 ( 
-•128 363 J 
-•199 964 5 
-•293 9115 

- -413 695 


+ •030123 595- 
+ •032 230 3J16 
+ -034 046 417 
+ •036 227120 
+ •040 206147 
+ •048 539 894 
+ •065 236 904 
+ -096 089 196 
+ •149 016 662(5) 
+ •234 423 961 
+ 365 595 238 


•019 380 374 
•020 246 603 
•021 081 639 
•022 191 913 
•024 409 167 
•029 438 880 
•040 270 947 
•061 655 270 
•100 646137 
•167 211404 
•274 930 656 


+ •007 330 936 
+ •007 632 757 
+ -007 935 169 
+ -008 352 286 
+ -009 213 852 
+ •011229 368 
+ •015 696183 
+ *024 754 989 
+ -041 696 171 
+ •071 320 436 
+ •120 357 143 


•001 233 879 
•001 283 736 
•001 334 630 
•001 406 104 
•001 556 248 
•001 913 038 
•002 716 661 
•004 366 244 
•007 495 188 
•013 037 737 
•022 326 389 






ON ASYMPTOTIC FORMULAE FOR THE 
HYPERGEOMETRIC SERIES 


IL HYPERGEOMETRIC SERIES IN WHICH THE FOURTH 
ELEMENT, x, IS NOT NECESSARILY UNITY 

By O. L. DAVIES, Ph.D. 


Thb hypergeonietric series was first introduced by Euler in 1778 when attempt- 
ing to obtain solutions of the second order differential equation 

a;” (a -f- ia:") ^ ® (c + ^ -I- (/-I- jraj") y = 0. 

A particular case of this equation is 

which has the hypergeoraetric function 

F{a, = \ + ~ - a;* + . . . 

as one of its solutions. 


The chief problem in the study of series is to determine the partial suras and 
in particular, the total sum. In this paper we will obtain approximations to the 
sum of a number of terms of the hypergeometric series by fitting certain systems of 
frequency curves to the series and then expressing, approximately, the required sum 
by means of an integral. 

The hypergeometric scries will be looked upon as a discrete frequency distribu- 
tion ; we restrict our attention, therefore, to series with positive terms only. 

In § 1 the system of frequency curves which arises from the differential equation 

1 ^ ^ yr-\ 1 yr 
\iyr^l + yr) 

where is the rth term of the series, is discussed. This equation was originally 
employed by Professor Karl Pearson to obtain curves to fit the series F{a, 7, 1) 
in which the last element is unity. The curves which arise from its integration are 
known as the Pearson System of Frequency Curves. These will be denoted in the 
subsequent work by P {z). When the last element of F is not unity, the resulting 
system of frequency curves has the more general form P {z). The goodness of 
fit of this new set of curves to the general series is tested in a variety of examples. 
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Asymptotic Formulae for the Hypergeometric Series 

In § 2 an alternative method of curve fitting is given. 

f** 

^3 — 6 are devoted to the evaluation of the integral e^^*P{z)dz, 

§§7 — 9 give further and more accurate methods for summing the tail of the 
series, while § 10 is mainly a summary of the results and conclusions arrived at in 
the previous paragraphs. 


§ 1. On the Fitting of a System of Frequency Curves to the 
Hypergeometric Series F {a, ^9, 7, x). 

Let yr denote the rth term of the hypergeometric series 


^1!7 ^ 217(7 + 1) 

„ = +1- ^}£(£± i)i- +rji2) 

(r-i)!7(7 + l)..,(7 + r-2) 

Form the ratio 


(tt + r-l)(;8 + r-l) ^ ^ 

Vr+ i-Vr _ r (7 + r-l) 

yr+i + yr (a + r — l )0 + r — 1 ) , 


r* — 1) + r (a + )8 — 2(1? - 7 - 1) + (a — 1) — 1) a; 

7’^(a; + 1) 4* 'r(a + 7- 1) + (a - 1)()3 - l)x 


Let each term of the hypergeometric series be represented proportionally by 
a rectangular block of width c and assume the weight of each block to be concentrated 
at the mid-vertical The ratio 

|(yr + yH-l) 


is equal to the slope of the line ef divided by a6, ah being the ordinate of ef at 
the point a. 
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We wish to test the goodness of fit of the curves for which - ^ is equal to this 

ratio at all points o midway between the mid-verticals of the rectangular blocks 
composing the histogram of the series* Evidently, the equation of the required 
curve is 


1 dy Ay,. 

y dz 0 , . 

2^yr-^yrn) 



where rc z, measured from a suitable origin. 

The distance of the rth mid-ordinate from a point 0, distance c before the first 
mid-ordinate, is rc. 



The relation (1) is true for all points at distances (r -t- c, (r = 0, 1, 2, . . .) from 0. 

Hence the equation of the curve which fits the series is 



z being measured from the origin 0. 

It will simplify’ matters considerably if the origin be moved to the start of the 
histogram. This necessitates replacing rc of (1) by z. The equation of the required 
curve referred to the new origin is then 

1 ^ ^ 2 z^(x -1) + zc(a+ff — 2a;—y — l) + (a — l)(0 — l )ir'C^ ^ 2 ) 
^S(a,q.l) + ^c(a + /9-2a;-l-^^) + (a-l)(/9-l)®c* 

The mid-verticals of the rectangular blocks are now at the points 

+ (r«0, 1,2,3,...). 

* The reader must bear in mind that we are not proceeding to a limit; e is finite. 
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Asymptotic Formulae for the Hypergeometrw Series 


The terms of the hypergeometric series will continue to increase as long as 
Vr^ilyr > reasonable, therefore, to determine the position of the modes from 

the values of r which satisfy yr+i/^r* 1, or what is equivalent, 

Ayr «0 ( 3 ). 

If one value of r which satisfies ( 3 ) is positive, the modal term is the largest 
integer contained in (r-h 1). 

Imagine for the moment the terms of the hypergeometric series to be ordinates 
of a continuous curve. If r© be a value of r siitisfying ( 3 ), then the ordinates at vq 
and ro + 1 are equal. The mode (or antimode) of the curve if bell- (or U-) shaped 
lies somewhere between ro and ro + 1 . When the standard deviation of the curve is 
fairly large, a good approximation to the position of the mode is ro+ We shall 
take this to be our definition of the modal position of the hypergeometric series. 
The modal term is the nearest integer to ro + This is measured from a point 
distance c before the first mid-ordinate, hence, referred to start of histogram, the 
distance of the mode is ro. Of course, a more accurate determination of the position 
of the mode may be obtained by fitting a high order parabola 

2/ = ao + ai2r-f 02^^+ ... 

to the mid-ordinates of the series around the mode and solving (dyjdz) *= 0. 


Let us return now to the fundamental equation (2) which we will proceed to 
solve. It may be put in the form 


1 dy _ 2 

y c \a?+ 1/ 


z^ + zc 


z^^zc 


+ ^ (a 3 I) (/3 - 1 ) 

a?— 1 a?— 1 

(g+^-2 )a! + (7- 1) 

a>+L • • g+1 


Let 


J = c* I' 


(g + / 3 - 2 )a; + ( 7 -l))* 


a;i- 1 


a/ + 1 




where, on simplification, 

A - {a ~ + 2a: {(a + /8) (7 + 1) ~ 2 {a 0 + y)] -f (7 - 1)^]. 

Three diflferent cases arise according as A is positive, negative or zero. These 
will be considered separately. 


I. A positive. 

The denominator of the fundamental differential equation will split up into the 
two real factors 

I « + 21 ^^. 1) {(a + - 2 ) ® + (7 -1 ) + 

« + K« + ^ - 2) ® + (y - 1 ) - V^}] = + ^i) 
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\ dy 2r/'a!-l\ 2a:c 

y dz c 1_W+ i) (x + ■ 

2 /« — 1\ 4* 

c \aj4- 1/ (a: + 1 


2occ (^(a +y8 — 7 — 1) + (a— l)(yS- l)c 


■ + 1)* I 

4* ( A 


{z i-Fi){z + ^ 2 ) 
B 


o\x-¥\) ix + \f\z-^FiZ + Fi^ ’ 
where 2-4 = — (e + 2 ) — 12 (x + 1 ) {a^ — 7 ) + (c + 2 ) (a + /8 . a: + 7 + 1 )}, 

2 B = - (e + 2 ) + {2 (a; + 1 ) (a /8 — 7 ) + (e + 2 ) (a + 8 • a: + 7 + 1 )} 

and 6 = 7 — a -8 — !• 

Integrating the original differential equation, we find 

2/l-a!\ AiAx Alix 

„ „ r ® ^ r, j. S’ 1 r, j. S’ 1 

L^+i'iJ [^+-r2j 

This is a product of an exponential term into a Pearson Type I or VI curve, the 
former when and F% are of opposite sign and the latter when Fx and F^ are of the 
same sign. 

II. A negative. 

The denominator of the differential equation can now be expressed as a sum of 
two squares, namely, 

[‘+ 2(^0 *(iTl)- 

where D = |A|. Then 

\ dy _ 2 /I — a;\ 4a; ^ (a + 8 — 7 — D + (a — 1) (8 — I)c 

y dz cU+a:/ (x + l)*’ ^2 , (^D ’ 

4(a: + l)' 

where R= |^z+ ^ K« +;8-2)a; + ( 7 -l)}j . 

Let then 

c »jD 

Idy s/Dil—x) 2 a;(e + 2 ) 2 f v 

ydt (iT^ (l+a:)*‘'l + ?*'^l+?*’ 

where r - - D - 1) + ^ l(« + ^ - 2 ) . + (-r - Dl] . 

Hence, on integration, 

w j 1 - a: I ^ € +2 

i , arc tan r 


J? == Ls^ 4" 




(1 + ^) 


(a; +1)2 arc tan f 

e 


2/1-xn 


* 2(a+l)_ 

IT arc tan iJ 


-1 2x ; ' , ' 
1 (x+i)--; 

4 


L 4(ii7 4'l)^J 

This is a product of an exponential term into a Pearson Type IV curve. 



64 Asymptotic Ftymiulaefor tU Hypergeomelric Serm 
III. A = o. 

For this case / ix/o i\^ 

Idy 2(a;-l). _ + + 

1 ■ * 1 1 \ /’.'w 4- I C f/-. I a 1 V, I 


ydz“~c{a;+l) (« + !)* 
and we readily find 

cU+a/ 




4aj 2) 

'Ta+l? 


y = yoe 


..her. - 1) - 1) + 1(« + ^ - 2) * + - '>H' + 2)/2 (. + 1» 

This is a product of an exponential term mto a Pearson lype V 

IV Type HI Curves. , . , 

When either a or /3 is unity, the differential equation reduces to the fairly 

simple form — - 4 . 

Idy _ 2 ^(a!-l') + c(a + ^- 2a?-7-l ) 

ydz~~cz(x + l) + c(a + fi-2x + y-l) 


2/l-^\_4c(e+2) 

“”cU + »/ (a^ + l)* ’ 


z + -^ (a + ^ - 2x + y - i) 
x + l 


-...(i), 




-4a? 


c ^ ^ 


,.(ii). 


which gives the solution 
y—yae 

Since the hypergeometric^series is symmetrical with respect to a and we may 
take jS* 1. (ii) then reduces to the final form: 

(a - 1) « + (7 - • 

This is a Type III curve when the quantity f = c — 

. When negative, the solution of (i) is 


fl7+ I 


^ is positive. 


y^yo'e if' - 


. (7-<») 


J/ = yo« LY 

„here - 1*1. Thi. eery. i. net of Type HI beeeu* it. Mge » 
bo looktd upon as a product of an exponential term into a Pearson yp 
TX curve which we may symbolise as Ovm ^ix* 

When Ihe rawre of the series extends beyond f'. as would be the case were a 
andT^sitiJe, fractional and less than unity, the equation of the curve correspon mg 
to terms of the series beyond ^fr' is 




2[1-X\ _4alX-“) 

(* + l) , 
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Hence, the complete solution of (i) when >/r is negative is the following: 



Z — 



-yo'e 


(* + !)» 

> 

0 

2 n-x' 


- 4 * <^“4 




» 

z > yfr'. 


When z == y becomes zero. We cannot, therefore, expect a good fit near this 
point. 

When a and 7 are negative and fairly large numbers, the terms of the series 
beyond the point are small and generally negligible compared with the modal 
terms. For such cases the second part of the solution of the differential equation 
will not be required for computing purposes. 


Sufficient conditions for a Type III curve are, therefore, 


(а) a or /8 or both unity, 

(б) [{a — 1) a? + (7 — l)]/(ic + 1) positive (for 0 = 1 ). 

A necessary condition is that the numerator and denominator of the fundamental 
diflferential equation have a factor in common. 


The curves which arise out of the solution of the differential equation 

I dy ^ az^ 4- ^hz + d 
y dz Az^ -f iBz 4 D 


have the form y = 

where P{z) is a Pearson type curve. These may, therefore, be divided into three 
main types, namely. 


Oyi- 


y^yoe-P^z^ {a-z)\ 


riv; 


yta.y^e-^^ - 


V arc tao z/a 

2 l„ 2 \r » 


(14 


0 < < a, 

00, 

— 00 4 00 . 


Integrating throughout the range for curves of typo Oi, we have 


N = y^[ {a — z'f dz 

Jo 


tfi p‘ 

oil Jo 

r(«+i)r(r + i) 


“ y« ? Hr /®‘ j 




r + 1 


r(r + « + 2) 


1 1 (r + « + 2) 
(r + l)(r + 2) 


pa 


^ , 2 2 
■'■2l(»^8T2)^+7+3 )'’“ “ 
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The higher moments are given by the partial diflFerentials of N with respect to 


/>, i.e. 




d^N 

dp* * 


The moments of the curves ffyi »i®Ly similarly be expressed by infinite 

series. I have attempted to use these series in a number of numerical examples but 
have found that they converge far too slowly to be of practical use. 


Examples of the Above Method of Curve Fitting. 

1. Series F (30, 30, 111, ’75) with c « 1. 

The differential equation of the curve for which d log yjdz is equal to 

^yr/iiyr+l + yrl ^ = 0 , 1 , 2 , ..., 

yr being the rth term of the series, is the following : 

Idy^ 2 13-203,4565 64142,2321 

ydz + 4-3"22>90 ^ + 83-392,196 ‘ 

Its solution is 

y « yo a + 4-322,090)i8«^‘«7 (z + 83*392, l96)-«^-i«>*82. 

This curve belongs to tjrpe Giy. 

The equation giving the position of the modes of the curve is 

a*(«-l) + -2'j(a + i8-2)aJ-(7~l)}-f (a-l)(^~l)a; = 0. 

This equation also gives the position of the modes of the series. It has two roots, 
namely, 9*168,914; - 275-16891. The latter is well outside the range of the scries 
and must accordingly be rejected. Hence, the true position of the mode is 9*168,914 
(i.e. the tenth term) measured from the start of the histogram. 

The ordinates of the curve corresponding to the mid-points of the rectangular 
blocks representing the terms of the series are obtained by putting 

+ i (r=:0, 1, 2, 3, ...) 

iny. 

The constant yo niay be found by equating the value of one of the mid-ordinates 
of the curve to the corresponding term of the series. The best results will be 
obtained by selecting the mid-ordinate nearest a point of inflexion of the curve 
because here the area under the curve corresponds most closely to the numerical 
v^lue of the mid-ordinate. This method has the objection of throwing too much 
weight on a single ordinate. This objection will shortly be removed when other 
methods of curve fitting are discussed (§ 2). 

When wo require merely the probability integral of the series (or the curve) 
and not the actual value of the partial sums (or partial areas), the question as to 
the choice of yo does not arise, because a probability integral measures the 
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proportional values of the frequencies and not their absolute values. In most of 
the subsequent examples the constant y© is calculated by equating the whole area 
of the curve (found by quadrature) to the total sum of the series (found mechanic- 
ally). This is done to compare the Probability Integral of the series with the 
Probability Integral of the generalised Pearson curve which fits it. We do not 
know the actual sum of the general hypergeometric series and no one has yet suc- 
ceeded in finding a simple and accurate expression for it. One method of obtaining 
an approximation to this sum is to calculate y© by equating the ordinate of the 
curve at a selected point to the corresponding term of the series. How good this 
approximation is may be judged from the subsequent examples. 

In this first example, y© is calculated by equating the ordinates at a selected 
point. 


Terms of 
Series 

Mid -ordinates 
of Curve 

Areas under 
Curve 

Terms of 
Series 

Mid-ordinates 
of Curve 

Areas under 
Curve 

1*000 

1-702 

1-866 

58-705 

99*024 

59-176 

6-081 

7-202 

7*5.39 

43-152 

43-496 

43-638 

19-567 

20-703 

21-166 

31-030 

31 -.373 

31-496 

44-397 

45-067 

45-503 

21-877 

22-198 

22-299 

79-328 

79-595 

79*826 

15-152 

15-438 

15*617 

119-717 

119*496 

119-421 

10-327 

10-672 

10-632 

158-031 

157-618 

157*252 

6*937 

7*139 

7-183 

187-553 

187-124 

186-573 

4*599 

4-760 

4-937 

203-994 

203-639 

203-042 

3-013 

3-138 

.3-160 

206-280 

206-015 

205-490 

1*952 

2-047 

2-062 

196-095 

195-916 

195-535 

1*252 

1-324 

1-334 

176-795 

176-702 

176*484 

-796 

-847 

•896 

152-250 

152-250 

152-178 

-502 

-539 

-544 

125-971 1 

126-068 

126-107 

-314 

•340 

•34.3 

100-628 

100-818 1 

100-928 

-195 

1 *213 

•215 

77-926 

78-198 

78 -.342 

-121 

1 -134 

•135 


ir. fifm6«/^(-30,-50, 100, -5); c«l. 

The equation of the curve which fits this series is 

121928 , 372 

^9^(1379)*™ ““V(i379) 

y-yoe"**"— 724 ’ 

13^\ 9 

9 / 

where 

i2<mode) = 24-870,2702. 



This curve belongs to G^xv* 


5—2 
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O 


Fig. 1. 


Sc2kle of Term3 of P 
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In this example, and in all subsequent ones, the constant yn is determined by 
equating the ai'ea of the curve, found by quadrature, to the sum of the series. 


Terms of 
Series 

Mid-ordinates 
of Curve 

Areas under 
Curve 

Terms of 
Series 

Mid -ordinates 
of Curve 

Areas under 
Curve 

1-000 

1*911 

2*124 

37-658 

37-766 

38-098 

7*500 

8*840 

9*324 

17-899 

18*668 

18*921 

26-380 

27-000 

27-538 

7-069 

7*800 

8-043 

57*932 

57*173 

67-201 

2*337 

2-854 

2-976 

89-219 

87*608 

86-861 

•650 

•923 

*974 

102-602 

100*864 

99-994 

•153 

•268 

•285 

91*609 

90-179 

89-536 

•030 

-071 

•076 

65*188 

64-446 

64*423 

-005 

•016 

•018 



III. 60, -81, J); c = l. 

The equation of the curve which fits this scries is 

y =. 7-388,310)'»-“»-«* (61-888,310 - «)»■•«•.*« 

which belongs to type Qi. 

= 7-036,596. 










ScftJe of lerm# of F 



IV. Series F(-20. 20, - 200, 5) ; c = 1. 


Terms of 
Series 

Mid-ordinates 
of Curve 

Areas under 
Curve 

Terms of 
Series 

Mid-ordinates 
of Curve 

Areas under 
Curve 

1-00 

3-14 

3*53 

1609*69 

1595*46 

1589*87 

10-00 

16*185 

17*48 

1155*28 

1148*56 

1149-18 

50-13 

61-59 

64*67 

710*59 

713*07 

717*61 

167-09 

181*39 

186*50 

372*16 

381*60 

386-96 

414-53 

424*38 

430*63 

164*19 

175*69 

179*89 

812*15 

812*09 

816*12 

60*03 

69*39 

71*88 

1301-52 

1291 -04 

1289*33 

17*74 

23*38 

24-56 

1744*30 

1727*35 

1718-82 

4*08 

6*68 

7*17 

1982*67 

1963*62 

1951*16 

•69 

1*61 

1-76 

1927*60 

1909*41 i 

( 

1898*31 





The curve which fit* this series is 

y = + 7-74'7,944)““*«*" (42-914,611 - 

«(mod.)= 8-816,981. 
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V. Series F(\, - 60. - 66, -9) ; c =» 1. 

EVjaation of the curve which fits the above series is 
2/ = yo (63-631.579 - 

This curve belongs to type Gjx (see p. 64). 


Terms of 
Series 

Mid'Ordinates 
of Curve 

Areas under 
Curve 

Terms of 
Series 

Mid- ordinates 
of Curve 

Areas under 
Curve 

1 •000,000 

•993,962 

995,309 

*003,634 

•003,586 

•003,595 

•830,769 

•826,180 

•827,323 

•002,762 

•002,806 

•002,813 

•689,279 

•686,840 

•686,802 

•002,150 

•002,187 

•002,193 

•571,117 

•568,580 

•569,389 

•001,666 

•001,697 

•001,702 

•472,653 

•470,719 

•471,397 

•001,285 

•001,311 

•001,314 

•390,437 

•389,146 

•389,715 

•000,987 

•001,008 

•001,011 

•322,111 

•321,235 

•321,712 

•(X)0,753 

•000,771 

*000,773 

•266,332 

•264,769 

•265,169 

•(XX),672 

•00f>,686 

•000,589 

•218,213 

•217,884 

•218,219 

•000,432 

•000,444 

•000,445 

•179,164 

•179,008 

•179,287 

•00(),32il 

•(X)0,333 

•000,334 

•146,850 

•146,819 

•147,051 

•000,241 

•(XX), 249 

•000,250 

•120,150 

•120,205 

•120,398 

•000,178 

•000,185 

•000,186 

•098,123 

•098,234 

*098,395 

•000,131 

•000,134 

•000,135 

•079,979 

•080,126 

•080,260 

•000,095 

•000,098 

•000,098 

•066,060 

•065,227 

•066,338 

*000,068 

•000,071 

•000,071 

•052,814 

•052,989 

•053,081 

•000,050 

•000,051 

•000,051 

•042,779 

•042,954 

*043,030 

•000,034 

•000,037 

•0(X),037 

•034,572 

•034,742 

•034,805 

•000,024 

•0(X),025 

•0(X),025 

•027,874 

•028,034 

•028,086 

•000,016 

•000,018 

•0a),018 

•022,418 

•022,666 I 

•022,608 

•000,01 1 

*000,012 1 

■000,012 

•017,983 

•018,118 1 

*018,153 

*000,007 

•000,(X)8 ! 

•000,(X)8 

•014,386 

•014,507 

•014,536 

•000,005 

•000,006 

*000,006 

•01 1,476 

•011,684 

•011,608 

•000,003 

•000,(X>3 

•000,003 

•009,128 

•009,222 

•009,241 

•000,002 

•000,002 

•000,002 

•007,237 

•007,319 

•(X)7,335 

•000,001 

•000, (X)l 

•(X)0,001 

•005,719 

•004,504 

•006,790 

•004,565 

•006,802 

•004,575 

•000,000 

•(XX),000 

•000,000 


VI. Series F (- 100, - 100, 1, |) ; c = 1. 

The curve which fits the series is 


where R 


2fl 808 ^ 3 J‘iR 

T„ 972 ”‘'*““ 202 


y = yee 

s - 101/3. = 41-835,570. 


y( 




204q2\ 

9 ) 


^8 

9 


Significant 
Terms of 
Series 
xlO-" 

Corresponding 
Mid-ordinates 
. of Curve 

, X 10-^ 

Areas under 
Curve 
xlO-" 

Significant 
Terms of 
Series 
xl0-« 

Corresponding 
Mid-ordinates 
of Curve 

X 10-« 

Areas under 
Curve 
xlO--"* 

*000,002 

•000,007 

•CKX),027 

•000,093 

•000,287 

•000,803 

•002,048 

•004,762 

•010,110 

•019,630 

•034,900 

•056,888 

•086,104 

•116,959 

•147,794 

•171,857 

•184,023 

•181,671 

•000,004 
•000,014 
•000,046 
•000,137 
•000,379 
•000,977 
•002,341 
•005,192 
•010,668 1 
•020,216 
•036,391 
•067,142 
•085,212 
•116,589 
•147,110 
•171,012 
•183,113 
•180,676 

•000,004 

•000,015 

•000,048 

•000,142 

•000,393 

•001,008 

•002,401 

•005,300 

•010,828 

•020,451 

■036,669 

•057,404 

•086,183 

•116,603 

•146,830 

•170,664 

•182,497 

•180,092 

•165,172 

•138,596 

•107,318 

•076,710 

•050,631 

•030,864 

•017,380 

•009,041 

•004,345 

•001,929 

•000,791 

•000,300 

•000,105 

•000,034 

•000,010 

•000,003 

•000,001 

•164,379 

•137,167 

•107,009 

•076,730 

•051,513 

•031,366 

•017,935 

•009,642 

•004,731 

•002,190 

•000,949 

•000,386 

•000,147 

•000,063 

*000,018 

•000,006 

•000,002 

•163,910 
•137,060 
•106,997 
•076,956 
•061,719 
•031,656 
•018,146 
•009,690 
•004,825 
•002,243 
•000,976 
! -000,399 

•000,163 
•000,056 
*000,019 
•000,006 
•000,002 
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Fig. 5. 
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The condition x must be satisfied by all convergent infinite hypergeometric 
series; but for finite series (i.e., when a or or both are negative integers) x may 
have any value whatsoever. A finite series with x> \ may be reversed into one in 
which the fourth element is less than unity. Thus, if the series be 

' 2l7<7 + l) ' 

where a' is a positive integer, the last term is 

7(7 + 1). ..(7 + a'-l) 

Reversing the series, we have the equivalent one 
i.e., 

7 » 

i F (a, 7, a;) « const, x -7 + a + 1, - ;8 + a + 1, -y , 

where a is a negative integer. We notice that €«7 — a — /9 — 1 is the same for 
both series. Replacing 2^ of the fundamental differential equation ((2), p. 61 ) by 
— . 3 ^ — (a — 1) c results in the corresponding equation for the series 

^ - 7 *f a 4* 1, ~ /8 + a + 1, 

Hence, nothing is gained by considering separately finite series in which x is greater 
than unity. All results which apply for finite series with a? < 1 apply also, with a 
slight m6dification, to finite series with a? > 1. 

In the above examples the curve found by equating - ^ to A^r/ic (yr+i + yr) 

y 

of the scries, where yr is the rth term, fits the significant part of the series 
■ tolerably well. There is, however, a slight deficiency about the mode and excess 
towards the tails. The goodness of fit of this system of curves improves rapidly 
when the number of significant terms of the series increases. 


§ 2. An AlterucLtive Method for the Fitting of Generalised 
Pearson Curves to F(a, 13 , 7, 1). 

Consider firstly the series 


a /3 a(a + l)/S (/9 + l) 

^ --217^1) + (1).. 


17 217(7+1) 

in which x is unity. When its standard deviation is not small, a Pearson curve P (f) 
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may be fitted to it with suflScient accuracy for most statistical purposes*. Let, then, 
Pi (^) be the Pearson curve having the same first four moments as (i). Let z\ be 
the value of z which corresponds to the mid-ordinate of the first block of the histo- 
gram of series (i). The abscissa of the mid- vertical of the rth block is, therefore, 
+ the grouping unit c being taken as unity. Pi{z-{-r) also gives quite 
closely the numerical value of the rth term of the series (i). Hence, the expression 
af~^Px{zx’\-r) gives quite closely the numerical value of the rth term of the 
general series 

1 + (ii). 

1 17 2 17 (7 4-1) ^ ^ 

Accordingly, the generalised Pearson curve 

( 0 ) s* const. ^Pi {z) 


will give quite closely the ordinates of the general series. 

We know that the areas under the Pearson curve P (z) accord more closely to 
the terras of the series (i) than the ordinates *, but owing to the presence of the 
factor a?*, or what is equivalent, where p * log,, a?, this property no longer holds 
for the generalised Pearson curve. We can, however, apply a small coiTection so 
that the areas under Pi (z) will accord to the terms of the series (ii) at least as 
closely as do the areas under Pi (z) accord to the terms of (i). This correction is 
obtained as follows : 


Let Yf denote the ordinate of Pi (z) which corresponds to the mid-point of 
the (r-f l)8t block of the histogram of the general series, and let y,. be the corre- 
sponding ordinate of Pi (z). Then Yr = x‘^yr. 



Let Nr denote the (r+l)st term of the series (ii) and the (r-fl)8t term 
of (i). Then, Nr = of nr. 

When the standard deviation of the series is large, the following formula 
expresses with sufficient accuracy, in terms of yri 

nr = A (22y, + y,_i + yr+i) 

* See 0. h, Davies, Biomtrika, Vol. xxv. pp. 295—322. 
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The area under the generalised Pearson curve corresponding to the (r + l)st 
term of the series (ii) is 

i^(22Pi.+ Pi._i + Pr+i) 

of 

Now Nr — Mr = 24 Vr+l) 

= ^ (22Fr + Yr-1 m + Yr^ijx) (v). 

Hence, the correction to be applied to the (r + l)st sectional area (iv) is 

Cr = - * [F^X (1 - + Yr+l (1 - 1/®)] 


-(1 -a?) 


24a; 


'-'[a;F,_x-F,+i] 


.(vi). 


If, therefore, Nat denotes the whole area of the curve Pi (z) a? up to and 
including the (t + l)st term | ^ Ytd^, the correction for Nut is 


•t 


- ^ r i r,(i -.) + (r,« +»7',) - (F.+ ,7.oj (vij). 

If there is high contact at the start of the curve, y_i and yo are very nearly zero 
and the correction simplifies to 

Now 2 Fr = Na^ 4 - where is a small correction found by applying the 

r*0 

Euler-Maclaurin theorem. 

The correction to be applied to Na^ so that it may give a closer approximation 
to the sum of the first (^ + 1 ) terms of the series (ii) is, therefore, 

Cr - (~) [{Nat + ^ (1 - a) + (a F + F,+i)] (vii). 

E is of the second degree of smallness compared with Gr, and when a is not 
small it may be neglected altogether. Cr may then be written in the form 




.(viii), 


which may be calculated quite readily. 

If there be high contact at both ends, the correction for the whole area of the 


curve 
is, therefore^ 


reduces to “^24 ^ ^ approximation to the sum of the whole 


series 




where N is the total area of the curve F <■ a*Pi («), provided a is not small. When a 
approaches unity, the correction tends to zero. 
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If the simple formula (iii) does not give sufficient accuracy, we may apply the 
higher quadrature formula 

~ 4- 308 (yr+i 4 yr-i) — 17 (yr+2 + yr~2)]* 

The correction to be applied to the (r 4 l)8t sectional area is 

[308(F.+i-a;F,_i)-17 «»F,_,)j . 

Accordingly, the correction to be applied to the area Nuf is 


"6760® 


Nat 308-17 




5760® 

(1-®) 
' 5760® 


[ 3 O 8 (F,+i + ® F.) - 17 {( F.+x + F,+,) - ®» ( Fe_i + F,){] 

^ |^308(Fo + ®F_x) + 17(1^) 1'-s)^ + (Fi+ Fo)}]. 


When there is high contact at the start of the curve, the last term approxi- 
mates to zero. Further, when there is high contact at both ends of the curve, the 
correction for the whole area is 

and accordingly, an approximation to the sum of the general series (ii) is 


iV^ 14 


(1-^y 

6760a; 


•308-; 


(I4^y 


where N is the total area of the curve afPi(z), 

The following results will give an indication of the magnitude of the correction G 
for the whole area when there is high contact at both ends. 

^ = •5, C' = (»7,S27o, 

a?=:-76, (7S*347^, 

(7^*0467,. 

In the following examples, the areas under the curves obtained by both methods 
are compared with the terms of the series. 

The curve obtained by applying the first method, i.e. from the equation 

y dz c . ^ \ 

2 “h yn-i) 

(§ 1), will be referred to as curve A, while the one obtained by applying the above 
method will be referred to as curve B. 

Examples, 

I. Series F(30, 30, 111, -75); 0 = 1. 

Equation of curve A is 

y « + 4*322 , {z 4 83 * 392 , 1 96 )-wMa , 232 
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Equation of curve 6 is 

y » {z + 4-408, re?)!®"*'"* {,z + 90-876,162)-«*-^“'. 

The origin of both curves is at the start of the histogram of the series. 


Terms of 
Series 

Areas 
under A 

Ck>rreoted 
Areas under B 

Terms of 
Series 

Areas 
under A 

Corrected 
Areas under B 

1-000 

1*866 

2*143 

43*162 

43*638 

43*174 

6*081 

7*539 

7*692 

31-030 

31*496 

31-036 

19-567 

21*166 

21*147 

21*877 

22*299 

21-875 

44*328 

46-603 

46*344 

15-162 

16-517 

16-146 

79-397 

79*826 

79*639 

10-327 

10-632 - 

10*321 

119*717 

119-421 

119*114 

6*937 

7-183 

6-932 

158*031 

167*252 

167*067 

4-599 

4-937 

4-596 

187*553 

186-673 

186*616 

3-013 

3*160 

3-010 

203*994 

203*042 

203*317 

1*952 

2-062 

1-961 

206*280 

205*490 

206-922 

1-262 

1*334 

1-252 

196*096 

196*536 

196*001 

-796 

•896 

•796 

176-795 

176*484 

176*865 

*502 

•544 

•502 

162-250 

152*178 

162*392 

•314 

-343 

•314 

126-971 

126*107 

126*115 

•195 

•216 

*195 

100*628 

100*928 

100*746 

*121 

1 -134 

•121 

77-926. 

68*705 

78*342 

69-176 

78006 

68*762 

••• 

* 

... 

1 



II. 


Equation of curve A is 

y-yoe‘** K^ + y) 


Series F(- 30, - 50, 100, J) ; c = 1 

2172 121928 


1379) 


27 g 9^(1879) s/(1879) 


/ 38 \ 


Equation of curve B is 

y = y^'g-m.nnt ^ 6-051.499)"’^'“» (36-453,380 - 
origin of both curves being at the start of the histogram. 


Terms of 
Series 

Areas 
under A 

Corrected 
Areas under B 

Terms of 
Series 

Areas 
under A 

Corrected 
Areas under B 


2*124 

1-506 

17-899 

18-921 

17*909 


9*324 

8-157 

7*069 

8*043 

7*072 

26-380 

27*638 

26*523 

2*337 

2-976 

2-341 

57*932 

57-201 

67*502 

*650 

-974 

•653 

89*219 

86*861 

88-893 

•153 

-285 

•164 

102*602 

99-994 

102*742 

*030 

-076 

*031 

91-609 

89-536 

91-946 


•018 

*005 

66-188 

64*423 

65-408 

... 

• . . 

• • • 

37*668 

38*098 

37*728 





III. Series F(-S0, 60, - 81, i) ; c « 1. 

Equation of curve A is 

y « y«e-* (z + 7*388,310)“-«»-“» 


(61-888,310 
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Equation of curve B is 

y = + 7-631, 867)»-»».M» (37-648,329 - «)»*•«».>«. 

origin of both curves being at the start of the histogram. 


Terms of 
Series 

Areas 
under A 

Corrected 
Areas under 6 

Terms of 
Series 

Areas 
under A 

Corrected 
Areas under B 

1-000 

2*318 

1*937 

92*107 

92*405 

92*144 

7*407 

11*612 

10-646 

65*036 

66-115 

55-074 

27-299 

29*901 

30-477 

29*462 

30*803 

29*478 

66*655 

67*817 

70*664 

14-189 

15*388 

14-191 

121*133 

120*174 

123*146 

6*165 

7-040 

6*164 

174*516 

172*412 

174*767 

2*421 

2*963 

2*420 

207*300 

203*876 

206*642 

*860 

1*162 

*859 

208*486 

205*333 

207-814 

•276 

•416 

*276 

180*898 

178*696 

180*667 

*080 

*138 

*080 

137*303 

136*405 

137*235 

... 

••• 

... 


IV. 


Series 


- 60, - 65, -9); 

c = l. 

Equation of curve 

A 

is 





y 


* 105,26322 

(63-631,579 - 

^^ 4 -» 86,160 

Equation of curve 

B 

is 





y 


•* 105,36062 

(63-349,729- 

^^ 4 * 988,824 


origin of both curves being at the start of the histogram of the series. 


Terms of 
Series 

Areas 
under A 

Corrected 
Areas under B 

Terms of 
Series 

Areas 
under A 

Corrected 
Areas under B 

1-000,000 

-99.5,309 

•999,980 

•003,534 

•003,595 

*003,534 

•830,769 

*827,323 

•830,630 

*002,762 

•002,813 

*002,762 

•689,279 

-686,802 

•689,193 

•002,150 

*002,193 

*002,150 

-571,117 

•579,389 

•571,058 

•001,666 

•001,702 

•001,666 

*472,553 

*471,397 

•472,519 

•001,285 

•001,314 

•001,285 

-.390,437 

-.389,715 

•390,421 

*000,987 

•001,011 

*000,987 

-322,111 

•321,712 

•322,105 

•000,753 

•000,773 

•000,753 

-266,332 

•265,169 

*266,334 

•000,672 

*000,589 

•000,572 

-218,213 

•218,219 

•218,221 

•000,432 

•000,445 

•000,432 

•179,164 

•179,287 

*179,174 

•000,324 

•000,334 

•000,324 

-146,850 

•147,051 

*146,863 

*000,241 

•000,250 

•000,241 

•120,150 

•120,398 

*120,162 

•000,178 

•000,186 

*000,178 

•098,123 

•098,395 

•098,136 

•000,131 

•000,135 

*000,131 

*079,979 

*080,260 i 

•079,990 

•000,095 

•000,098 

•000,095 

•065,060 

•066,338 

•065,071 

•000,068 

•000,071 

*000,068 

*052,814 

•053,081 

•062,823 

*000,049 

•000,051 

*000,049 

•042,779 

•043,030 

*042,786 

•000,034 

•000,037 

•000,034 

*034,672 

•034,806 

•034,679 

•000,024 

•000,026 

•000,024 

•027,874 

•028,086 

•027,879 

*000,016 

•000,018 

*000,016 

•022,418 

•022,608 

•022,422 

•000,011 

•000,012 

•000,011 

•017,983 

•018,153 

•017,987 

•000,007 

•000,008 

•000,007 

•014,386 

•014,536 

•014,389 

•000,006 

•000,006 

•000,005 

*011,476 

•011,608 

*011,479 

•000,003 

•000,003 

*000,003 

•009,128 

•009,241 

•009,129 

•000,002 

•000,002 

*000,002 

•007,237 

•007,336 

•007,238 

•000,001 

•000,001 

* *000,001 

•005,719 

•006,802 

•006,720 

•000,000 

•000,000 

•000,000 

•004,604 

•004,676 

•004,604 

... 

... 

... 
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There is veiy little difference between the fit of the two curves at points up to 
the mode, but after the mode and especially towards the tail, the curve B is a 
distinct improvement on curve A. In the last example, where the curve is J-shaped, 
the former method gives far better results than that developed in § 1. An added 
advantage is that the fairly troublesome type Oiy does not arise. It must be 
remembered, however, that this method is applicable only when the series with x 
replaced by unity is convergent. 


§ 3 . Evaluation of the Incomplete Integral P (z) dz. 

Jgt 

In the previous paragraphs we have shown that when the number of significant 
terms is fairly large, a general hypergeometric series F(a, 13 , 7, x) may be fitted 
quite closely by a curve of the form 

y = (1), 

where P (z) is a Pearson type curve. Hence, a number of terms of this series can 
be represented by an integral of y taken between the proper limits. When this 
curve is not very skew, we may often evaluate the integral by using the method 
outlined by Pearson in Biometnka, vol. i. p. 390 et seq. This consists in expanding 
(1) about its mode into a series of the form 

y = Vme ^ ^ {I +bz z^lZ ! + 64 ^^^ ! + ...)> 

where u = log y, and ^ « m, the position of the mode of the curve y. The coefficients 
are expressed by Pearson in the form 

bz- as, 64 “ (a« 4 - lOoa^), 

64 = a4, 67 « (tty 4 * 350304), 

65 » 03, 63 = (as + 560303 + 3504*), etc. 


where 



(i — 1 , 2 ,., 




These coefficients become increasingly more complicated. 

When finding the partial integrals of the curve, i.e., integrals from the start of 
the curve up to a point z, we may safely take the lower limit to be — 00 . This 
enables us to express the partial areas of (1) in terms of incomplete normal moment 
functions. These have been tabulated up to the twelfth. (See Tables for Statisticians 
and Biometricians, Pts. 1 and li.) 

If li and Is are the limits to the range of the curve yi the complete integral is 

tit r+00 

N m I yde^ I ydz 

Jl, } -CO 

ym V(2^r) r hj 

“ V(-a*) L 8a#* 480 #*'^ 

This method will be referred to as Method A. 



( 2 ). 
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Example, 

y ** yae'^^z^ (40 - z)^. 

The total area of the curve found by quadrature is 79345112yolO^'® 

It is convenient to take yo = 10“^^®. 

XT 1 , , 30 60 

Now u^iogy and ^ = -1+ ^ . 

dz z 40- z 

The mode is, therefore, at the point z = 10. The constants 




(« = 2, 3,...) 


are readily found. Substitute their values in (2) and we have 


iV= 79668-590(1 - 017,14876 4* 011,51807 

+ 004,69824 - 003,31286 + 000,90737 - . . .) 

= 79402-661. 


This is in excess of the true value by approximately *072 7o> which is sufficiently 
close for most statistical purposes. 

Method A has been applied* with varying success to the evaluation of the 
incomplete Beta function. The results obtained there hold with a slight modification 
for integrals of the curve (z) because this curve and P (z) behave in very much 
the same manner. It has been shown that the curve obtained by Method A fits 
a Pearson type curve very w-ell at points lying within ± l-5<r of the mode, but may 
deviate appreciably at points further removed from the mode. This is also the case 
with the more general curves. 

In the next three paragraphs we shall develop other and more accurate 
methods of curve fitting. 


§ 4. The Fitting of Pearson Curves to Genei'alised Pearson Curves by Equaling 
the Corresponding Logarithmic Differentials about the Mode. 

Method A may be generalised somewhat by expanding 

y^yoe-'f^^Piz) 

around the mode into a series of the form 

y = yow (^) {1 + 4- . . . } (i)» 

where u (z) is a Pearson curve of the same type as P (z). 

When P (z) is a 'type I curve, y may be expressed in the form 

y^yQe-P^z^{a-zy (ii). 

Let (ii) be represented around its mode “w” by the curve 

y zsz yQ (z + my {a^^m— zY (iii X 

where p and q are at our disposal. 

* BUmetrika^ Vol. vt. (1908), p. 68 ; Introduction to Incomplete T-Funetion Tables (1922), pp. xviii 
xix; Tables for StatisticianB, Part n. (1931), pp. coxxxi— coxxxii ; Tables of the IncompUte Function 
(1934), p. vi ; Soper, Tracts for Computers, vu. (1921), pp. 43 — 44 ; Wishart, Biometrika, Vol. xix. 
(1927), p. 488. 

Biometrika xxvi ^ 
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Now y =a yo^e'~^^ (z + my (a — m — 

= (m + z)^ (a — m — zy V, 
where V *= (m + z)^^ (a - m - 

and m the distance of the mode of (ii) from the start of the curve. 

Let V = log V, 

then (dVldz)—V (dvjdz), 

(cPVId^) = V((Pvldz^) + V{dvldz)\ etc. 


Choose p and q so that (dvldz)m , « 0 (iv a), 

(d^vldz^)m = 0 (iv 6). 


The two curves (ii) and (iii) have the same range. Condition (iv a) implies that 
they also have the same mode and condition, (iv b) indicates that the two curves 
coincide to the second order around the mode. 


By Maclaurin's theorem 

y OB (m 4- 2^)^ (a — m — zy 


X 



24 



1 /d^v\ 

wo\d?L 





The coefficients of the successive powers of z have the same form as those for 
the expansion obtained by Method A, Here, however, 

Oi « (d*’ log V/dz%n ; V = (m + (a- in- zY'’^. 

The partial integral yo j z^ (a — zY dz may now be expressed in terms of 

the incomplete moments of Type I curves about the mode which may, in turn, be 
expressed in terms of incomplete Beta functions. These have been tabulated within 
a certain range, and, for functions lying outside this range, auxiliary tables have 
been constructed to aid in their evaluation. 


The tth moment o{{m + z)f^{a-m- zy about its mode is 

fa-m 

I (m + z)y (a — m — zyz^ dz 

j -m 

»(-)*[ (a- «)« (m — zy dz 

Jo 

<= (-y I (a - z^ {tyn (t - 1)!} dz 

Tip-\-q + 2) L (p + q+2) 

+ m*-* (P + l)(p + 2) , 

2 ! (p + 9 + 2) (jj + 5 + 3) 




(p + l)(p + 2)...(j> + 0o« 1 


(p + 34-2)(j) + g + 8)...(p + g + « + l)J 

^ r(p + 9 + 2) 
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Hence the total area N is equal to 

y^m-Pia - + _ b,M,+btMt-hM, + ...] (v). 

When evaluating the incomplete integral of y, Mt has to be replaced by the 
corresponding series of incomplete Beta function ratios. 

Examples. 

I. 

= (40 -zYV\ yo = 10'^®, 

where V = (40 — 

Choose those values of p and q which satisfy 

0-(dhgVI<h)„ 

0.(d-iogV/i%- 

i.e. p-27-5, g = 82-5. 

The constants a( = (d‘log Vjd:^)m may bo readily calculated from 

Substitute these values in (v) and we have the following series for the total area: 
N = 79210 (1 + 002,63380 - -001,27338 f 000,22961 

+ 000,06981 - -000,02788 + 000,04546 - . . .) 

= 79342-867. 

This involves an error of -0028 “/o. When we include seven terms in the 
expansion of y, the resulting curve fits y very well at points lying within the range 
+ 2'5ff of the mode, but may deviate somewhat at points lying outside this range. 

II. y=yoe“**.2“®(160 — yo=10~®“e*® (mode at 2 r= 50). 

We have y = y^' {z + 50)p (100 - z)^ (1 + tts«»/3 ! + atz *!^ !...), 

where Oi is the ith logarithmic derivative of F at x = 0, F being the expression 

e-i* {z + 50)“®-? (100 - zj^i. 

The values of p and q found by equating to zero the first two derivatives of 
log F at z a> 0, are 

p = 276/3, q=2p = 550 jB. 

The series giving the total area N is 

W= c (1 + -0006,39144 - -0002,44637 + 0000,12131 
+ 0000,44450 - 0000,02193 - . . .) 

-c (1-000,353282) and c- 8-409,962. 

Therefore W = 8*412923. 


6-a 
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The area of the curve found by quadrature is 8*412901. Hence N differs from 
the true value by less than *0003 7o- Had we taken iV'= c, i.e. neglected all terms 
except the first in the expansion, the error would only have been *03 7o* This in 
itself is sufficiently accurate for most statistical purposes. If we include six terms 
in the expansion of y, the resulting curve fits y remarkably well at points within 
± 3<r of the mode. 

The series obtained by the application of Method A is 

« c' (1 - -004,33884 + -002,01703 . . .). 

Its convergence is not nearly as rapid as the series obtained by the method 
of this section. 

Although the latter method gives far greater accuracy than Pearson’s, it has 
the serious drawback in being extremely laborious in application, especially when 
attempting to find partial areas. For this reason we will develop a method of 
fitting a Pearson type curve which depends on the equating of the first four 
logarithmic derivatives at the mode. It is hoped that the resulting fit will be 
sufficiently good for statistical purposes. An incomplete integral of the original 
curve would then, with the exception of certain cases, be expressible in terms of 
a single incomplete Beta function. 

§ 6. A systematic Fitting of Pearson Curves to certain Frequency Distributions, 

Let f{z) be a bell-shaped distribution and let ai, 02, ub, ... be its successive 
logarithmic differentials about its mode. 

Let y be a Pearson type curve referred to its mode ; its differential equation 
is then 

y dz dz bo -f biZ + b^z^ 

Differentiate both sides of (i) successively with respect to z, we have 

^logy^ _ g (hi -f- 262^) 

5? **60 + 612 + 62^* (60 + 61^ + 62^7®’ 

(P\ogy _ __ 26 i + 6 biZ 2 z (61 + 26 22:)^ 

"" (60 + 61-^ + 62^7® (60 + 61-? + 62^®)®’ 
dMog y ^ ^ 66a 2 (36i®+ 186162^ + 246aV) _ 6^(61+262 ^)® 

dz^ (60 + biz + 6a2®)® ^ (60 + biz + 62 «*)® (60 + 612: + b^z^f ’ 

etc. 

Equate now the corresponding logarithmic differentials of y{z) and f(z) at 
their respective modes. We have the following set of equations to solve for the 
unknown 6*8: 

1/60 =ua, 

-261/60® .==08, 

6 (61* — 6o62)/6o® * 04. 
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Hence 


and 


6o=l/a», 

6i=- 03/204* 

63 - (30$* - 2a4a3)/12o8* 
1 d« z 

--y- =j- 


ydz atz 1 /o 2 o \ 2 

W + 12a?^^“* -2«40,).* 

The discriminant of the quadratic in the denominator is 

® - SS.‘ - i L,‘ 9“.‘l ■ 

Hence the condition for a Type IV curve is (Z) < 0) 

003* > 8a4a2. 

Condition for a Type V curve is (i) = 0) 

003 ^ = 8a4a2. 

Condition for a Type III curve is (ig « 0) 

Sas* = 2a4tt2. 


Condition for curves lying above the Type IV line is 

0a < 8a4a2. 

For a Type I curve the roots of the quadratic must be real and of opposite 
sign, i.e. 

008* < 80402, 

and Soa® < 204O2. 

The first condition is here implied in the second. 

For a Type VI curve the roots of the quadratic must be real and of the same 
sign, i.e. 

008* < 80402, 

3oa* > 20402. 

The curve is symmetrical when Os is zero. The differential equation then 
reduces to 

1 ^ 

ydz'^Qaz — 04 - 2 ** 

02 is always negative for bell- shaped curves; hence, the following types arise 
according to the sign of 04 : 

04< 0 gives a Type II curve. 

O4 > 0 ,, „ ,, VII „ 

O4«0 „ the normal curve. 

Note that the differential equation (i) can never represent a J -shaped curve, when 
/(a?) is bell-shaped. 
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The above method may be easily generalised to the fitting of higher order 
Pearson curves, i.e, curves satisfying the differential equation 




y dz -h 6*2^*+ 

by equating the differentials of log y, at £r » 0, to the corresponding logarithmic 
differentials of f{z) at its mode. The resulting simultaneous equations may be 
solved successively for the unknown 6 s in terms of the known a*s. 


Table to deter^mine the Type of a Curve, 


Main Types 

Criterion 

Transition Types 

Criterion 

I 


III 

303®«20402 

VI 

80402 > 903 ® > 60402 

V 

903^ = 80402 

IV j 

903 ®> 80402 

II 

O3«0, O4<0 

— 

— 

Normal 

03 = 0, O4-O 

— 

— 

VII 

03=0, a4>0 


Let u{z) be the Pearson type curve fitted by the above method to f{z). Write 
f{z) — u{z)V^ where V = f(z)lu{z), both curves being referred to their respective 
modes. We may expand log V by Maclaurin’s theorem into the following series : 

, logF = do' + aiz + a2V/2 ! . . ., 

where log V/dz^) at mode . 

The first four as vanish ; hence 

log V « 06 V/ 5 ! + do V/ 6 !+..., 
or F «= exp. (a^'z^/ 5 ! + a^'z^/Q ! + ...) 

~ 1 a. a. a. ^ x J ^ ^ j. 

‘ 5 ! 6 ! 9 ! 101 ] 

Therefore f(z) = z^l 5 \ + OeV/G! + ...]. 


Examples, 

I. y = {z + 10)*^ (30 — z)^ (origin at mode) (i). 

The first four logarithmic differential coefficients of y at the mode are, 
respectively, 

di = 0 j a% ="*11 ^30 j 

08 = 5/90; d4 = - 166/9000. 

Sos* is less than 20404, hence the curve to be fitted is of Type I. This curve is 
readily found to be 

y « yo' (9*828,086 + (38-473,920 - (ii), 

<r SI 1-65. 
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yo' is determined by equating the ordinates of (i) and (ii) at their respective 
modes. The total area of the curve (ii) is ‘793,2284, and that of (i), found by 
mechanical quadrature, is ‘793,4611 (yo is taken to be — a difference 

of *028 7,. 

The following table of ordinates is constructed to examine the goodness of fit 
of the two curves: 


z 

Ordinates of (i) 

Ordinates of (ii) 

z 

Ordinates of (i) 

Ordinates of (ii) 

-7 

•000,000 

•000,000 

2 

•098,488 

•098,493 

-6 

•000,006 

•000,006 

3 

•046,113 

•046,127 

-5 

•000,277 

•000,273 

4 

•015,926 

•015,946 

-4 

•004,241 

•004,227 

5 

•004,413 

•004,429 

^3 

•026,528 

•026,511 

6 

•000,972 

•000,980 

~2 

•084,595 

•084,688 

7 

•000,171 

•000,174 

-1 

•168,609 

•168,608 

8 

•000,024 

•000,025 

0 

*192,466 

•192,456 

9 

•000,003 

•000,003 

1 

•161,693 

•161,593 

10 

•000,000 

•000,000 


II. y = yo^^i* {z -f 50)^^ ( 100 — yo = 10~*^ (origin at mode) (i). 

The first four logarithmic differentials of y at the origin are, respectively, 
ai — 0, a2 = — 55/1000, 

a2=13/10^ a 4 =- 106 / 10 « 

Here again Saa* is less than 2a4a2, hence the curve having the same first four 
differentials as y at its mode is of Type L Its equation is 

/= yo' (48-73692 -f (114-94062 - ^)216 mo,89i 

cr S 4-25. 

The total area of the latter curve is 8-41285, which agrees very well with the 
area (8*412,902) of the curve (i) found by quadrature. 

In the following table the ordinates of both curves (i) and (ii) are compared at 
intervals of 2 for the argument z\ 


z 

Ordinates of (i) 

Ordinates of (ii) 

z 

Ordinates of (i) 

Ordinates of (ii) 

-22 

•000,000 

•000,000 

4 

•514,603 

•614,607 

-20 

•000,001 

•000,001 

6 

•306,661 

•305,569 

-18 

•000,016 

•000,016 

8 

•149,209 

•149,225 

-16 

•000,196 

•000,194 

10 

•060,260 

•060,279 

-14 

•001,607 

•001,603 

12 

•020,221 

•020,236 

-12 

•009,265 

•009,264 

14 

•006,669 

•005,668 

-10 

•038,681 

•038,664 

16 

•001,324 

•001,328 

- 8 

•110,034 

•119,018 

18 

•000,260 

•000,261 

- 6 

•277,991 

•277,983 

20 

•000,043 

•000,043 

- 4 

•600,464 

•500,462 

22 

•000,006 

•000,006 

- 2 

•706,414 

•706,414 

24 

•000,001 

•000,001 

0 

2 

•788,861 

•707,866 

•788,861 

•707,869 

26 

•000,000 

•000,000 

i 
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III. y =yoe"*"(^ + 60)«(^ + 150)-» (i), 

10®* (origin at mode). 

The first four logarithmic differentials of (i) at the mode are, respectively, 

29 

2020 6340 

®*“27 x 60»’ ®*“"27x"60*‘ 

The Pearson curve which has the same first four logarithmic differentials as 
(i) is of Type VI, namely, 

y = yo' (48*456,364 + (387*406,732 + ^)-w644,i75 

crS9*05. 

Area of (i) found by quadrature is 9*53324. Area of (ii) is 9*53364. 

The series fot the total area, N, deduced by Method A is very uncertain; it is 
N = 9*470,962 (1 - *028,26991 - *031,87332 +...)• 


z 

Ordinates of (i) 

Ordinates of (ii) 

z 

Ordinates of (i) 

Ordinates of (ii) 

-32 

•000,001 

•000,001 • 

20 

•069,869 

•069,913 

^-28 

•000,061 

•000,049 

24 

•028,607 

•028,663 

-24 

•001,115 

•001,100 

28 

•012,617 

•012,667 

-20 

•010,095 

•010,063 

32 

•005,189 

•006,217 

-16 

•047,660 

•047,598 

36 

•002,007 

•002,024 

-12 1 

•137,084 

•137,056 

40 

•000,736 1 

•000,745 

- 8 1 

•267,869 

•267,863 

44 

•000,257 ! 

•000,262 

- 4 1 

•384,302 

•384,299 

48 

•000,086 

•000,088 

0 ! 

•428,955 

•428,955 

52 

•000,028 

•000,029 

4 

•389,261 

•389,260 

66 

•000,009 

•000,009 

8 

•297,170 

•297,174 

60 

•000,003 

•000,003 

12 

•196,083 

•196,097 

64 

•000,001 

•000,001 

16 

•114,276 

•114,308 

68 

•000,000 

•000,000 


The above examples show that the Pearson curve which has the same first four 
logarithmic differentials about the mode as the curve y^yoe'^^P(z) (when not 
very skew) fits it with sufficient accuracy for most statistical purposes at points 
lying within ± 3<r of the mode. The range of agreement of the two curves is 
further extended when a few terms of the expansion is included; but these render 
the finding of partial areas an extremely laborious task. It is desirable, therefore, 
to develop accurate and convenient methods for fitting integrable curves to the 
“tail” of these frequency curves. 

§ 6. A method similar to the one developed in the beginning of §3 may 
generally be applied satisfactorily to determine the area of parts of the curve lying 
outside the range mode ± 2*6o-, Thus, let the tail of the frequency curve 
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and let a* be the tth logarithmic differential of y at the “stump” 
z « Zf,. Then, by Maclaurin, 

« sa e*® ^ ■ 

' - y (^o) [1 + «8r‘/3 ! + a^KV^\ + ...], 

where 

The series in brackets is identical in form with the one deduced by 
Method A (§ 3). 

Evidently, 


/ V titf* '“2<r2' 

y«3/(^o)0 e 


[l+a3?»/3! + a4?V41 + ...], 


where 

Hence, area of tail z'^zq i^ 

1 1 




[l + a8fV31 + c^4?V4i + ...]^?. 

This may be expressed in terms of incomplete normal moment functions. Note 
that the first approximation is 

ISr 


Jo 


Zzi- 

where 8i' = — , 4(1—®*,’) the area of the tail of a normal curve, and the 

O' 

ordinate of a normal curve at the point zi. This is the expression obtained by 
Burton H. Camp* for the determination of the tail of a frequency distribution. 
Only in rare cases is it necessary to go beyond the 6th term in the above 
expansion of N* 

Examples. 

I. Fit a curve to the tail z'^^ of the curve 

(i) y-yoe~*(^ + 10)»(30~-^)» (rSl*65 

(origin at the mode). 

The first six logarithmic differentials of y at the point z^b are, respectively, 

(iiss:— -1*4, ttg = — *2293,33333, 

08 = *0100,97777, 04 = - *0044,77156, 

05 = *0008,0069216, o® = - *0003,4664058 ; 

and the curve is 

— 1*4^— *2293^ “ 

(ii) y = -0044,1287 «' ^ [1 + 0016,8296 

- -0001,86548 ?* + -0000,06672 C® 

+ 0000,00936 f 

f « ,5 — 5. 

* Biometrikat Vol. xn. p. 168. 


where 
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The point f » — 1 is approximately 2*5<r away from the mode. 

The following table compares the ordinates of (i) and (ii) at unit intervals of 
the argument z: 


z 

Ordinates of (i) 

Ordinates of (ii) 

4 

•01692,6-3 

•01692,64 

6 

•00441,29 

•00441,29 

6 

•00097,18 

•00097,18 

7 

•00017,145 

•00017,145 

8 

*00002,433 / 

*00002,435 

9 

•00000,278 

•00000,279 

10 

•00000,025 

•00000,026 

11 

•00000,002 

•00000,002 


II. Fit a curve to the tail z'^lO of the geiieralised Pearson curve 
(i) y + 0-S4-25 

(origin at the mode). 

The first five logarithmic differential coefficients of (i) at -sr = 10 are, respectively, 
aj = — *5, a% = — , 

03 = -00051,44033, 04 - - -00006,00137, 

06 = -00000,24768. 

The required curve is 

( 11 ) y « -0602,600 6 U + *00068,58106 f | j 

V 00000,06605(1)*+... , 

where ^=z — 10. 


- 00004,00091 (1) 


z 

Ordinates of (i) 

Ordinates of (ii) 

10 

•0602,600 

•0602,600 

12 

•0*202,210 

•0202,210 

14 

•0056,686 

•0066,585 

16 

•0013,241 

•0013,240 

18 

•0002,596 

•0002,596 

20 

•0000,427 

•0000,426 

22 

0000,059 

•0000,058 

24 

•0000,007 

•0000,007 

26 

•0000,001 

•0000,001 


III. Fit a curve to the tail of the generalised Pearson curve 
(i) y =yoe"i*(^ + 60)«(« + 150)-™:^>20, yo = 10»*, 

(origin at mode). 


<rS905 





O. L. Davies 


91 


The first six logarithmic differentials of (i) at ^ 20 are 


ai = - -173,669,468, 

03= -000,204,74032, 
05= -000,000,55935840, 


03 = - 005,741,120, 

04 = --000,009,4929676, 
o« = - -000,000,04045132. 


The required curve is 


(ii) y = -069,869 ^ |^1 + -002,183,897 

- 000,101,258 -000,004,773 


where 


+ •000,002,154(1]*-...], 
?=z-20. 


z 

Ordinates of (i) 

Ordinates of (ii) 

20 

•0.')»,869 

•059,869 

24 

•028,607 

•028,607 

28 

*012,617 

•012,617 

32 

•005,189 

•005,190 

36 

•002,007 

•002,011 

40 

•000,735 

•000,741 

44 

•000,257 

•000,262 

48 

•000,086 

*000,089 

62 

•000,028 

•000,030 

66 

•000,008 

•000,008 


In the above examples, with the possible exception of the last, in which there 
happens to be an appreciable degree of skewness, the agreement between the two 
curves is very close indeed. We conclude, therefore, that when the curve 

0(z) = yoe'-f*^P(z) 

is not very skew, the tail ^ ^ f, where f does not lie within mode + 2^6cr, may be 
fitted very closely by the curve 

y = (? (f) [1 + tts (^ - f )V3 1 + a4 (^ - J + • • •]> 

where a* = . (log 0 (z)] at 0 = Hence integrals of 0 (z) up to any point outside 

mode ± 2‘5<r may be expressed in terms of incomplete normal moment functions. 
The rapidity of convergence of the sequence a^ai/il (i=a 3,4, 5, ...) will give a good 
indication as to how many terms of the expansion y need be retained. 

It has already been shown (§ 6) that integrals of 0 {z) up to points lying within 
mode ± 2*6<t may be expressed very closely by a single incomplete Beta function. 

Finally, integrals of very skew and J -shaped curves are best evaluated by an 
accurate quadrature formula such as Weddle’s or Euler- Maclaurin’s. 
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§ 7. Methods for Obtaining Approanmations to the Sum of 
a Tail of a Hypergeometrio Series. 

When the standard deviation of a hypergeometric series is suflSciently large, 
the above methods for finding approximations to the sum of a finite number of 
terms serve very well indeed for regions within ± 2*5o' of the mode but do not 
always give satisfactory results for more remote regions. In problems on probability 
the tail of a distribution is often of greater importance even than the body itself. 
For this reason it is desirable to develop more accurate methods for approximating 
to this tail. 

Let, then, the following series of constantly decreasing positive quantities, 
namely, 

Oo + ai + Oa + aa-f •••» 

represent the tail of a hypergeometric series F (a, 7> ^)* 

Draw up the following table of the successive ratios of the terms a<: 



P%^Piqi> etc. 

Hence 

+ + + ••• 


« Oo ( 1 + n + ri*pi 4* r^p^pz + . . . ri*pi*“^p**-* . . . + . . .) 

« tto (1 + ri + ri*pi + r^p^qx + 4- . . .) 

* Oo (1 4* n 4* ri*pi 4- ri*pi*gi 4- r^p^q^oi 4- . . . ) 

-uo 2 ri*pi i.a qi 1 . 2.8 ui 1 . 2 . 8. 4 
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If the first ratios are sensibly constant, pi * = . . . = 1 and the series reduces 

to the simple geometrical 

«o(l +n + + ...)• 

We may, without fear of appreciable error, take the upper limit to be infinity. 
Hence a first approcdmatim to the sum of the series is 

uo 




1 — ri* 


If the second ratios are sensibly constant, i.e. 5^1 = = Vi = . . . = 1, to the figure 

of accuracy required in the result, the series reduces to 

Oo 2 ri*pi i.2 =ao(l +ri + ri*pi + ri®pi®4ri*pi®-f ...). 

The first three terms of the original series suffice to determine the values of the 
constants a©, Vx and px ^ Write ri = r, = 1 — p . If the tail of the series does not 
lie too near the mode, px is close to unity, i.e. p is a small quantity. Hence 

00 * “JJ 00 * 

Qq 2 ^’*pi 1 . 2 at flo 2 r* (1 - p) 1-2 

= ao[l 4^4 ^'*(1 — p)4r*(l — 3p4 3p^ "“P^) 

4 r* (1 — 6 p 4 15p* — 2()p* + 15p^ — 6 p® 4p®) 

4 r® (1 - 1(^ 4 45p« - 120p« 4 21 V - 252p® 4 . . .) 

+ ] 

= ao[l4r4^'*4r^4... 

— pr*(l 4 3r 4* 6r® 4 10r^4 15r^4 ...) 

4 3p*r*(l 4 5r 4l5r*4 35r*4 -.) 

— p^r*(l 4 20r 4 120r® 4 455?^ 4 ...) 

4 15p^r*(l 4 14r 4 91r* 4 ...) 

+ ]• 

The above series may all be summed qtiite readily. Thus 

l + r+r*+r*+... = i — 

1 — r 

1 

1 + 3r + 6r* + lOr* + ... = 

1 + 6r + 167 * + 35?-* + ... = 

1 + 20r + 120r* + 466r* + . . . = 


1 

1 + 13r + r* 


(l-r)» ’ 

••• ... ~ 

Hence a second approximation to the sum of the tail is 
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The first three terms are generally sufficient for computing purposes. The next 
approximation will involve an additional constant qx. 

Sz—ao(l + r + r*pi + r®pi*5i + r*pi%i* + ...) 

« »(«-!) («- 2 ) 
a> oo S r*jpi 1 1*2.8 

«atO 

Write = 1 -f Generally q is very much smaller than p so that and higher 
powers may be safely neglected. 

5^8 = Oo [1 + r + r^pi 4- + g) -h r^pi® (1 + g)® + ...] 

Sao [(1 + r + r^pi + i^p^ 4* r^p^ 4- ...) 

4- gr*jpi® (1 4- 4rpi® 4- 10r®pi’ + + ...)]• 

The sign S denotes ‘'approximately equal to.” We will now obtain an 
approximation to the sum of the series 

S' = 1 -h 4r^® 4“ lOr^pi^ 4- 20/ 4- . . . . 

Pi is less than unity because the convergence of the tail of the hypergeometric 
series is more rapid than that of the geometrical rto(l 4- r-t-r^4-^+ •••) whose 
first two terms agree with those of the tail of the hyperseries. Hence 

S' < 1 + 4r 4- lOr 4- ... *(1 - r)“® 

Moreover, 

< 1 4- 4rpi® 4- 10r*pi® 4- 20r®^i® 4- . . . = (1 — < (1 — r)~®. 

Hence (1 — rp^Y^ is a better upper limit to the sum S' than (1 — r)“® There 
is, however, very little difference between these two expressions because pi is close 
to unity. 

When p**(l — pi) is su65ciently small, say of the order *01, we may obtain a 
still closer approximation and, incidentally, a lower limit to S'. 

S' = 1 4- 4ryi® + \0r^p{! 4- 20?*®pi^* 4- . . . 

SI 4-4r (1 - 3p) 4- 10r*(l - Ip) 4- 20r®(l -- 12p)4- ... 

■* (1 4“ 4r 4- lOr® 4- 20?^ 4- ...) —rp (12 4'70r 4- 240r^ 4- ...) 

= [(1 - r)-^ - 2rp (6 - r)(l - r)-®]. 

Evidently 

(1 - rpi®)-* > S' > [(1 - r)-« 27P (6 - r) (1 - r)-®]. 

Hence a third approximation to the sum of the tail is 

Ss = uo (1 - r)“^ [{ 1 -pr* (1 - r)“* 4- 3p*r® (1 — r)“^ 

— r*p® (1 4- 13r 4- r*) (1 — r)"®} 

4- gr»px® (1 - r)“® {1 - 2pr (6 - r) (1 - r)“*)], 

p=»l-pi, qsmqi^l. 


where 
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Ecoamples. 

I. Sum the tail of the eeries F{SO, 30, 111, '76) starting with the 2Sth term.' 

The tail of the series is 

•796,464 + -502,267 + -314,369 + .... 

We readily find 

ri- -6306,2901, 

pi== -9925,014, 2) = -007,4986, 

» 1 -000,64443, q = -000,64443, 

«i = -999,93951, l - m = u = -000,06049, 

The true sum of the tail found by computing each term separately is 2-117,841. 
Further, 

Si = 2-156,244, 

St = 2-156,-244(l - -021,8576 + -002,27275 - -000,39944) 

-2113,163, 

Sa = 2-113,163 + -004,2444 
= 2-117,397. 

This differs from the true value by only 4 in the fifth place. 

II. Sum the tail of the series F(50, 50, 100, J) starting with the 81s< term. 

The tail of the series is 

ao(l + -578,123 + -333,418 + 191,836 + ...). 

Its true sum is 2-360,168ao. 

We readily find 

r= -678,12289. 

pi= -997,681112, p = -002,418888, 

qi = 1-0000,604352, q = 0000,604352, 

;Sfi = 2-370,358500, 

St = 2-370,3586oo (1 - -004,54239 + -0000,7138 - -00000,429) 

= 2-359,7505ao, 

Sa = (2-35’9.7506 + 000,33479) Oo 
= 2-360,086ao. 

The last approximation differs from the true value by 7 in the sixth place. 

III. Sum the tail of the aeries F(50, 50, 100, J) starting with the 61.»< term. 

The tail of the series is 

/Sf = Oo' (1 + -617,161 + -379,270 + -232,118 + ...). 

True value of S is 2-585,789ao'. 
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We find the following values for the constants: 
r= -617,160890, 

-995,7540,680, - 004,246932, 

qi = 1-000,13065, q - 000,13065, 

and Si=2-612,0623ao'. 

8t^ 2-612,06230,(1 - -011,03411 + 000,69183 - -0000,2058) 

= 2-584,73350,'. 

S, = (2-684,7335 + -001,1399) o,' 

= 2-586,8730,'. 

Sz differs from the true value by 1 in the fifth place. 

IV. Sum the tail of the series F{- 100, - 100, 1, i) starting with the 10th term 
after the mode. 

Modal term is the 42nd. We find 
r= -443,97189, 

px= -923,73046, p = -076,26964, 

1-000,156141, g = -000,1 56141. 

True sum of tail is •731,702 multiplied by a constant which will be dropped in 
the subsequent work. 

Si = -781,4122, 

Sz = -781,4122 (1 - -048,626 + -015,9773 - -005,09085). 

p is too large to apply formula S, with any great degree of accuracy. It is 
interesting, however, to examine how closely the successive approximations to S, 
represent the true value of S. These approximations are 
(i) -781,412, (ii) -743,415, 

(iii) -755,900, (iv) -748,746. 

The formulae Sz is not entirely satisfactory when p is larger than 01. For such 
cases, we may obtain a very close approximation to Sz by the application of the 
Euler-Maclaurin theorem to the summing of the series 

« '.ii-A) 

2 r'pi 


The problem, however, will be approached from a wider angle, namely, by 
applying the Euler-Maclaurin theorem to the summing of the more general series 
.(»-!) .(‘-ilO-s) »(«-!) (»-a)(«-8) 

1 . 2.8 „ ■ 1 . 2 . 8. 4 " 

n vi 
«-o 


Xr»pt 


Ml 


§ 8. Application of the Euler-Maclaurin Theorem to the summing of the Series 




2 r^pi 


1.2 




1 a. ft 


1 . 2 . 8.4 
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Write log«ri=a, 

log. <71 = 0, etc., 

then e i.a"^ ' r.2.3 ” + • (i). 

#=0 

The quantities a, 6, c, ... generally tend rapidly to zero. Clearly, 

, 8 ( 8 - 1 ) 
a« + 6 — — ~ 

= ao2e ^ [1 +Co 5 + Ci«^ + C 2S®+ ...] (lii) 

8 = 0 

= cJoSe * [1 + Co^ + 4* + •••] 

where = — 6/2, Ci' = — (a — 1 6) 

= ftO S g"* [1 4.Co5 + Ci&‘*+ ...], 

where a;i=CxV, «-=;^20- 

Hence, by the Euler-Maclaurin theorem, 

S S J ^ ^ jx + Cod? + CidJ* -f . . .} 4- 

= ^ ^ (1 4- fid? 4- 4- ...} d^ 4- j (iv6), 

where is the Euler-Maclaurin correction*. 


* We may also write 

r" /* * — ”1 

SSao.!*'” ff/ e ■S!'{l + f,ii:+{2X» + ...}(Ia: + >;;J. 

where JB,' is approximately equal to 

•0387,163a8- -1678, 127a2+ -2411,45901 - -1220,45800. (See § 10, p. 106.) 


More accurate expressions for £/ are the following: 

6^; 

4ao + 0*195, 7755oo 
- 0*460, 38380, 

+ 0-546, 6364oj, 
-0*471,428903 
+ 0 * 260,607004 
-0*082,478605 
+ 0*011,8674Ofl 


g/'V 

J 00 + 0-218, 0246oo 

- 0*589,01980, 

+ 0*964,014802 
- 1-240,890403 
+ 1-140,564404 
-0-720,943805 
+ 0*297,8547oo 

- 0*072, 497 O 07 
+ 0*007,892603 

the Kuler-Maolaurin theorem due to Professor 
eighth differences. 


These last two expressions are obtained from a form of 
Karl Pearson, the former based on sixth differences and the latter on 


Biometrika xxvi 


7 



98 Asymptotic Formulae for the Hypergeometru: Series 


The integral [ e~^’^afda) is the «th incomplete normal moment function and 

JXi 

has been tabulated up to the twelfth. 8 can, therefore, be expressed in terms of 
incomplete normal moment functions. 

As is frequently the case, the constants c, d, e, ... are sufficiently small to bo 
neglected altogether. Then 

)Si dx-^rE^ (v). 

This is, in effect, the expression obtained by Professor Burton H. Camp* for 
t he sum of the tail of a discrete frequency distribution. He approached the problem 
differently, namely, by fitting the tail of a normal curve to the tail of the distribu- 
tion. (v) has been put in the convenient formf 

+ (vi), 

. ,1,1 r, , 3-«i* , 16-10a:i* + iri*l , 

This formula has been applied with a large measure* of success to the summing 
of the tail of a binomial and hypergeometric series in which the last element x is 
unity. It fails, however, when the stump lies within 2<r of the mode, and is only 
reliable for points outside mode ± 3<r. Similarly, when applied to the general 
hypergeometric series, the results are reliable only when the stump lies outside the 
range mode ± Sor. When the stump lies within mode ± 3 (t it may be found 
necessary to include a few terms in the expansion (iv 6). The formula (vi) is 
essentially equivalent to the approximation 8% obtained for the series 

o.=c 

Oo 2 ri*pi 
8 

When, as is very frequently the case, 1 is not appreciably greater than *01, 
8% holds several advantages over formula (vi); it may be applied more easily, the 
contribution of each successive term is made clear, and, since 8% is concerned only 
with the fitting of a series to another, no correction such as the Euler-Maclaurin 
need be applied. 

Retaining the constant c in (i), we find 


S3a,l 


*>« 


I + c 


«(«-!)(« -2)' 


1.2.3 


!■ 


Note that 


C = log.9i= log. (1 + 9)= ? - +^- • 


Therefore u + o 


«(«-l)(«-2)] 


1<I 


1+9 


«(« — l)(s — 2)' 


Moreover, 


1.2..S j r ^ 1-2.3 

(1 + g) l.a.8 + 




♦ Biometrikaf Vol. xvi. p. 168. 

t TabUifor StatUticiatu and Biomeiridanst Part ii, Introduotion, pp. xxx->xl. 
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Hence, a better approximation to 8 is 


I 

This differs from (vi) by the quantity 
1 


i+? 


«(s— 1)(« — 2)' 


!• 


= aoe 


W 


I r, 

«=o L 


' a qB S [same expression]. 

«=3 


* 1.^73 J 

This is essentially the quantity added to 82 (p. 94) to obtain the closer 
approximation Sz- It is identical with the series 

aoqr^pi^ (1 + 4rpi* 4- 10r*pi^ + 20r^p^ +...). 

M accordingly satisfies the inequalities 

aogr®pi*(l — r)“* > a^qr^p^ (1 — > M 


> Ozqr^p^ (1 - r)^ |l 


2r(l-pi)(6-r )| 

(X-rf I 


.(vii). 


These inequalities give a good indication of the accuracy of the result obtained 
by the application of Camp’s formula (vi) and whether it is necessary to go a stage 
further in the approximation. 

M may also be expressed in the form 


aoq 

If 

then 


^ f e ~ {or (a? — a7i)} {<r (a? — a!i) — 1} {<r (a? — a^i) — 2} da? + e \ (viii). 






/II . 5b\ 

neglecting squares and products of a and 6. 


Hence 




1 11 + 6a + 156 _ 2_+ 12a 


J- 


Since q is itself small, one term only of E generally suffices. The evaluation 
of (viii) is often a little troublesome. However, in most cases the right-hand side 
of inequality (vii) gives sufficiently accurate results. 

The most satisfactory way so far, then, of finding the sum of a tail of a hyper- 
geometric series when the "stump” does not lie within the mode ± 2-5(r is to 

(а) obtain the approximate sum by the application of formula (vi), 

(б) correct this result, when necessary, by evaluating Jf. 

When p = (l— |h) is not appreciably larger than *01, the right-hand side of 
inequality (vii) may be taken as a good approximation to M. In all cases, however, 
M is less than a^qr^p^ (1 — rpi®)~^. 
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Examples, 

I. (See above.) Sum the tail of F (30, 30, 111, *75) starting with the 23th term. 

The approximation obtained by using (vi) is 2*113,316. 

The correction (taking into account the value of q) obtained from the right- 
hand side of inequality (vii) is •004',2444. Hence, 

Corrected sum =*2*117,560] 

True sum « 2*117,841] ‘ 

II. Sum the tail of F (SO, 50, 100, starting with the 815^ term. 

Formula (vi) gives 2*359,836, 

Correction = *000,335, 

Corrected sum = 2*360,1711 

True sum = 2*360,158] ' 

III. Sum the tail of F(50, 50, 100, J) starting with the 61^^ term. 

Formula (vi) gives 2*584,6630, 

Correction from (vii)«* *001,1399, 

Corrected sum = 2*585,803] 

True sum =*2*585,789 * 

IV. Sum the tail of Fi-^ 100, — 100, 1, i) starting with the 52nd term. 

Formula (vi) gives *761,7381 
True sum is *751,702] * 

In this case it is not necessary to apply any correction, formula (vi) gives 
sufficient accuracy. The result cannot be trusted in the fifth place because yjr does 
not converge suflSciently rapidly for the approximate value (vi6) to give five or 
more figure accuracy. Applying the left-hand side of inequality (vii) we readily 
find that the correction is less than *0000,3325, i.e. the result differs from the true 
value by less than 3*3 in the fifth place. The right-hand side of (vii) does not give 
a closer result because p = *07 is rather large. 

§ 9. On the Fitting of the Tail of a Type III Curve to the Tail 
of a Frequency Distribution, 

The above examples shew clearly that Camp's method for the evaluation of the 
tail of a discrete frequency distribution by fitting to it the tail of a normal curve 
is not always adequate, especially in those cases in which the third ratios qi differ 
appreciably from unity. In general, the correction given by formula (vii) makek 
a considerable difference in the results ; the accuracy being improved by one, two 
and sometimes three figures. 

The fitting of the tail of a normal curve to the tail of a frequency distribution 
F(z) depends on the evaluation of three constants. We can, alternatively, fit the 
tail of the Type III curve 

(i)- 


y-yQe’'f^^(a-{-z)K 
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This will depend on the evaluation of four independent constants and, accordingly, 
we should expect a certain amount of improvement in the results. 

The cases, F{z) continuous and F{z) discontinuous, will be treated separately. 
F{z) continuous. 

The problem will be approached by fitting (i) to the tail z'^Zq of F{z) by 
equating the corresponding logarithmic differentials at the stump. 

d* 

Let u^\ogF{z) and ^8^ ^F(z) at z — Zq. Equate these to the logarithmic 

differentials of (i) at = 0. There result the following equations, which have to be 
solved for the constants of the Type III curve : 

-p-^t/a =tti, 

~ tla^=^a2y 
2t/a^ = a*. 

Clearly, a = — 20^1 (izt 

p = {2a^ltH - ai). 

2/o may be found by equating the ordinates at the respective stamps. 

Area of the tail z'^z^^of F(z) 

-\f (zq) [ (a -tzy dz 

d Jo 


-F(zo)^f^ 


where is the area of the tail z'^a oi the Type III curve y ==yo^ and ya the 
ordinate at z — a. The quantity «« may be found from the Tables of Incomplete 


V~Function, 


F{z) discontinuous {uo, ai, a 2 , ...)• 

I. Consider the discrete terms ai(i = 0, 1, 2, ...) as being the ordinates of a 
continuous function f{z) at unit intervals of the argument z, the first term ao 
being given by -e = 0. 

Let a« be the first term of the tail of F{z), We require the first three logarithmic 
differentials of f{z) SiMz = s. These may be found as follows. Calculate (to ten figures) 
the natural logarithms of the first six terms of the tail, calculate the differences 
and substitute in either of the following sets of formulae giving the differentials 
in terms of the differences. 


Forward Difference Formulae"^: 

Ayo" - ( A* ^ + ii A" - ^ A® + A« - . . .)/o, 

= ( A» - f A" + 1 A® - V- . )/o • 

* Whitaker and Bobinson, Calculus of Observations. 
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Central Difference Formulae*: 

Vo' = i (/x -/-i) - (S*A - S V-i) + A (S*A - 8V-i) - {S*A - 8*/-x) + • • • . 

A*/." = «•/, - tV SV. + A S*/, - iriu + • • • - 
/*%"' = i («*/. - S V-x) - i (S*A - SV-x) + (S*A - ^V-x) + • • • • 

The constants of the Type III curve are then found as in the previous case. 
If S is the sum of the tail of F(z), then 


S 3 j^y, |*e-M {a + , 

where E is the Euler-Maclaurin correction f. Furthermore, 
8 : 

where 


? s Ug I j (ii)» 


^■“2^12a 




+ 10< (« - 1) (t 2) ay - 10< (< - 1) aV* 4- 6tay - ay} - . . . 


If aa is the area of the tail of the Type III curve y ~ yoe'^^^z\ z^a, and z^ the 
ordinate at ^ = a, jS may be thrown into the convenient form 


II. Alternatively, we may find the Type III curve which passes through the 
first four terms of the tail of F{z). Thus, let y = yQe~^^{a’\- zy be the equation of 
a Type III curve, and let di, (£ 2 , dz be the first three logarithmic forward difierences 
of the first term, a,, of the tail of F(z), The logarithmic differences of y at = 0 
are, respectively, 

1st - p + ^ log (a + l)/a, 

2nd t log (a + 2) al(a + 1)*, 

3rd t log (a + 3) (a + If /{a 4- 2)*a. 


Equate these to the corresponding differences of a,. This results in three 
equations to solve for the constants p, a and ^. Eliminate t from the last two 
equations and we have 


rf,log 


(g + 3)(a+l) » 
(a + 2)* a 


= dz log 


(a + 2) a 
(a+1)* ’ 


i.e. d,log(a + 3) — (3£i» + <i,)log(o + 2) 

+ (3ci, + 2da) log (a + 1) — (d, + d*) log a =» 0 { s X (a)j. 


* Sheppard, Proc» Land. Math, Soe, Yol. xzxi. p. 465. 

t The oorreotion E may, perhaps, be obtained more readily by using the formulae in the footnote, 
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This equation may be solved quite readily by forming a small table of the values 
of the function X (a) and interpolating for the value of a which makes X zero. 

Having found a, the other constants may be determined by simple substitution. 
The sum S is then given by formula (ii) above. 

Examples 

I. Fit a Type III curve to the tail of F (50, 50, 100, starting with the 8 l 5 < term. 

The first six forward differences of the common logarithms of the first term of 
the tail are, respectively, 

A = - -237,9798,316, A* = - 00105,17821, 

A» = + -000,0263,063, A^ = - *00000,08886, 

A« = + -000,0000,383, A« = - *00000,00021. 

Converting into natural logarithms and substituting in the forward difference 
formulae, the first three logarithmic differentials reduce to 

D -546,737, 414*, 

D*-- *002,484,344, 

-000,0638,021. 

The Type III curve which has the same differentials at = 0, is 

« yO e-*’40,2096z (77 876, 5589 + 15 088.946 (iii) 

yo is found by equating y(at 0 ) to the first term of the tail of the series. 
Hence yo* (77*876,559) 


Terms of tail 

Ordinates of (i) 

Terms of tail 

Ordinates of (i) 

1 •000,000 
•578,123 
•333,418 
•191,836 
•110,121 
•063,073 
•036,046 
•020,556 
•011,698 
•006,644 
•003,766 
•00-2,130 
•001,203 

1-000,000 

•578,123 

•333,417 

•191,836 

•110,122 

•063,072 

•036,046 

•020,556 

•011,698 

•006,644 

•003,766 

•002,130 

•001,203 

•000,678 

'000,381 

•000,214 

•000,120 

■000,067 

•000,038 

•000,021 

•000,012 

•000,006 

•000,004 

•000,002 

•000,001 

•000,678 

•000,381 

•000,214 

•000,120 

•000,067 

•000,038 

•000,021 

•000,012 

•000,006 

•ooo,a)4 

•000,002 

•000,001 


The fit of the Type III curve to the tail of the series is surprisingly good, and the 
area of the tail, corrected by the Euler-Maclaurin theorem, agrees to six figures with 
the true sum of the tail. This is a decided improvement on any of the previous 
methods. 

* In the first two examples the actual terms of the series have been multiplied throughout bj a 
oonstant to reduce the first term of the tail to unity. 
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II. Fit a Type III curve to the tail of J^(50, 50, 100, J) starting with the 61«^ 
term. 

Using the forward difference formula, the first three logarithmic differentials 
are found to be 

i) = - -480,453,0646, - 004,390,8871, 

i)«=: -000.139,3941, 
and the required Type III curve is 

2/ = 1/0 {z Ar 62-999, 6028)i’*^*^**ii’ (iv), 

where i/o = (62-999,60^8) 


Terms of tail 

Ordinates of (i) 

Terms of tail 

Ordinates of (i) 

1-000,000 
•617,161 
•379,270 
•232,118 
•141,492 
•085,915 
•051,972 
•031,325 
•018,813 
•011,260 
•006,117 
•003,994 
•002,367 ; 

•001,399 

1-(XK),000 

•617,161 

•379,270 

•232,117 

•141,491 

•085,914 

•051,971 

•031,324 

•018,812 

•011,259 

•006,116 

•003,9.93 

•002,366 

•001,398 

•000,824 
•000,484 
•000,284 
•000,166 
•000,096 
•000,066 ^ 
•000,032 
•000,019 
•000,011 
•000,006 
•000,004 
•000,002 
•000,001 

•000,824 

•000,484 

•000,283 

•000,165 

•000,096 

•000,056 

•000,031 

•000,018 

•000,010 

•000,006 

•000,004 

•000,002 

•000,001 


Here again the fit is surprisingly close. The corrected area of the tail of the 
Type III curve agrees to five figures with the true sum of the series. It is out by 
only 2 in the sixth place. 

III. Fit a Type III curve to the tail of F{S0, 30, 111 , |) starting with the 2Sth 
term. 

The first three forward differences of the common logarithm of the first term 
are, respectively, 

di = - -200,2261,429, d* = - 003,2694,047, 
da = -000,2809,485. 

The equation of the Type HI curve which passes through the first four terms of 
the tail is readily found to be 

y = (20-78533 + ' 

where yo ~ *7 96,464/y (at 2 : * 0). 

The true sum of the tail of the series is 2117,841 and the area of the tail of 
the Type III curve (i) corrected by the Euler-Maclaurin theorem is 2-n7,662. The 
fit of the curve to the series is not so good as in the previous two examples, but 
still, it is an improvement on any of the previous methods. 
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Terms of tail 

Ordinates of (i) 

Terms of tall 

Ordinates of (i) 

•796,454 

•796,454 

•001,283 

•001,272 

•502,267 

•502,267 

•000,762 

•000,752 

•314,369 

•314,369 

•000,451 

•000,444 

•195,414 

•195,414 

•000,267 

•000,261 

•120,708 

•120,706 

•000,157 

•000,153 

•074,135 

1 -074,127 

•000,093 

•000,090 

•045,291 

1 -045,279 

•000,054 

•000,052 

•027,537 

•027,520 

•000,032 

•000,030 

•016,669 

•016,649 

•000,019 

•^XX),0J8 

•010,049 

•010,029 

•000,011 

•000,011 

•006,036 

•006,017 

•000,006 

•000,006 

•003,614 

•003,597 

•000,002 

•000,002 

j -002,157 

•002,142 

•000,001 

•000,001 


§ 10. It was shown in § 1 that when the number of significant terms of the 
hypergeometric series Fifty % x) is not small, the curve for which is equal to 

iyr 4- 2 / 7 *+i)}» r = 1, 2, 3, , fits the series quite well around the mode but may 
deviate a little towards the extreme tails. The probability integral of the series 
may be replaced by that of a continuous curve of the type 0{z)=^y^e^^^Piz) with 
sufficient accuracy for most statistical purposes. 

An examination of the tables in the latter part of §1 will reveal that the 
ordinates of the curve Giz) correspond more closely to the terms of the series than 
the areas under the curve. If, therefore, the constant of integration, y^y is calculated 
by equating the maximum term of the series to the corresponding mid-ordinate of 
the curve, the mid-ordinates around the mode will agree even more closely with the 
terms of the series. The deviation towards the tails, however, will be more 
pronounced. If, therefore, a more accurate determination of the terms around the 
mode is required, the following method may be used: 

Let Giz) be the curve obtained from the differential equation ~ ~ iy ^y )' 

the constant of integration being determined by equating the modal term of 
the series to the corresponding mid-ordinate of the curve (note that this is not 
necessarily the mode of G{z)). The approximate value of the sum of a number of 
terms near the mode is, therefore, 




where Zx and are the appropriate limits and E the Euler-Maclaurin correction. 
A close approximation to E may be found as follows : 

If yr is the (r H- l)st mid-ordinate of the curve, the area under this part of the 
curve is given approximately by 

g yg Q [5l78yy -f 308 (yr+l + ^r-l) "“17 (yi*+2 H“ yr-s)] j 

the grouping unit c is taken to be unity. 
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Hence, if we wish to sum the terms from the sth to the tth, 
f 0{z)dz^ S y,- 0387,153 (y,+4 + y<_3> 

+ 1678,127 + ye_a) - -2411,459 (y,+a + yt-i) + -1220,485 (y.+j + yt). 

Therefore, 

2 yr “ [ G{i) dz + -0387,153 (y,+4 + yt-z) 

r=»+l It 

- 1578,127 (y.+a + y,-.) -H -2411,459 (y.+, + y,_x) - -1220,486 (y,+i + yt). 

The terms to the right of the integral make up the correction. Sj/r is 
approximately equal to the required sum of the terms of the series near the mode. 

When the fourth element x is not small, the method given in §2 for finding 
the partial sums of F{a, /8, 7, x) is quite satisfactory for all parts of the series except 
the start. The curve deduced by this method fits the series very closely at points 
beyond the mode but may deviate appreciably at the start. The range of disagreement 
extends rapidly towards the mode as x becomes small. 

The particular method to adopt for finding the sum of a number of terms, when 
large, of the h)rpergeometric series depends on the type of series and the position of 
the terras relative to the mode. It will be sufficient to consider sums of the type 
Si (« sum of the first t terms) because the sum of any number of successive terms 
may be expressed as a difference of two S\ 

1. When the last term of St (i.e. the ^th) falls outside the range mode ± 2’5cr, one 
of the methods of §§7 — 9 may be used for evaluating St. The list of methods in 
order of accuracy is as follows : 

00 

(i) Fit a geometrical series a, 2 r* to the tail and obtain the approximation 
/Sf,(p.93). 

00 

(ii a) Fit the series oo 2 and obtain the approximation /Sf, (p. 93). 

*=o 

(ii h) Use the equivalent method of p. 98 (Camp’s method). 

(iii a) Fit the series ao2r*pi qi 1.2.8 obtain the approximation 
^(p.94). 

(iii b) Correct the result obtained by (iv 5) as in p. 97. ^ 

(iv) Fit a Type III curve to the tail of the series by either 

(a) equating the logarithmic differences at the stumps, or 

(b) equating the logarithmic differentials at the stumps. 

The required sum may then be expressed by an incomplete Gamma function 
(pp. 103—104). 
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(v) Any degree of accuracy may be obtained by taking a sufficient number of 
^ g (g - 1) (< - 2) g (8 - 1) (a ~ 2) (a ~ 3) 

constants in the series ao2r*pi 1 2 . 3.4 ^ 

s-O 

pressing the sum of the tail in terms of incomplete normal moment functions. 

2. When the ^th term lies near the mode, then for 

(i) X small (< ^), use method of § 1, 

(ii) a? use method of § 2. 

3. For J-shaped series, use method developed in § 2 whatever the value of a?. 

The partial areas of any bell-shaped continuous distribution, /(^), whose 
logarithmic differentials at any point are known, may be found by applying the 
methods of §§3—6. In addition to those given for finding the area of the tail, we 
may also use the method of §9 where the tail of a Type III curve is fitted to the 
tail of a continuous distribution. Clearly if u (z) be the Type III curve fitted by 
this method to the tail z^zq of f{z\ then 

f(X) = w (?) exp. {a, ? ! + a® ?V5 ! f . . •)> 

where ^^z — Zq and a*- the ith logarithmic diflferential of f{z)ju (z). Moreover, 

/(?) = ^(?) !+...]• 

The area f{z)dz of the tail of f{z) may then be expressed in terms of in- 
complete Gamma functions. 

In conclusion I wish to record my indebtedness to Professor Karl Pearson for 
suggesting this problem to me and for his helpful advice and criticism. I wish also 
to thank Miss Kirby for preparing my diagrams. 



DIE STATISTIK DER SELTENEN EREIGNISSE*. 

Von ROLF LDDERS. 

I. Teil. Theorie. 

§ 1. Einleitung und Prohlemstellung^ Werden n Individuen eines Kollektivs 
auf das Vorhandensein eines gewissen Merkmals geprtift und ist bei jedem 
Individuum die Wahrscheinlichkeit fur das Vorhandensein dieses Merkmals q, 
so ist die Wahrscheinlichkeit dafUr, dass genau r Individuen das Merkmal besitzen, 
bekanntlich 



Diese Formel, die haufig Newtonsche Formel genannt wird, lasst sich aus dem 
binomischen Satz leicht herleitenf. 

Wird die Anzahl n der Individuen unendlich gross und konvergiert q gcgen 
Null derart,dass n.q^m endlich bleibt, so erhalt man die sogenannte Poissonsche 
Formel 



Diese Formel stellt zugleich eine Naherungsformel fur den Fall dar, dass n sehr 
gross und q sehr klein ist. Die Grdsse m bedeutet dabei den Mittelwert, d. h. die 
durchschnittliche Zahl der Individuen, die das Merkmal besitzen. 

Die Poissonsche Formel la^st sich in zahlreichen Fallen auf die Statistik der 
seltenen Ereignisse, wie der Unfalle, Krankheiten oder Selbstmorde anwenden. 
Bei Unfallen ist da& Kollektiv die einem Unfall ausgesetzte Bevdlkerung, das 
Merkmal ist das Eintreten eines Unfalls. Stellt man die Zahl der Unfalle etwa 
fiir eine Reihe von Monaten fest, so kann man die beobachtete Haufigkeit einer 
bestimmten Zahl von Unfallen im Monat mit der aus der Poissonschen Formel 
berechneten Haufigkeit vergleichen. 

Die Poissonsche Formel gilt aber nur unter folgeuden Voraussetzungen : 

(1) Die Wahrscheinlichkeit fur den Eintritt des Ereignisses muss in alien 
beobachteten Monaten dieselbe sein, sie darf nicht von der Zeit abhangen. < 

(2) Die Wahrscheinlichkeit muss sehr klein sein, da unter dieser Yoraus- 
setzung die Poissonsche Formel abgeleitet worden ist. 

* Dissertation zar Erlangung der DoktorwUrde der Mathematisch-Naturwissensohaftlichen Fakoltat 
der Hambargisohen Universitat, 1983. 

t Mises, Vorlesungen aus dem Oebiete der angewandten Mathematik, I. Bd., Leipzig- Wien, 1981, 
S. 128. 
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(3) Die einzelnen Ereignisse mUssen unabhangig von einander sein, durch 
das Eintreten eines Ereigaisses darf die Wahrscheinlichkeit nicht geanderfc werden. 
Es darf also keine Wahrscheinlichkeitsansteckung bestehen. 

Lasst man die letzte Voraussetzung fallen, so kommt man zu der von Eggen- 
berger und P61ya aufgestellten Formel, die im folgenden stets Eggenbcrgersche 
Formal genannt wird*. Nach dicser Formel ist die Wahrscheinlichkeit daftir, dass 
genau r Ereignisse eintreten, 

+ + (r«l, 2,3,...); 

h 

und es ist Po = (1 -f fl!) ^ ^ 

Dabei ist h der Mittelwert, die Qrdsse d ergibt sich aus der Beziehung 

QD 

h(l‘^d) = /jL 2 y wo 2 (r — infPr, 

r=rO 

das Mittel zweiter Ordnung (Quadrat der mittleren Abweichung oder Streuungs- 
quadrat) ist. 

Die Eggenbcrgersche Formel findet Verwendung in der Statistik der ansteck- 
enden Krankhciten. Ihre Ableitung aus dcm Urnenscherna erscheint aber, worauf 
in einem Artikel von H. Pollaczek-Geiringerf hingewiesen wird, sehr gektinstelt. 
In demselben Artikel gibt nun die Verfasserin eine Formel an, die cinen weit 
allgemeineren Ansatz fur die Theorie der scltenen ansteckenden Ereignisse bietet. 

Diese Formel, zur Abkiirzung als ^‘Formel I'' bezeichnet, soli im folgenden von 
einem speziellen Standpunkt aus hergeleitet werden. Darauf sind einige Spezial- 
falle zu diskuticren, ausseixiem ist der Ziisammenhang mit der Eggenbergerschen 
Formel zu klaren. Ferner soil die Frage der Mittel werte einer kurzen Untersuchung 
unterzogen werden. 

Die Ergebnisse der Theorie sollen im zweiten Teil an Hand einiger Beispiele 
nachgepriift werden. 

§ 2. Ableitung der Formel I. In der Statistik der scltenen Ereignisse ist 
die Poissonsche Formel haufig deswegen nicht giiltig, weil nicht nur Ereignisse 
beobachtet werden, die einzeln und unabhangig von einander eintreten, sondern 
auch Ereignisse, die zu je zweien oder dreien eintreten. Das gilt etwa bei Unfallcn : 
Durch erne Ursache' kann eine Person zu Schaden kommen, es kdnnen aber auch 
zwei, drei oder noch mehr Todesfalle durch eine Ursache eintreten. 

Es sei hx die mittlere Anzahl (der Mittelwert) dor einzeln auftretenden 
Ereignisse, die mittlere Anzahl der Paare von Ereignissen, hz die mittlere 

Anzahl der Tripel von Ereignissen, allgemein die mittlere Anzahl der n-fachheit 
von Ereignissen. Dann ist die mittlere Anzahl der Ereignisse Uberhaupt 

iw 4" 2/13 4“ 3^3 4" • • • 4“ nhfi 4* • • • • 

* P61ya und Eggenberffer, Zeitschrift f, angew. Math, u. Mech, iil 279, 1928. 
t ZeiUckr, /. angew. Math, u, Mech, vni. 292, 1928. 
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Die Statistik der seltemn Ereignisse 


Nun sei die fundaraentale Annahme gemacht, dass die Wahrscheinlichkeiten 
fiir das Auftreten von 1, 2, 3 bzw. allgemein n zusammengehdrigen Ereignissen 
durch die Poissonsche Formel bestimmt werden und von einander unabhangig 
sind. Dann ist die Wahrscheinlichkeit dafUr, dass genau vi Einzelereignisse 
vorkommen, 




vil 


entsprechend die Wahrscheinlichkeit ftir das Vorkommen von Paaren von 
Ereignissen 






und ganz allgemein fiir das Vorkommen von Pn n-fachheiten von Ereignissen 




«'n! 


Wegen obiger Voraussetzung der Unabhangigkeit der Verteilungen von einander 
ist die Wahrscheinlichkeit fiir das Auftreten von r Ereignissen Uberhaupt 


Pr= 2 

v,+2i»44-...4'riv*r 




2 


i»,4-2K,+ ...+riY=r I'l- 

Aus dieser im folgenden als ‘‘Formel I” bezeichneten Formel ergibt sich speziell 


P2«i^o(2T+^. i^a = Po(^+Ma + A3). 

§ 3. Der Mittelwert und die Mittel hoherer Ordnung bei der Formel /. Zunachst 
ist die erzeugende Funktion der Formel des vorigen Paragraphen zu bestimmen. 
Diese Funktion erhalt man aus 


/(z)« 2 2 




7»esO 


»'i+2v«+...*r riiV 2 


{hizYi . . . 


da • ist. 


= • 2 2 

r=0 vi+2i'8+..,=r 


Weiter folgt f{z) = I 2 1^*^*^”* .... 

»,=o ,.,=0 vt\ 

Die erzeugende Funktion der Formel I ist also 

^ (z) at , ^*+*i**+*»**+-. 


Zun&chst ist 


/(1)-1, d.h. 2P.=1, 


»*=0 


eine Bedingung, die bekanntlich notwendig erfUllt sein muss. 
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Um die Mittelwerte m erhalten, hat man zu diflferenzieren. Setzt man zur 
Abktirzung 

— /ijt — ^2 — ^8 — +h/iZ + hiZ^ + hz^ 4- . , 
so erhalt man f(z) - e* /' {z) = h' (z) e* 

/" (z) « {A' (zf + A" (z)] ^ /'" (^) = {A' (zf + 3A' (z) h” {z) + ir (z)} ^ 

Nun ist A(1) = 0, A'(l) = AiH-2A2 + 3Aa + 4A4 + 

A"(l)«2.1Aa + 3.2A3 + 4.3A4+..., A'"(l) = 3.2.1A3-f 4.3.2A44- .... 

Man erhalt also zunachst /' (1) = Ai 4* 2A2 + 3A8 + . . . . 

00 

Da nun dor Mittelwert m« 2 «/' (1) 

r==0 

ist, so ergibt sich wie im vorigen Paragraphen 

= Ai + 2Aa *4“ 3^3 + . . . • 

Ferner ist (1) = + 2 . IA2 4* 3 . 2A3 4- 4 . 3A4 4- . . . • 

Andererseits gilt fur das Mitiel zweiter Ordnung 

yot2= S (r--m)^Py- 2 r(r-l)Pr4•w^~w^^ 

frsO r = 0 

«/"(!) 4- m — m®; 

also wird » h\ 4* 2Aa 4* 3^8 + 4A4 + . . . 

4“ 2 , 1 Aa 4" 3 . 2^3 4" 4 • 3A4 4" . . . 

= Aj 4" 4Aa 4” 9A3 4* 16/u 4* . . • , 
oder /ia * Aj 4- 2*A2 4- 3®A8 4- 4*A4 4- . . . • 

Endlich ist 

/"'(l) = m»4-3m(2,l//a4-3.2A8 4-4.3A4 4-...) + 3.2.lA8 4-4.3.2A4 4-.... 
Nun gilt flir das Mittel dritter Ordnung 

/i8«2 (r-m)»P,= 2r(r-l)(r-2)P,4-3(l-m) 2r(r-l)P.4-m-37n24.2m« 
rs=0 r»0 

= /'" (1) + 3(1- m)/" (1) + m - 3w« + 2m3; 
also wird 

/t3 = m» + 3mA" (1) + A"' (1) + 3m* + 3A" (1) - 3m» - 3mA" (1) + m - 3m* + 2m* 

= A'"(l) + 3A"(l) + m 
= Ai + 2Af + 3A3 + 4/14 + . . . 

+ 3.2.IA8 + 3.3.2A8 + 8.4.3A4 + ... 

+ 3.2.IA8 + 4.3.2A4+... 


d. h* aber 
Oder 


/l £3 *= Ai 4" SAf + 27A8 + 64 A 4 4- . . . 

/is Ai + 2*As + 3*As + 4*A4 + . . . # 
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Fur die Berechnung der Parameter stehen also zunachst die folgenden drei 
Gleichungen zur Verfiigung; 

?7i = 4* 3^3 + . . . , 

+ 2*^2 + 3*^8 + . . . , 

/i-s ~ 4" 2*/i2 4“ 3*/<8 4“ . . . . 

Die Mittel vierter und hoherer Ordnung dlirften fiir die praktische Verwendung 
kaum in Frage komraen, da sie mit zu hohen Fehlern behaftet sind. 


I 4. Die Eggenbergersche Formel als Spezial/all der Formel I. Es ist jetzt zu 
zeigen, dass die Formel von Eggenberger sich als Spezialfall der Formel I ansehen 
lasst. Sollen die Verteilungen nach diesen Formeln ubereinstimmen, so muss die 
Gleichung 

g-Aj-Aa-Ag-... = (1 + 


und ausserdem die Gleichung 


g-Aj-Ag-Ag- 2 

I'1+2i/9 4-3|'3 + 


=r *'l! >^8! ••• 


h 

(1 + d) ^ . 


h (h + dt) , . * (A. + (^ — 1) di) 
r!(l + d)'- 


fur r= 1,2, 3, ... 
gel ten : 


usw. 


erfiillt sein. Es mtissen demnach die folgenden Gleichungen 


Ai- 


A 

1 + d 


Ai* _h{h + d) 

2! ■^'**~2!(T+ d)» 



h\h.% + = - 


A(A + d) (A + 2d) 


3!(l + d)» 


( 1 ), 

( 2 ), 

(3). 


Aus (2) erh&lt man unter Benutzung von (1) 

A* A* Ad 

2 ! (1 + d)* 2 ! (1 + d)» 2 (1 + d)« ’ 

• fc _ ^ 

Analog ergibt sich aus (3) unter Benutzung der Gleichungen (1) und (2) 

A* A*d , A» A*d , Ad* 

3! (1 + d)*"^ 2 (1 + d)» 3! (1 + d)» 2 (1 + d)» 3 (1 + d)»’ 

i _ 

'**~3(l + d)»- 

Setzt man allgemein fUr n v 1, 2, 3, ... 

^-'na + d)* 


(4), 



Rolf LtiDBRs 


113 


80 wird aus der erzeugenden Funktion der Formel I (§ 3) 

f(z) ■» •• . 

wegen + A, .* + A.z» 4 - . . . = ^ 4 - 3 


d»2* d*^* 

"^0/1 I -j\a 


•••} 




die Funktion 


/w 


->•( 


, d \ ft, 


(-&) 




\ <2 


/w=a+<i)-4(i-,*^) 


.(5). 


Andererseits ist bei der Eggenbergerschen Verteilung, wie Eggenberger nach- 
gewiesen hat*, die erzeugeiide Funktion 


/(^)= I PrZ^^{l + dfd\ 

r =0 , I 

h 


, , ® A(A4-d)...(A4-(rTl)<i).r 
r!(l4-dr “ 


} 

/w-<'+‘*)'’(i-r?s)"'‘ 


.(6). 


Hieraus folgt wegen (5), dass die erzeugenden Funktionen identisch sind, d. h. 
dass f(^)=/(z), 

Oder 


S Pr^= 2 ist. 

f =-0 r =0 


Setzt man 2 ? = 0, so folgt 
Femer ist fUr A *= 1, 2, 3, ... 


Pc 


fjk CO fjk CO 

setzt man wieder == 0, so erhalt man die Gleichungen 

Pfc-P* (* = 1,2,3, ...). 

Sind also die erzeugenden Ftuiktionen zweier Verteilungen identisch, so stim- 
men beide Verteilungen tiberein. Damit ist bewiesen, dass die Eggenbergersche 
Formel ein Spezialfall der Formel I ist. Man erhalt die Formel von Eggenberger, 
wenn man bei der Formel I 

(n=.1.2.3,...) 


setzt* 

Biometrika xxvi 


’ n (1 + d)* 

* Die Wahrscheinlichkeiteaneteckung, Bern, 1924. 
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§ 5. Spezialfdlle der Formel L Die Formel I ist zunachsfc nicht zu verwenden, 
da unendlich viele Parameter Ai, A2, As* ••• bestimmt werden miissen. Es lassen 
sich aber spezielle Annahmen liber diese Gr5ssen machen, sodass nur eine endliche 
Anzahl von Parametem zu berechnen ist. 

Die Poissonsche Formel erhalt man, wenn man 

As = As == A4 == ... — 0 

setzt ; denn dann ist Ai — m 


und 


Pr^ 


r\ 


(r = 0, 1, 2,...). 


Man kann auch annehmen, dass hi und As von Null verschieden, dagegen 
AasAs^B... =0 ist, d. h. dass die Ereignisse entweder isoliert oder zu Paaren 
aufbreten kiihnen, jedoch nicht mehr zu dreien, vieren usw. Unter dieser Voraus- 
setzung ergibt sich die Formel la : 

Dabei ist hi -f 2As = tn, Ai -f 4As == /os , 

also 

Die Parameter lassen sich auf eine recht einfache Weise berechnen. 

Analog erhalt man unter der Voraussetzung, dass hochstens drei zusammenge- 
hdrige Ereignisse beobachtet werden, 

A4 = As = A® =5 . . , = 0, 

Die entsprechende Formel 16 lautet: 


Ai M 2m — /is, As = — . 


P = 


Ai*'iAa’'*A3‘'« 


*'!• V2\ V 3 ! 


Dabei ist 


woraus folgt 


Aj -h 2 Aa + SAs == m, 
Ai + 4A2 + OAs = /is, 
hi + 8 Aa + 27A3 ass /is , 
5 . /is 


Ax«3m-^/is + ^| 




Aa = -2m4-2/i8-^ 


, m PS 

/i 3 - - 4 . 


6 * 


* § 6. Pie Formel IT, eine Erweiterung der Eggenbergerschen Formel, Man 

erhalt, wie in § 4 gezeigt worden ist, die Eggenbergersche Formel aus Formel I, 
wenn man die hi, As, A3, ... in der folgenden Progression abnehraen l^t : 


h. 


As ’ 


hif 


A4 : 


hq^ 

4^’ 


An — 


Ai9^ 


,n~l 


n 
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wo 5 = ist. Nun hat die Formel von Eggenberger aber nur zwei Parameter 

.1 * 7 ^ Cu 

(h und d). Um eine Formel mit drei Parametern zu bekommen, liegt es nahe, die 
^ 1 , Aai As, ... in der Weise zu spezialisieren, dass man nach Festsetzung von hi 
und As erst die As, A 4 , As, ... in entsprechender Progression abnehmen lasst: 

A., = = .... .... 


Nun ist 

also erhalt man 
Ferner ist 

Es ist jedoch ‘ 

Daher ist 

Endlich gilt 


wi = /fj *4- 2 A 2 ■+■ SAs "f* 4 A 4 -f- , . . , 
m—hi + p (1 + 9 4* + ...) =* Ai + ‘ 

P'2 ~ Ai + 4 A 2 “f* 9 A 3 4" 1 6 A 4 4* . • . 

“ Ai 4* p (2 4" Sq *4 4^* 4* 4- . . . ). 


Endlich gilt ytta = /li 4- S/i, + 27As + 644. + 12.5As + ••■ 

= /ii + p (4 + 9q + 16q* + 25^^ +...). 

N iin ist aber 4 + 9g- 4 I 65 * + 25q^ + • • • = (1 - q)’^ 0^?)® ’ 

Man hat also das Gleichungssystem : 


m * 4 1 P - 

1-9 

(1). 

, /I 1 \ 

(2). 

'**”*^‘'^Vi-? + (T-9)V 

-)a4(Y-_-^3) 

01). 


Hieraus folgt 


P 


{l-qj 

2p 


(1-2)®“^“^*’ 
P9-Pa 

p = (/is-m)(l-f/)®, 


durch Division erhalt man 1—5 = 2 . 
ferner — 

und Ai = m - 


k P 


Zur Berechnung der P, hat man zun&chst 

Po * «-*!-*«-*»- 


8—2 
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auszuwerten. Nun ist 


Ai + /». + A,+ ... = Ai + | + ^ + ^+... 






Also wird 




und man erhalt 


n _ D v' Ai-'V'V*... 

A r — X 0 ^ j ^ 1 > 

Ki+2v,+8i'8+...*r Vi 1 1^2 i *'8 1- • • 


wobei man fiir die Ai, A 2 , A®,... die zu Beginn des Paragraphen angegebenen Werte 
einzusetzen hat. 

Die hergeleitete Formel (im folgenden als Formel II bezeichnet) hat gegentlber 
der Eggenbergerschen Formel den Vorzug, dass die Pr von drei Parametern, nam- 
lich h,py g, abhangen, Sie hat allerdings den Nachteil, dass zur Berechnung der 
Parameter auch das Mittel drittor Ordnnng gebraucht wird, das bekanntlich mit 
einem ziemlich hohen wahrscheinlichen Fehler behaftet ist. 

Fiir p = hiq 

erhalt man wieder die Eggenbergersche Formel ; es ist dann 




” n 


(n=l, 2,8,...). 


Die Formel II stellt daher zugleich eine Verallgemeinerung der Formel von 
Eggenberger dar. 

§7. Modifizierte Mittelwerte. Die betrachteten Formeln, vor allem die Formel 
II, haben den Nachteil, dass zur Berechnung der Parameter neben dem Mittelwert 
m noch die hdheren Mittel und /ig benotigt werden. Nun ist bekanntlich der 
• mittlere Fehler von 

_ / 2m® 4* m 

- V F~* * 


der von fc$ 


^16m* + 24m* + m 
N » 
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wo N die Zahl der beobachteten Zeiteinheiten ist. (Diese Ausdrucke gelten, streng 
genommen, nur im Falle der Poissonschen Verteilung; sie sind aber auch bei 
anderen Verteilungen anwendbar, wenn es nur aiif die Grossenordnung der Fehler 
ankommt.) 

Fur grdssere Werte von m sind die obigon mittleren Fehler offenbar recht hoch. 
Die Parameter der Formeln, die aus den Mitteln berechnet werdeii, sind dann so 
ungenau, dass auf diesem Wege die theoretische Verteilung nicht gefunden werden 
kann. 

Der grosse Fehler der hbheren Mittel kommt daher, dass in der Formel 

S {r-mfPr, 

schon von an die Faktoren {r — mY zu gross und deshalb die Surnmanden, 
mithin auch die Summe, zu gross werden. Dasselbe gilt von den Ausdriicken /' (1), 
/"(I) und /"'(I) des §3. Aus diesem Qrunde liegt es nahe, jeden Surnmanden 
mit einem Faktor zu multiplizieren, der ftir grosse r sehr klein wird. 

Es soil die folgende Funktion eingefuhrt werden : 

( 1 ), 

«*— 0 

die der in §3 definierten erzeugenden Funktion entspricht. Dabei ist x cine Zahl 
zwischen 0 und 1. FUr z^ \ erhalt man die folgenden Ausdrucke: 


( 2 ), 

0 

<f>'^trPrX^ (3), 

0 

iP" = lr(r-l)PrX^ (4), 

0 

<^'"=rSr(r-l)(r-2)P,a:*- 

0 


Die drei letzten Ausdrticke werden im folgenden modifizierte Mittelwerte genannt. 
Durch entsprechende Wahl von x (z. B. J) lasst sich erreichen, dass die Surnmanden 
nicht zu hoch werden und so die mittleren Fehler obiger Ausdrticke gering bleiben. 


Die Formel I lautet nun 

K,+2»',+Si',+...=-r 

Also wird ahnlich wie in § 3 

^ ^ .. ( 6 ), 

Oder 

wo — Ai — Ag— ... + Aia?^-f A2a?V4' (7) 
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ist. FUr erh&lt man — 

( 8 ), 

<l>" = 4>(h" + h'^) (9), 

= <f> (h’" + 'ih'h" + /t'») ( 10 ). 

Dabei ist h — — hi — ht-ha — ... +Aia: + Ajas* + Abos* + ... , 

h' = hi (X!+ 2 htx^ + 3 Aaa!® + ( 11 ), 

h” = 2 hiX^ + 6 hax^ + ( 12 ), 

A'" = 6A3ic» + (13). 

Aus den Qleichungen (8), (9), (10) folgt 

= ^ (14), 


A"=^-A'* (15), 

9 

( 10 ), 

9 

Beschrankt man sich auf die Formel 16, so kann man aus diesen Qleichungen 
die h\ 6 '" berechnen und dann aus ( 11 ), ( 12 ), (13) die Werte fiir Ai, 62 , As- 

§ 8 ,' Die Methode der modifizierten Mittelwerte in Anwendung auf Formel IL 
Zur Berechnung der Parameter der Formel II kann man sogar auf die Ausdriicke 
(4) und ( 6 ) des vorigen Paragraphen verzichten, indem man drei verschiedene Werte 
flir no, namlich noi , 002 und oos, benutzt. Durch Einsetzung dieser Werte in ( 11 ) ergeben 
sich dann drei Qleichungen zur Berechnung von Ai, p und q. 


Nun ist wegen 




4 ^ 


A' = Aia? + 2hz00^ + SAs/r* -f 4A4a?* + . . . 


( I -qx) 


=- 
1 — go? X 


Flir die rechte Seite dieser Qleichung gilt wegen Qleichung (14) des vorigen Para- 
graphen 

( 2 ). 

. . 4. a: 

r =«0 
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Die drei Gleichungen fUr hi, p und q lauten daher 







Aus (3) und (4) folgt 

1 - qjoi 1 — qx2 

d, h. p (coi — 002 ) = (dj - ds) (1 - qoi^i) (1 - ^^^ 2 )* 

Analog ergibt sich aus (4) und (5) 

p ( 0 S 2 - iPs) « (da - da) (1 - qj02) (1 - qa^s)- 
Diirch Division erhalt man 

^ da -d a 

1 — qxs ^2 — ^3 di — da 

Aus dieser Gleichung lasst sich q leicht berechnen, nachdem die Werte der 
di, da, da entsprechend der Gleichung (2) festgestellt worden sind. 


II. Teil. Anwendungen. 

§ 9. Vorbernerk ungen zu den Beispielen, Die im ersten Teil besprochenen 
Formeln werden im folgenden Teil auf verschiedcne Gebietc der Statistik der 
seltenen Ereigniase angewandt. 

Zur Berechnung der Parameter der Formeln werden benutzt: 


der Mittelwert 

2 rPr 



r=0 

(1). 

das Mittel zweiter Ordnung 

2 (r — mfPr 

S - 

(2), 

und das Mittel dritter Ordnung 

2 (r-m)*Pr 



(3)- 


Dabei ist N die Anzahl der Zeitintervalle, liber die sich die Beobachtung ausdehnt, 
und Pr die Anzahl der Zeitintervalle, in denen r Falle beobachtet worden sind, 
sodass 

^ Pr — N ist. 

Zu bemerken ist hier, dass der wahrscheinlichste Wert des Mittels zweiter 
Ordnung 

^ (r-nifPr 

rt N-l 
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ist. Gleichwohl ist das Mittel zweiter Ordnung stets nach Gleichung (2) berechnet 
worden. Der Fehler kann fiir grosse N vemachlassigt werden. Bei dieser Methodo 
vereinfacht sich die Rechnung durch folgende Gleichungen : 




r =*0 

Hier ist B eine Zahl zwischen 0 und 1, die so gewahlt ist, dass m — S eine ganze 
Zahl wird ( 7 ^ — 8 ist ein “vorlaufiger Mittelwert,” natnlich die dem Mittelwert m 
nachstkommende ganze Zahl). 

Was die Genauigkeit anbelangt, so ist der mittlere Fehler des Mittelwertes m 


- 


der des Mittels zweiter Ordnung 




2m* + m 
N 


und der des Mittels dritter Ordnung 

_ ^ 16m* 4* 24m* + m 


N 


(BetreflFs der beiden letzten Ausdrttcke gilt das in § 7 Gesagte.) 

Uni die Glite der Anpassung der tbeoretischen Haufigkeiten an die beobachteten 
zu prtifen, ist das Pearsonsche p^*-Kriterium • benutzt worden. Aus der Grbsse 


^(Pr-Pry 


wo die Pr die beobachteten, die Pr die tbeoretischen Haufigkeiten sind, erhalt 
man mit Hilfe der Pearsonschen Tabelle die Wahrscheinlichkeit P dafur, dass die 
Abweichungen von ^en theoretischen Werten ebenso gross oder grosser als beo- 
bachtet sind. (Die Haufigkeiten fiir grdssere r sind bei der Anwendung des 
Kriteriums zusammenzufassen.) Je naher P an 1 liegt, um so besser ist die 
Anpassung der Theorie an die Beobachtung. 

Qrundsatzlich ist noch zu bemerken, dass eine Formel sich um so besser der 
Beobachtung anpasst, je I^lehr Parameter sie besitzt. Das gilt insbesondere bei 
Verteilungen mit sehr kleinen Mittel werten. In solchen Fallen ist die gute 
Anpassung einer Formal mit drei Parametem noch kein Beweis dafiir, dass 
das Schema der Formel (etwa die Ansteckung) den tatsachlichen Verhaltnissen 
entspricht. 

Die in den folgenden Tabellen angefiihrten .theoretischen Hd>ufigkeiten sind 
im allgemeinen auf eine Stella nach dem Komma abgerundet. Dadurch ist es zu 


Pearflon, TahUi for StatUticians and Biometricians ^ Cambridge, 1914, Table XII. 
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erklaren, dass die Summe dieser Zahlen in einigen Fallen von der Sunime N der 
beobachteten Haufigkeiten um eine oder zwei Einheiten der ersten Dezimale 
abweicht. 


§ 10. Todesfdlle durch Eisen- und Strassenbahn im Saargebiet Das Statistische 
Amt des Saargebietes verbfTentlicht die inonatliche Anzahl der durch Risen- und 
Strassenbahn venirsachten Todesfelle*. Es sollen die Monate Januar 1925 bis 
Dezember 1929, also insgesamt 60 Monate, und zwar nur die Todesfalle von mdmn- 
lichen Personen untersucht werden. Tabelle I gibt in Spalte II die Anzahl der 
Monate an, in denen die in Spalte I angegebene Zahl von Todesfiillen vorgekommen 
ist, also die beobachtete Haufigkeit der Todesfalle. Der Mittelwert betragt m= 1*388, 
d. h. es sind raonatlich im Durchschnitt 1*383 Todesfalle eingetreten. 

Nach der Formel von Poisson ist die Wahrscheinlichkeit daflir, dass genau r 
Todesfalle wahrend eines Monats vorkommen, 

. ntT 

~Vl ’ 


also die theoretische Haufigkeit, da 60 Monate beobachtet worden sind, 


Fr«60 


r! 


(r-0, 1, 2,...). 


Spalte III der Tabelle I enthalt die auf diesc Weise berechneten Haufigkeits- 
zahlen. 


Um die Gate der Anpassung an die Beobachtung zu prtifen, hat man nach 
dein Pearsonschen ;)^®-Kriterium die Grosse 


X 


- 2 


= 3*72 


r=0 


ZU berechnen. Dabei sind die Haufigkeiten von r = 4 ab zusammengefiisst ; die 
Anzahl der Summanden ist demnach n' = 5. Auf Grund der Pearsonschen Tabelle 
besteht dann die Wahrscheinlichkeit P=0’45 dafiir, dass die Abweichungen von 
der theoretischen Verteilung mindestens ebenso gross wie beobachtet sind. 

Bei der Poissonschen Formel musste 


7?^ =3 /ifi = /Lfc3 

sein, hier ist aber m = 1*383, fi% = 2*036, /ij = 3*585. 

Unter Beriicksichtigung der mittleren Fehler 

Cfn ^ 0*18, 6^, = 0*29, 1*2, 

dUrften die Difierenzen zwischen den Mitteln zu gross sein, als dass man sie noch 
als zufallig ansehen kann. 

Was nun die Eggenbergersche Formel angeht, so ist 

A = w * 1*383, 

1 + 1*472, also d = 0*472. 

m 

* Berieht de$ StatUtischen Amies des Saargebietes^ Saarbriteken ; 6. Heft (1927), bis 9. fleft (1929). 
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% 

Man erhalt Po * 60 (1 + ci) * « 19*81 

und die weiteren in Spalte IV angegebenen Haufigkeitszahlen. Die tTbereinstim- 
mung rait der Beobachtung ist bier besser als bei der Poissonschen Formel. Denn 
nach dem Pearsonschen ;^®-Kriterium ist wegen ;^® = 0'97 die Wahrscheinlichkeit 
dafUr, dass die Abweichungen mindestens ebenso gross wie beobachtet sind, P = 0’91. 

In dem vorliegenden Beispiel besteht Ansteckung in dem Sinne, dass durch 
eimn Unfall auch zwei oder mehr Personen in Mitleidenschaft gezogen werden 
konnen. Nimmt man eine maximale Zahl von drei Toten bei einem Unfall an, so 
hat man die Formel I h anzuwenden. Dann ist 

« 3m - 1 /is + ^ = 0*852, 

ht = 

Man erhalt Po = 60 . e”"^^**”** = 20*01 

und die weiteren Zahlen der Spalte V. Dicse Werte stimmen aiisgezeichnet mit 
den empirischen tiberein. Auf Grand des Pearsonschen x^-Kriteriums ist ;^* = 0*65 
und P = 0*96. 

Zur Kontrolle sei noch die Formel II benutzt. Nach dieser Formel ist 
1-0 = 2.^" ”‘ = 0-843, 0 = 0-157; 

ferner ist p = (/ts - m) (1 — qf = 0*464. 

Es wird Ai = m — = 0*833, 

1-g 

/j,=| =0-232, 

A,=H =0-024, 

^4 = = 0-003 U8W. 

4 

Bedenkt man, dass insbesondere /is mit einem recht hohen mittleren Fehler 
behaftet ist, so sind die Abweichungen der obigen Werte der Ai, As, Aa von den nach 
Formel I b berechneten als gering anzusehen. A4 ist fast gleich Null, womit die oben 
gemachte Annahme Uber die Hbchstzahl der Toten bei einem Unfall sich als 
berechtigt erwiesen hat. Die aus dieser Formel zu berechnende Verteilung wtlrde 
sich daher nur unwesentlich von der Verteilung in Spalte V unterscheiden. Nach 
Formel II verlaufen von alien todlichen Unfallen durch Eisen- oder Strassenbahn 
rd. 76% mit einem Todesfall, 21 % mit zwei Todesfallen und 2% mit drei Todes- 
f&ilen. Eine NachprUfung dieser Daten durch die Beobachtung ist auf Qrund des 
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zitierten Berichtes nicht m^glich, da Angaben iiber die Zahl der durch die gleiche 
Ursache Verungltickten fehlen. 

Die Eggenbergersche Formel stimmt hier nicht so gut mit der Beobachtung 
iiberein wie die Formel 1 6. Das kommt daher, dass nach der Eggeiibergerschen 
Formel 

ist. Man sieht, dass diese Zahlen von den entsprechenden der Formel I h oder II 
abweichen, dass hier insbesondere hi zu gross und m klein ist. 

Die gute tJbereinstimmung zwischen Theorie und Beobachtung ist hier vor allem 
dadurch begriindet, dass das Material homogen ist. Es betriigt ntimlich 


im Jahre 

die Zabl der 
Todesfiille 

1925 

12 

1926 

19 

1927 

15 

1928 

18 

1929 

19 


Die Schvvankungen von Jahr zu Jahr sind also nicht zii gross. 


TABELLE I. 

Verteilung der mdnnlichen Todesfdlle durch Eisen- und Strassenhahn im Saargebiet 


I. 

Anzahl 
der Falle 

II. 

Beobacht. 

Verteil. 

III. 

Verteil. naob 
Poisson 

IV. 

Verteil. nach 
Eggenberger 

V. 

Verteil. naeb 
Formel I h 

0 

20 

15-1 

19*3 

20-0 

1 

17 

20-8 

18-1 

17-1 

2 

11 

14*4 

11-4 

11-4 

3 

8 

6*6 

6-0 

6*4 

4 

2 

2-3 

2-9 

3*0 

6 



0-6 

1-3 

13 

6 

2 

0-1 

0-5 

0*5 

7 



0*0 

0*3 

0*3 

und inehr | 
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§ 11. Verteilung der weiblichen Diphtenefdlle in Bohmen 1921 bis 1929. In 
einem ktirzlich erschienenen Artikel der Aktudrski Vedy gibt M. Vacek bei der 
Untersuchung der Eggenbergerschen Formel als Beiapiel u. a. die weiblichen 
DipA^arte-Falle in Bdhmen fiir die 108 Monate der Jahre 1921 bis 1929 an*. 

Spalte II der folgenden Tabelle II zeigt die beobachtete, Spalte III die von 
Vacek auf Qrund der Eggenbergerschen Formel berechnete Haufigkeit. Dabei sind 
der Mittelwert 

m = A = 16*8796 

und die Qrbsse d = 13*6274 

zugrundegelegt worden. Was die tTbereinstimmung mit der beobachteten Verteilung 
angeht, so ist 

also P = 0*08, 

d. h. die Aupassung der Eggenbergerschen Formel ist hier sehr schlecht. 

Das Eggenbergersche Schema ist nicht geeignet, entweder weil das Mittel 
zweiter Ordnung, aus dem d berechnet worden ist, rait einem zu hohen Fehler 
behaftet ist, oder weil die speziellen Voraussetzungen, die liber die Art der 
Ansteckung zu machen sind, hier nicht zutreffen. Um beide Fehler mdglichst 
auszuschalten, soil die Formel 11 benutzt werden, wobei die Parameter durch die 
Methode der modifizierten Mittelwerte berechnet werden fallen. Dadurch wird der 
hohe Fehler durch das Mittel dritter Ordnung vermieden. 

Setzt man ^i=l, 

log — 01 f , d. h. a;* = 0*7943, 
log /Ta = - 0*2, d. h. 373 = 0*6310, 
so erhalt man entsprechend der Gleichung (2) des § 8 

di= 16*880, da = 6*401, ^3 = 5*254. 

Aus der Gleichung (6) des § 8 wird hier 

01524, also g- 0-9378, = 0-7316, 

Ai = 4*124, ^2 = 0*366, As = 0*229, ^4 = 0*161 usw. 

Die hi nehmen nur sehr langsam ab, was auf eine starke Ansteckung hindeutet. 
Man erhalt 

Po = 108(l-g)«®s « = 0*378, 

und die weiteren in Spalte IV angegebenen Zahlen. 

. Das PearsoDsche x*-Kriterium liefert hier wegen = 8*9 

P = 0*9, . 

* ** Sor la loi de Pdlya r^seant les faits oorr^latifs,’* Aht. VHy, in. 18, 49, 1982. 
t Xff und Xg Bind so gewablt worden, dass ihre Logarithmen auf voile Zehntel lauten, dass sioh aleo 
ihre Potenaen leioht bereohnen lassen. 
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d.h. die Anpassung an die Beobachtung ist als befriedigend anzusehen. Gleichwohl 
fallt auf, dass auch bier die theoretische maxiniale Haufigkeit hinter der beobach- 
teten zuriickbleibt. 

Bei ansteckenden Krankheiten scheint die Verwendung von drei Parametern 
unter Umgehung der hdheren Mittel zu brauchbaren Resultaten zu fuhren. Das gilt 
vor allem fur Verteilungen mit einem grossen Mittelwert wie in dem vorliegenden 
Fall, wo 16*8796 ist. 


TABELLE II. 

Verteilung der weiblichen Diphteriefdlle in Bohmen 1921 his 1929. 


I. 

Anzahl 
der FS,lle 

IL 

Beobaoht. 

Verteil. 

III. 

Verteil. nach 
Eggenberger 

IV. 

Verteil. naoh 
Formel II 

0 

1 

4*7 

0-4 

1 

1 

5*1 

1*6 

2 

3 

5-2 

3*4 

3 

4 

5-1 

5*1 

4 

7 

5*0 

6-2 

5 

6 

4*8 

6-5 

6 

9 

4-6 

6*4 

7 

10 

4-4 

5-9 

8 

7 

4*1 

5-5 

9 

5 

3-9 

50 

10 

3 

3-7 

4-5 

11 

4 

3-5 

4*2 

12 

1 

3-3 

3*8 

13 

3 

31 

3*5 

14 

3 

3-0 

3-2 

15 

2 

2-8 

3-0 

16 

uiid mehr 

39 

41-8 

39*8 


§ 12. Verteilung der BlutkOrperchen. In einera 1907 erschienenen Artikel der 
Biometrika* wird die Poissonsche Formel bemitzt, um die Verteilung der 
Blutkdrperchen auf die 400 Quadrate eines Hamacytoineters zu untersuchen. 
Falls die Blutkorperchen unabhangig von einander auf die Flache verteilt sind, 


ist auch hier die Poissonsche Formel giiltig. 


Der Verfasser des erwahnten Artikels hat 
untersucht. In der ersten Konzentration ist die 
pro Quadrat 

^ ^ 7/1 = 0*6825. 


vier verschiedcne Konzentrationen 
mittlere Anzahl der Blutkorperchen 


Tabelle III enthalt in Spalte II die Zahl der Quadrate, in denen die in Spalte I 
angegebene Anzahl von Blutkorperchen heobachtet worden ist. “Student” hat die 
Zahlen der Poissonschen Formel berechnet (Spalte III). 

Die hoheren Mittel werden angegeben als 

0-8117, /is ==1-0876. 

• “ Student,” “ On the Error of Counting with a Haemaoytometer,” Biometrika, Vol. v. p. 851, 1907. 
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Da die mittleren Fehler 

0*046, *5 0*064, 6^3 = 0*20 

sind, kann man die Abweichungen der hdheren Mittel von m nicht als zufallig 
ansehen. Ausdiesem Qrunde sind die Diflferenzen zwischen Theorie und Beobachtung 
recht gross. Der Verfasser gibt namlich an 

3= 9*92 und P = 0*04, 

wobei die Haufigkeiten ftir 4 und mehr Blutkorperchen zusammengefasst sind. 

Zur Erklarung wird angenommen, dass die Blutkorperchen das Bestreben haben, 
zusainmenzuhaften (**... there is also probably a tendency to stick together in groups 
which was not altogether abolished even by vigorous shaking”). Wenn diese 
Annahme rich tig ist, muss Form el II mit der Beobachtung besser iibereinstimmen. 
Man erhalt 

1-^ = 0*9366; y = 0*0634, p = 0113; 

= 0*562, Aa=: 0*057, *8 = 0*0024, *4 = 0*0001 usw. 

Die Wahrscheinlichkeit fUr Qruppen von 4 oder mehr Blutkorperchen ist also 
verschwindend klein. Spalte IV der Tabelle erhalt die nach der Formel II 
berechneten Werte, die hier auf ganze Zahlen abgerundet sind. Was die Glite der 
Anpassung angeht, so ist 

X* = 3*33, d.h. P = 0*5I. 

Diese weit bessere Anpassung an die Erfahrung spricht fiir die crwahnte 
Qruppenbildung. 

Fortnel I h liefert die Konstanten 

*1 = 0*562, *8=0066, *3 = 0*0029, 
die fast identisch mit denen der Formel II sind. 

Die hier geschilderten Verhaltnisse treffen nicht ftir alle untersuchten Kon- 
zentrationen zu. In einigcn Fallen passt sich namlich die Poissonsche Formel der 
Beobachtung gut an. 


TABELLE III. 

Verteilung der Blutkorperchen auf 400 Quadrate eines Hdmacytometers. 


I. 

Zahl der 
Blutkdrperohen 
pro Quadrat 

II. 

Beobacht. 

Verteil. 

III. 

Verteil. nach 
Poisson 

IV. 

Verteil. nach 
Formel II 

0 

213 

202 

215 

1 

128 

138 

121 

2 

37 

47 

46 

3 

18 

• 11 

14 

4 

3 

2 

3 

5 

1 

0 

1 

und mehr 
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§ 13. Zahlen der Blumenkronbldtter von Ranunculvs bulbosiis, Ziir Illustration 
der Poisson-Charlierscheu 5-Kurve sind von Riebesell* die Zahlen der Blumen- 
kronblatter von Ranunculus bulbosus benutzt worden. Die mittlcre Anzahl der 
Blumenkronblatter ftir die 222 untersuchten Exeraplarc ist 5*631, das Streuungs- 
quadrat 

/4a = 0-918. 

Spalte II der Tabelle IV zeigt die beobachtete Haufigkeit der in Spalte I ange- 
gebenen Zahlen x der Blumenkronblatter. 

In dem zitierten Artikel wird zunachst der Wert ^ = 5 als “Nullpunkt” der 
Verteilung gewahlt, d. h. es ist 

m- 0-631. 

Dann werden aus der Charlierschen Formel 


wo 


Pa =222 {t(r)-|-c. AV(^)}. 


^(r) = 


. m** 
r ! 


/ia — 
c- - 

(r) = (r) — 2'^(r — 1) + (r ~ 2) 

sind, die in Spalte IV angeftihrten theoretischen Werte berechnet, wobei r = 
ist. Spalte III gibt zum Vergleich die Poissonschen Zahlen an. 

Nun ist aber /is = 1*644. 

Die mittleren Fehler sind 

= 0-064, = 0-080, = 0*25. 

Die Abweichungen der Mittcl von einander sind also grosser, als die mittleren 
Fehler zulassen. 

Die Formel II liefert die folgenden Zahlen : 

l-5« 0-7906; 3 = 0-2094, p = 01794, 

/ii = 0-4037, ^2 = 0-0897, /i3 = 0-0126, A4 = 000197 usw. 

Man erhalt die theoretische Haufigkeit fUr das Vorkommen von 5 Blumenkron- 
blattern : 

£ 

Po-222(l~3)9\e 133-5, 

und die weiteren in Spalte V angegebenen Zahlen. 

Urn die Qiite der Anpassung zu prUfen, seien die Falle von 9 und 10 Blumen- 
kronblattem zusamraengefasst. Fiir die Poissonsche Formel ist 

X* = 18-5, 

d. h. wegen n' = 5, P = O'OOl, 

* Biebesell, **Bioxiiotrik und Variationsstatiatik,** Uandbuch der biologitchen Arbeitsmethoden^ Abt. v. 
Teil 2, 1. H&lfte, Wien, 1928, S. 759. 
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die Formel ist unbrauchbar. Fiir die Charliersche Verteilung ist 

X*«0*99, d.h.P = 0*91. 

FUr die Formel II ist sogar 

und P«0-99; 

diese Formel passt sich am besten der Erfahrung an, wobei jedoch zu beachten ist, 
dass drei Parameter zur Berechnung gebraucht worden sind. Es scheint, als ob 
sich statt urspriinglich eines Blumenkronblattes zwei oder mehr entwickeln kdnnen 
(vielleicht durch Zellteilung) und so das Schema der Formel II giiltig ist. 


TABELLE IV. 

Zahlen der Blumenkronhldtter von Ranunculus bulbosus. 


I. 

Zahl der 
Blumenkron- 
blatter x 

II. 

Beobaoht. 

Haufigkeit* 

m. 

Haafigkeit 

Dach 

Poisson 

IV. 

Haufigkeit 
nach Char- 
liers B-Kurve 

V. 

Haufigkeit 

nach 

Formel II 

5 

133 

118-2 

134-9 


6 

65 

74-5 

51-6 


7 

23 

23-5 

22-5 

22*9 

8 

7 

4-9 

9-5 

8*0 

9 

2 

0-8 

2-9 

2-6 

10 

2 

0-1 

0*6 

0-8 


Vorstehende Arbeit ist durch eine Anregung von Herrn Prof. Dr. Riebescll, 
Hamburg, entstanden, Ich bin Herrn Prof. Riebesell daruber hinaus fiir wichtige 
Hinweise, insbesondere auf die benutzte Literatur, zu Dank verpflichtet. 


De Vriefl, Berichie der deutschen hotanischen Qesellachaft^ Jahrg. 12, pp. 203—204, 1894. 









ON CERTAIN NON-NORMAL SYMMETRICAL FREQUENCY 

DISTRIBUTIONS. 

By G. H. HANSMANN, M.Sc. (Stellenbosch), B.A. (Oxon.). 
Introduction. 

In 1889 Professor Karl Pearson introduced a series of curves which enabled in 
all cases a mathematical curve to be found which had the same first four moments as 
any given frequency distribution, thus providing for the more usual t 3 q)es of frequency 
an adequate description in mathematical terms of their distribution as judged by 
the test of goodness of fit. He reached these curves by integrating 

1 dy _ — (//• -h a) 

y dx Co4-c*ia7+C2it*^+...CniC^’ 

retaining only the first three terms of the denominator on the right-hand side. 

Beside the need to graduate data, there is another aspect of frequency curves. 
Mathematically — generally with certain limiting hypotheses — the distribution of 
certain frequency constants, such as the correlation coefficient, the regression 
coefficient, the variance, and “Student’s” z from normal distributions, has been found. 
In some of these cases the distributions are exact Pearson curves, in other cases 
these curves suffice when the sample reaches 25 — 30 individuals. In a further 
series of cases it is possible to determine the theoretical moment coefficients, 
although we cannot find the mathematical form of the curve. Examples are the 
distribution of the third moment and that of the ordinates of the regression line at 
a given abscissa, both from a normal population. Both curves are symmetrical and 
neither curve is exactly described by a Pearson curve with the same first four 
moments. Furthermore, in the case of the distribution of ftS) a /9a= 12*5 has been 
found. Here the corresponding Pearson curve may give us a very bad fit, because 
the values* of and of as determined from the difference equation, are negative 
when )8a > 6 and 4‘6 < /Sa < 6 respectively. 

We now ask: To what extent shall we better matters by taking into account 
higher mometits? What are the types of curves to which higher moments lead us 
in such cases? Shall we be able to find a higher order symmetrical Pearson curve 
when 13% >6 and 4*5 < ^%< 6, for which and /8e are respectively positive ? 

Dr David Heron has already discussed the third order Pearson curves which 
correspond to the differential equation 

- (a? - f g) 

y da? Co + Cix -f 

^^-6 - ft ’ (6 (9 - 2ft) • 


Biometrika xxvi 
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but his manuscript^ has remained unpublished because the addition of a single Ca 
applied to actually occurring frequencies did not as a rule materially improve the 
goodness of fit. 

The aim of the present paper is to include the following term in C4, but to 
consider only the symmetrical curves, for which a, Ci, Ca may be taken to be zero. 

This leads us to the differential equation 

r_? (1). 

ydx Co + Cgic* + 

It is to the discussion of the integrals of this equation and their applications 
that this paper is devoted. 


I. The Different Fourth Order Pearson Curves. 


(tt) Diacussion of Types, 

Without the loss of generality we can write the differential equation (1) as 


1 

ydx 

<7 



where the constants 60 j and 64 are now mere numerics. 


. Therefore 


1 ^ X 

6,^8 + 6,** + ^4 1* 


( 2 ), 


Multiply both sides by ya^’^^ and integrate with respect to x between the limits 
«i and ua. Divide by N, 


Hence ^ | x^+^ ^60 + h —g) ~ j V 

Integrate the le/t-hand side by parts. We find 
~ jioo-* + + ^«;«| y 

- ^ 1“” |(2« + 1) 6o<r*a)** + (2s + 3) 6,a!*'+» + (2s + 6) • y d® 

Take the origin of x at the mean of the distribution. Now since the distribution 
is symmetrical the mean and the mode correspond. Hence the limits of integration 

are from ai» — atoa 2 =**fa and the integral ^ 
the mean of the distribution. 


■fa 

ic* ydx w /a, » 5th moment about 

-a 


I am very grateful to Prof. K. Pearson for drawing my attention to this manusoript. 



G. H. Hansmann 


131 


Therefore 

(2« -h 1) + (2^ + 3)6a/i2,4.2 -f (25 + 5) Ca — /A2j#f2» 

2a^+^ f, . , « 


where c« ‘ ■ y® (3). 

Now Ca vanishes if 

(i) a is zero; but a cannot vanish or there would be no range; 

(ii) a* is a root of hao^ + ^ ~ ^ y« finite; 

(iii) ya is zero and if is zero or remains finite. 

By means of (ii) and (iii) we arc able to fix the limits of integration. Put - = w in 

<7 

the equation (2). We obtain 




y du 

bo + 

<7* 

Wo 

1 dy 


ydz 



The expression ^ ^ assume any of the forms 

(1) (p\ + (Qi + real and unequal factors; 

(2) (6i + 4- Cl^ imaginary factors ; 

(3) (pi 4- -2^)^ equal factors. 

Let us integrate the differential equation (5) in these three cases and, consider 
what happens to the expression for Ca- 


( 1 ) • 


Integrating, we find 


1 du nil 

y djz"^ {pi 4 zj {qi 4* z) 


therefore y = yo 

where yo is the constant of integration 


= I L_Y 

qi-pi\pi-^z qi-\-z)' 

log y - conot. + (-^) log (S^), 

r«. -i. \9i -Pi/ 
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Notation. I shall use letters with suffixi to represent the quantities m, 3, p,fcand&', 
when they can be positive or negative and unsuffixed letters to represent their 
absolute values. Write 


9 = I91I. 


mi 


ki' 


m-\mt\, 


mi 


I shall always take q>p* 




A:'=:lA:x'l. 


(i) Pi and qi both positive. Hence writing p = and g = 5^1 we find 
Ca = const. X (a® *f (a^ + 

Hence Ca = 0 if a* « — p, when we have an imaginary range, or if a* =» 00 , provided 
in addition (2« + 1) *f 2 (A:i 4- 1) < 2 {ki — 1), i.e. 2s < — 5 . Hence Ca can only be zero 
for negative moments. 


(ii) Pi < 0 and qi > 0 . Write p = — pi and q^qi> Clearly the equation for y is now 





Accordingly, c*** const, x (p {q 4* and becomes zero at a « ± \/p> 

provided S — 1 . If Ari' be < — 1, Ca can never be zero. 

We get a similar discussion for pi > 0 and qi < 0. 


(iii)pi<0 and </i< 0 . Write pi=~p and qi = — q. The equation for y 
reduces to 

y = yo (r — where ki = — . 

^ ^ \p~wV Q-p 


We now find c® = const, x [p — a*]^"**! [q — and accordingly Ca = 0 at 

= ± Vp, provided ki < 1, but can never be =: 0 when ki ^ 1. 


( 2 ) 


1 dy 2 miu 
ydu"^ (tt* 4- 61)* 4- Cl*’ 


Integrating with respect to w* we obtain 




therefore 

Hence 


log y =s const. 4- ™ tan' 

® Cl Cl ' 

y=yoe®» . 

Ca = const. X a**+^ [(o* + bif + Ci*]- 


Clearly o, can only be zero if o=± oo and if in addition we have the condition 
( 2 » + 6) < 0 or • < — J. In other words, for positive moments c* cannot be zero. 
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1 dy 2miu 


therefore 


log y = const. — 


Pi -f 


therefore 


y^y^e 


Accordingly 


Ca = const. X e {pi + 


Hence = 0 at a* = ~ pi provided mi > 0, but can never tend to zero as a?-^± x> 

”»i 

when s > 0. In other words, of all the possible forms of yoS , the only equation 

which can represent a real frequency distribution is 

m 

D — tt* 

where we must take the range for u from - Vp to -f Vp. This solution corresponds 
to rwi < 0, ~ > 0 and ^ < 0 in the differential equation (5). 

64 04 

In the present paper I shall confine myself only to those equations which 
satisfy the conditon Ca * 0. 


Consider the equation 


where 


(q- 

y-Hp+u>) ' 


p = iiHi, 

3 =i?ii. 

m=\wi |, 

k'^\W\ = 


I shall take the limits of the range, viz. a, to be defined by the relation Ca = 0, 
and hence in the same way as above we find a=^±^/q. The corresponding 
differential equation is 

1 dy 2mu 

y c?u p 5 — (g — p) w* + * 

Compare this equation with the Equation (6). Hence 
mi = wi, and therefore mi > 0, 


bt 

r =-(<l-ph .. 



184 On certain Non-Normal Symmetrical Frequency Distnbutions 

which gives us the criterion for this type of curve, which I shall 

curve, this way we find the following types of curves and their criteno . 


TABLE I. 




_ — — — — 

Criterion 

Type 

Form of Curve 

Bange for u — 

b-ratios 

Wli 

k or W 

' 



o 

V 



(i) 

J'-yoVp+W 

- ^Jq to +Jq 

A 

o 

0 

A 





V 

o 



(ii) 


to +x//> 

A 

o 

2 

V 

0 





r<‘^ 



•(iii) 


-yj'pio ^r>Jp 

O4 

^'>0 

r<o 

^<0 

h 

mi>0 

k<\ 

•(iv) 

/p+«Y 

’-fjq to •\‘slq 

9 )ll <0 

y<\ 

, 



^>0 



•(V) 

fq + w^Y 

to +njp 

A 

0 

mi<0 

k<\ 




A 

0 



(vi) 


to +s//? 

V 

0 

c 

V 

- 




0 

V 


/ 7)„\2 hex 

(vii) 

. t 

- Vp '^•JP 

V 

0 

mi<0 

© -V. 
1 


* The Types (iii), (iv) end (v) are u-ehapod curves. t m - 1 m, [ . 

Note that for the Types (i)-<vi) we must also have the condition Q > 4 

. so that p and q may be real. 

The general differential equation for the Types (i)— (vi) is 

Idy 2 oti « 

ydu~ piqi + (pi + 9i) + u* 

Compare this with the Equation (6). 
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Therefore . 


«ll= ; 


.( 6 ). 


26«| 
bo 

. ^ 

Let us express the quantities bo, 62 and 64, and therefore mi, pi^^i and + 91, in 
terms of /92. /Si 

Put Ca - 0 in (3) and the difference equation reduces to 

{ 2 s + 1) fJ^bojiJi 2 ■+■ (2^ + 3) “h (2^ 4- 5) ^^+4^ “* A^+2* 


Put 5 = 2: 

60 ^2 362/42 "h 5 ^ 

6* = 1 : ‘ 

36o/ 42* + 062/44 -f 7 

/^ 

5 = 2: 

560/42/44 + 762/40 + 9 — 
/^ 


Divide the equations above by /Z2, /a 2^, /Lfc2® respectively. Write 


/^2 


We obtain 


bo 362 4* 564/82 ~ f 
36o 4 562 A 4* 764^4 s= — /82 

bbo ^2 4- 762^4 + 964)80 = — /84J 
Solving, for 60, b% and 64, we get 

2 {IW- 9)32^0- 5/92*/34 


io= o 


9/36 (5i9a - 9) - 49/S4* + 210/3j/8« - 1 25/S8* 

2 
4_ 

i9jQ6 (5/38 - 9) - 49/34* + 210/38^4 ^25^a* 
2i5y9 a*-/ 34(6 -/ 98)} 

9/36 (5/38 - 9) - 49/34* + 210/88/94 - 125/38® 
The solutions ai*e valid, provided that 

A - 9/8« (5/98 - 9) - 49/34® + 210/38/34 - 125/98® 


_ (9/3, (3-/38) +7/34®- 50^8/84 + 25/98®‘ ^7^ 

® 19/9, (5/38 -9) -49/34® + 210/38/34 -125/38®’' 

54 = 


IS not zero. 

If A *= 0, we solve for 


60 62 1 

64’ w w 


and find 


I. '\A 02 04} / 


5/88®-(6-/98)/34 

6* 9/9, (3 - M + 7/3** - 50/38 84 + 258*® 

64“ 2 {58.® -(6- 8a) /S*} 

1 98. (58. - 9) 4984* + 2^108.84_- 12^8® 

64“ " " 2 {68.* -(6-/8.) 84] 


( 8 ). 
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Since A « 0, i.e. 

9/8, (5^8,- 9) - 49/8** + 210)9»^* - 126/8»»= 0, 

1 /ia /la 

r- « 0, but ^ and ^ remain finite. 

64 ^^4 

Hence our differential equation reduces to 

ydx 

The integral ia now y = constant, or the frequency curve is a rectangle, which 
I shall call the Type (viii) curve. 

The solutions (8) above are valid only if 5^g* - (6 - ySg) ^4 ^ 0. If 
5/8»*-(6-/3*)8«=0 and 9/3*(5/8 s- 9) - 49/84* + 210^*/84- 125^a* = 0 

are simultaneously true, i.e. if 
expressions 

58**-(6-/3*)/34. 

9/3* (5/82 - 9) - 49/84* + 210/82/84 - 125/82*. 
14/84»-9/3*/Se-5/3**/84, 

9/8, (3 - /82) + 7/9«» - 50/8, /8« 4 25/8,* 

becomes zero and we cannot find the values of 61, 6, and 64, or the corresponding 
type of frequency distribution from the difference equation. In Section h (^) I shall 
show that the frequency type corresponding to the values of 


/f - 




25/8,* (^, 4 8) 


9 (6-/8,)* j 


•(9) 


-M 

p - 


is a special form of the Type (vii) curve, viz. y = yoe 

(6) General Discussion of the Constants of the Curve. 
The following values were found : 




w 


2K 


where fn'= 14/8,* — 6^,*^* and K «“ 5A* — (6 — ^,) D*> 

^* 9/9. (3 -/S.)-/. 

where - (7/3,* - 60/8, /S, 4 25/9,»). 

_ 1 98, (5/8, -9) -/* 

“21;“ 4 ir 

where y,— 498,* - 2IO8284 + 1268»*. 
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.( 10 >; 


I have divided the curves into the di6ferent types according to 

(i) the sign of ^ , and hence the sign of piqx, pi + q\, and wii; in other 
words we want the signs of the expressions 

J?0= 9^*^6 ~/o 
^«=9/9«(3-A)-/. 
l?’4=9/9,(5/3j-9)-/4j 

(ii) whether pi and qi are equal, real or imaginary; hence we require the 

81^.* (3-/8*)*- 18)8,6 + c 

{qi-pir= - 4^2 

where 6 - (3 - /8,) /, - S^tK, U/oK. and L = 7/9, (^2 - 3) -I- /8*» (19 - 5/8*). 

On simplification 

81 (^, - 3)* L _ & + ii iT lyZ) I _ b-4>\K 1 Vi) 

9 (/8, - 3)* I r* 9 (/3* - 3)* ' 


(qi-pi)* = 


4/ir* 

I shall write this equation as 

where F.’ . . f,". ft- 


(iii) whether k ox k* % 1, hence we require the sign of [^i — (gi — pi)]. The 
zone where Ca=)=0i where jpiqx) pi4*gi, and mi have other values than those we 
found, is bounded by 8^*^d mi=: (91— jJi). We therefore want to write the 

condition [mi — (91 — pi)] | 0 in a workable form. To avoid the difficulty of the 
square root and also of sign, I shall consider Fs — mi^ — {qi — pif. 


On simplification we find : 

^ _ 243/3e^A - 1) (7/3a ~ 16) - 18/9*5 + G 
® 16K^ 


_ 243 (/3a -1) (7/9* -15),^,, 

“ KsH^b 


where 


F' /q B + ^\K\s/Q 
-^6 27(/8*-1)(7/8,-15)’ 




B-4.\K\^Q 

27(/8,-1)(7/8,-16)’ 


B =(6/8, -9)/, -46. 

G -/4»-4c. 

Q = 49/9,* - 14/8, (37/8, - 30) + 7/8** (60/9* - 53). 

Hence ^’«= 0 (» = 0, 2, 4) and 0 (y = 6, 8) represent surfaces of revolution in 
the /9*, fit, fit space such that sections by the plane /9* = constant of F^—O 
represent parabolas and of JP, = 0 two intersecting parabolas. 
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The position of any point (/82, )84, Pi) with respect to these surfaces of 
revolution determines the signs of the expressions F* and Fy, and the signs of 
Ih?!, + (?i — and [mi* - (51 — pi)*]. Hence, theoretically, a model 

of these surfaces of revolution will enable us to determine what type of curve 
corresponds to a given set of values of P2, and )Se. 


,(c) The Transition Types. 

From the previous Section it is clear that when ^82, ^84 and P% satisfy = 0 
(a; = 0, 2 , 4 , 6, 8) either 60. ^2 or 64 vanishes or there is a relation between these b% 
and the general differential equation is simplified. To each variation in the form 
of the differential equation there corresponds an integral. Here again some of the 
types so obtained are not admissible because we are confining ourselves to those 
types of frequency curves which satisfy Ca = 0 . The discussion is similar to that 
given in Section (a) and is omitted here for the sake of brevity. The results are 
summarised below in Table II. 


6/82* 

Notes. (1) When ^84 =5 — 5-, 64 = 0 and the general differential equation 

o — P2 

reduces to 

\ dy ^ u 
y du““ bo 

This is the equation Professor Pearson integrates to obtain his symmetrical 

502 

types. Let us see if by proceeding to the limit as P^--> we get the same 

o — P2 

values as he deduces for his curve. 


62 = 


9/3e (3-/82)~/2 ^ _ 9^6 (3jr.P2)± - o^2p^ + 

9/8« {hp2 - 9) ~/4 9/86 (5/8a - 9) - 49 / 84 * + 210/82^4 - 125/82* ^ 


therefore 


lim 6a 

w 




(1=^)* + 8)} 

(9 A (6 - - 25 / 8 a» O, + 8)} 

(fi 

9 ( 6 -A)* /■ 


Similarly 


^-Jl 

lira 6o * - 9 • 


^ 4,^1 




It would seem as if we should have Professor Pearson’s types at every point along 


the curve /S. = 


)84 = 


6 /6.* 

6 -/ 3 , 


6 / 3 ,* 

6 -/ 8 , 


, no matter what the value of / 3 * is. But this is not so. When 


, ht and can be expressed in terms of ^8, and ure fixed for 


constant /d,. We get a relation between /8«, ^4 and /8,, and find 

85 / 8 ,* 


A 


( 6 -/ 3 ,) ( 9 - 2 / 9 ,)’ 



Transition Tvpes I Main T; 
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TABLE 11. Table showing the various Types of Frequency Curves, 
I Limits ! I ^i t® >100 


Equation of Curve 

Limits 
of the 
Range 

y^yo 

-y-w2“ 

r 

±v'? 

y^yo 

"p-u^ 

_y4-w2_ 

k' 

±Vp 

y'^yo 

"y-w2- 

Ar, 0.2 

k 

±\/p 

y“.yo 

— w _ 

■jo + lt*" 

r 

tijq 

y-yo 

[?+«*' 

fc' 

±Vp 

y^y^ 

- M*” 

k 

±Vp 

y=yo 

m 


±v(p 


3^=y„«const. 

H’-’/o [^T-] ’ 

“ W 2 * 1 - 

±''p 

'« - vF\ 

±p 

y^y^{pHu^Y^ *+ao 

y*yo(;>*~w2)-«» +-p 

-itt* 

y=yo« ±00 

y=y»[|;-5] 


Differential Equation 

\ dy _ ^mu 

y d%'~ tt 2 +w* 

I <i[y _ 2 wim 

-y)yHh(<?-p)M 2 +M 4 

I Imn 

y du pq- \q +/>) w 2 + 

1 c?y _ -- 2 m?^ 

^ -/>y - (y - p) # 4. it* 

1 % - 2m?^ 

y du -pq -^ iy-p) 

\ dy _ - 2 mM 

y du pq - (g +/)) 4 . it* 

1 % -27rtM 

y du /) 2 „ 2 p 4 -tt* 

i|f-0 

y aw 

1 dy ^mu 

y du~ -p 2 +tt* 

1 ci?y _ - 2 mw 
yci?w~ -j024.u4 

1 r/y _ + 2 »iw 
y du"^ -^ 1424 .^^ 

1 dy _ - 2 mw 
y du^ 

1 _ ^;?+y) w 

y du^ -‘pq--u^(q-p)-\-u^ 
1 ^ 2 (/?+y) w 

y rfw -qp-^{q-p)u^-\-u^ 

'- %{q-p)u 

y rfM“py-(jo 4 - 9 )w 24 -M< 

1 flfy __ - 2 mM 
y du~ p^-i^ 

\ dy __ — 2 ww 
y flfM'”p*4-M2 
1 rfy _ 2 »iw 
y rfw"“p 2 _ita 

y c^u 

1 rfy _ 4yw 
y SS"“jo 2 ~w 2 


wi Pi?i ?i (^1 -PiY 


l + | l ^ satisfy /;«0 

For all valves of p^ and provided pi yi, /?i +yi and are 

not simultaneoualy zero. jSg, ^4 and satisfy h\M) or 
simultaneously ^ 4=0 and / 2 = 0 , ^ 4=0 or i^s= 0 , 
and 

+ I - I 0 I + 1 4* or - I'l 


+ - 0 

~ - 0 

+ 0 - 

- 0 - 


. ^ W 

^ (9-2W(6-i32) 

|32«3, ^94= 15, /3fl-105 


32, 34 and 30 
r satisfy 

f,^6 

32 , 34 and 3 « 
y satisfy 


32 , 34 and 3 fl 
satisfy 


Type Il-curve 

TypeVII-curve 

Type II 
(«<-shaped) 

Normal curve 

33 , and 3fl 
simultaneously 
satisfy /j—O 
and Jfg-O 



?• 


0 
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Hence there is only one point on the curve 


6-A 


for each which corre- 


sponds to Professor Pearson’s symmetrical curves. At other points we can have 
other types only. 


The normal curve is a special case of the 2nd order symmetrical curves and 
corresponds to the point /8a =* 3, /Sa® 16 and /8e « 105. 


mi 

( 2 ) Consider the equation y = 

This equation is obtained by integrating the differential equation 

\ dy 2miu _ 2r/ii 
y du w* 

Hence it is the type we find along the curves of section of the surfaces 


(i) -Fo — 0 and (ii) Fo = 0 and -Fe = 0, (iii) .Fa = 0 and jFe^O. 

Note that since = = — pi)*, the surfaces Fo = 0, 

jPa = 0 and JF* *= 0 in general cut each other where ~ 0 « , and hence we have 

a common curve of intersection. 

For the equation above 

Ca a* const. X e , 

which is never zero and accordingly the equation 

does not represent a complete frequency distribution. 


(3) We can write the Type (xiii) curve as 

Henco the Type curve is the part above the line y = yoof Pearson’s Type VII 

y “ yo • Similarly the Types (xiv) and (xv) represent the parts 


curve 


above the line y = yo of the curve y = and the inverted u-shaped 


curve 


y = yo 


qa^ — x* 


(d) and (e). The Inequalities satisfied by fit, fit and fit; Note on the Surfaces 
Ft=^0 and Ft'^0. 

Before we can discuss the intersections of the transition surfaces with each 
other we must know something about the relations between fit, fit and fit, and 
also when the branches of JFt » 0 and 0 become imaginary. 
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In this way we introduce the further conditions, viz. 

(i) and 

and (ii) L>0, Q>0. 

It is easy to show that 

I. (i) for fit > 3. ft *= 0 and Ft " « 0 cut sA fit^a — ® ~ and are always real ; 

D — 


5^ 2 

(ii) for /Sj < 3, J?#' e 0 and 0 cut at fit — and again at 

D — Pi 

i8,*(19-5/3,) 


^4' 


1 Hi -fit) 


8 * (19 58 ) 

For values of fit > — o' \ ~ branches Ft = 0 and Ft" = 0 become imaginary. 


7 (3-/8.) 


5fit^ 


II. (i) for /?2 ^ Ft = 0 and Ft" — 0 cut at fit = h'^ a and are always real ; 

o -pi 


(ii) for fit<^, Ft =0 and Ft" = 0 cut at fit = - o^\ - , fit=d', fit^d", the 

o- fit 

curves becoming imaginary for values of fit between d' and d", where 
d' = I [(37/9* - 30) + 2 (fit - 1) Vl6(15-7y9,)], 
d" = f [(2,1 fit - 30) -2(fit-l) Vl5(16-7^,)]. 


(/) The Intersections of the Transition Surfaces with each other. 

Let denote the value of /Se on the surface = 0. Then by finding the 

values of terms of which make {(f>r — * 0, ^^ = 0, 2, 4, 6, 8^, and by 

substitution in J?V«0 or ^* = 0 the value of 8s > also expressed in terms of we 
can determine the curve of section of the surface = 0 and = 0. 

We have found 


</>o 

<h 

04 


06" 


^/^^ = (Ufit^-5fi^fit)/9fit, 
~^^fi,)^-{'^l^*'‘-^^^»|3t + W]|9(2-fit), 

= 9 “ 1^9/94* - ilOfitfit + 126)0*»l/9 (5^, - 9), 

6-4|J5r|VX 
■ 9(3-/8,)« ’ 


, .B-4|g|VQ 

■27(^i-l)(7/3,-15)‘ 


* J. Shohat, Biometrikat Vol. xxi. For a disoontinnoas distribution the proof is straightforward 
and similar to that given by the Editorial Note on Shohat’s memoir. 
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where K = 6/8*® — (6 - /8a) 

fc = (3-/9a)/a-8/8aii:, 

X = /9a® (19 - 6/8a) - 7 (3 - /9a) fit , 

B = (5/9a-9)/*-46, 

Q = 49/94* - 14/9* (37/8* - 30) + 7/9** (60/9* - 53). 

(a) The following table gives the values of fit and fit, in terms of fiz, at the 
intersection of ^oi X* and jF* = 0 with each other : 


TABLE III. Values of fit and fig. 


Surfaces 

</>r'-^s 

Values of 

Values of 

/'o=0 and F 4*0 

(21/34- 2.5/3./) W- 6 -/Sj/S.) 

5ft®/6-ft 

26ft* (ft+8)/9 (6-/3*)* 

9/3., (.5/3, -9) 

25ft>/21 

126ft*/81 

1^2=0 and /4«:0 

2(7/34-1.5^*)(5^/-6^,^4) 

9(3-/3j)(5A,-9) 

6ft®/6-ft 

ir)ft/7 

25ft*(ft+8)/9(e-ft)» 

2.5ft*/9 

7^2=0 and Fo==0 

' " " ” ' 

5ft* • 

25ft* (ft + 8) 

9ft (3-/3*) 

6- ft 

'9(C-ft)* 


(fi) The discussion of the values of fit and fig, in terms of fiz, at the intersections 

( X 0 2 4\ 

— 6^ 8* / complicated. We knowthat all these surfaces 

a r a a a o 25^2® (^82 + 8) , 

have a common curve of section, viz. A = " o » and 

b-^a y(b-^T 

this enables us to simplify the lengthy algebra since (<f)r — « 0, 2, 4, 6, 8^ must 

5Bz^ 

have y84 = q Z~^ ^ ^ factor. Furthermore, the surfaces i^4 = 0, Fe = 0 and Fg = 0 have 

a common curve of section, which by considering the expression for (^g — ^4) is found 
to be 

fit^fit, /9* = M9(5^«-6)±2(9-5/9a)»}, /9.-H± 8(9 - 5/8*)* 

+ (180/8* -25/8a®- 216)}. 

Similarly the curve of section of .F* = 0 and jP* = 0 is 

fl-A? /o_125/8*» 

and finally that of .F* « 0 and F* » 0 

fiz^fiz, {(7^* + 24) +4|^* — 3|v^6^* + 4}, 

/8. - ^ ((85/8*® + 16/9* - 128) + 16 (3/9* - 4) (6/9* + 4)*}. 

* Note and therefore for all values of A* 
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The numerators of the corresponding expressions (<^r — each contain a square 
root and in obtaining the results above we may have introduced inadmissible values 
by squaring ; furthermore the values of ^4 and yS® must satisfy the inequalities 

(i) A>/92/94>/92®, /94>/32^ 

(ii) i > 0 and Q > 0. 

After some very lengthy algebra, I found for which values of ^2 the above solutions 
are admissible and interpreted the + and — signs of the square roots above. This 
discussion is given in the original manuscript*. 

ig) On the Division of the yS2, ^4> /8e Space into Zones corresponding to the 
different Types, 

In the previous Section the value of the expressions <#>/») was found and by 
discussing their sign we are able to find for which values of ^2 ^^nd ^84, (f>r > or < <f>g. 
This enables us to determine the relative positions of 0 and Fg — O for any value 
of /Si, /84 and /Se and also to discuss theoretically the curves of section of the transition 
surfaces corresponding to any given value of /82. The introduction of the surfaces 
jPe = 0 and jPg = 0 makes the classification of the different systems of curves of section 
very complicated and I have confined myself to the surfaces Fq, Fz and F^ = 0. Their 
curves of section can be divided into three main classes, according as /Sg < 1*8, 
1*8 < /Sg < 3, /S2 > 3, as shown in Diagram I, Figs. I, II, and III. The types of curve 
in the various zones are found by discussing the signs of Foy Fz and ^4 for the 
corresponding values of /Sz and /94. These figures were of great use in the construction 
of Diagrams XII to XX, serving not only as a check, but also enabling us to determine 
very rapidly the types of curve corresponding to the different zones. 

Note, The curve F2 — O in Diagram I, Fig. Ill, has now no meaning becjiuse 
points on it do not satisfy the condition Ca — 0, I have reproduced it for the sake 
of uniformity. 

(h) The Constants for the main Types, 

The constants for the main types of frequency curves are expressed in tetms of 
/Sg, /S4 and /Se, viz. 

^ (5^2 — 9) (^« — <#>4), 

I _9(3 — ,, 

S'l + pi* — 2^ — {pt-92), 

wt i _ A . 

. A . 3(/82-1) (7/8, - 16) (/3, - 

-±^1+ 4 _ 3), _ ^») • 

* Copy in the Library, University of London. 
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Diagram I. Figs. I, U and III. 

The last formula which gives k = -^- and also 1:'* is too complicated to be 

q-p g+p 

of any use in practice. It is far simpler to 6nd mi and (gi —pi) from the formulae 

(6) and (7) and then by division. 

' ' . qi-pi ^ 
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Let us now find the constants of integration of each curve. Let the total 
frequency be the frequency curve which is symmetrical, — b and + 6 the limits 

of frequency, then 

^ ^ r+6 f+6 

« J f{x)dx = 2 j f{x) dx. 

By expanding f{x)y we easily find the following expressions for y© • 



* Reduction formula is 




p + q' 


t 

where 


r / ^ P T f ^ ® ^ P^ r f A. 

^ 2 ’ 2 ’ 2 ! - » 


^1*— A' (1 __ nAf'+i —r r — k' 

V=B«/«+p(l-*'**' + it).*“*“oo“Pl«‘eB-funotion, 7/= 


Biometrika xxvi 


10 
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(For coDtinuation, see Table VI, p. 160.) 

The series and the hypergeometrical functions converge rapidly when pjq is 
small. In other cases it is quicker to use quadrature formula. 

The Transition Curves. 

There now exists a relation between and by substituting for in 

terms of and /Sa we are able to express the constants of the curve in terms of 
iSa and ^4 and thus explain the ambiguity of sign which we find when working from 
the difference equations. This was necessary 

(1) to discuss whether a given point on any of the transition surfaces corresponds 
to a fourth order Pearson curve consistent with our hypothesis ; 

(2) to determine the type of curve at all points on the different branches of 

Fg = 0. 

The discussion is long and summarised to some extent in Table V on p. 147. 
I have excluded from the table the Type (viii) or rectangular distribution, the second 
order Pearson Curves and the Normal Curve which for convenience I denoted by 
Types (xvi), (xvii), (xviii) and (xix). 

It is interesting to find the values of the constants, expressed in terms of and 
)84 , directly from the corresponding difference equation which can be found from first 
principles or more simply from the general equation (1) on p. 130 by making the 
appropriate change. 

Let us now find the type of curve corresponding to the point I whose ordinates 

Let us approach the point I along either 


R R 25/3,»(/ 3, + 8) 

are ^4 9 (6-/82)* ' 


i.e. 


6/9,* 


= 0 or = 

* 4(/9,-3).if " 

-8/8,.ir+4Vl^ 
4^ (/9a -3) 

-2/9, + VI^) 

“ 4(/8,-3) ’ 


and hence putting /34« simplifying, 


6 -/ 8 , 


/8,-3 


5/8i 


Similarly the value of m when /S, = . ^*^ - is 

b — pt 


...( 11 ) 


ilf. 

on simplifying. 


(5/9,-9)/9,VA^ 

' (6-/8,)(/9,-3)« 


[3 - ^(6/9, - 9)(6 - /9,)]. 
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TABLE V. Values of Constants in terms of ffa and 13^. 


Tyjie of 
Curve 

Values of the Constants in terms of 
/3a and ^4 

Remarks 

(vii) 

-[ 7 / 34 ( 3 -Aj)-ft(r>/ 3 i, + 9)]} 

— *'* 

The form of the equation is y e h- w* . 

/3.J, ^4 and /3e satisfy /^e = 0 , J.c. 

h±4\KWL 

9 (3 -/32)" ’ 

We must take the + sign if (i) Kf(^0 and 
KcO or (ii) — 0 and K>0, the — sign 

if (i) and ^>0 or (ii) FJ' 

and KcO, 

(ix) 

^""2 (3^^) 

The form of the equation is 

m 

fp-- w2\2^j 

2'=^»(p+W • 

/92> ^4 and satisfy i.e. 

'®«“9 (/37- 3 ) (W- 50^3^4+25^3»). 

Since p® and m must be positive wo must 
also introduce the conditions /3> < 3 and 

/24>1^“. 

t 

(X) 

f'” = 3i-^;^(7^4-6/32) 

"■ 2 (3 - ^a) 

The form of the equation is 
m 

/p -t- wA 2 /» 

y=y«{p--u^) • 

^ 2 , ^4 and satisfy F*^ = 9. 

We also have the condition ^-nd 

P4< 7' • 

(xi) 

»n = ^ (21/34 - 263 ,») 

tn 

The form of the curve isy==yo( -- ) • 

^ 2 y ^4 and /So satisfy /^o-O, i.e. 

3« = ^(14/33*-6/33*/34). 

Wc must also havo / 34 > but 

(xii) 

7/34-5^3* 

^ 2/3* 

»» = 4 ^^ (25/33* - 21 / 34 ) 

tn 

/ \ Q 

The form of the curve is y=y^^^^ . 

/34 and /Sp satisfy /’o= 0 . 

Tne Type (xii) satisfies Ca = 0 provided 
^4<¥/3a". 

(xiii) 

P“2(7/33-16)<±''« 

S'“' 6 (^ 3 - i){± '^+’ (S 4 -/3j)} 

The form of the curve is y — yo 
^ 2 » ^4 satisfy Fh^O, i.e. 

B±4IFI^Q 

^®~7(32-1)(%-15)’ 

We must take the + sign if (i) /«' — 0 and 
/r >0 or (ii) /V'sssO and A’'<0, and the 
— sign if (i) Pg and if <0 or (ii) 

Fg'—O and K>0, 


for finite frequency, which easily reduces to./54< . 


10—3 
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TABLE V (continued). 


Type ol 
Curve 

Vsluea of the Conatonts in terma of 
fit and Pi 

Bemarka 

(xiv) 


The form of the curve is y«=yo 
ft, ft and ft satisfy 

We must take the + sign if (i) and 

A’>0or(ii)/’8"=0andJr<0; otherwise 
the - si^. 

(xv) 


The form of the curve is ^ 2 ^ • 

ft, ft, ^6 satisfy 

We must take the + sign if (i) and 

A’>0 or (ii) and Jr<0 ; otherwise 

the - sign. 

(XX) 

p-2 + (6ft+4)* 

The form of the equation is 

Pa, Pi, Pi satisfy 

ft=+[7ft!+24+4(3-/3,) -/6)32+4] 
and )3«= A HP^Pi^+iePa - 128) 

^-16(3^2-4)^(6)3J+4]. 

We find 

p = {2 (3 - /S,) ± 1 3 - )3a 1 >/6A, + 4}/(3 - /S,), 
but the only admissible value is 
p = 2 + (5)3j+4)*. 


At the point / we accordingly find the Type (viii) curve, viz. 

M 

«a>Voe P-u* where « = -. 

or 

We have managed to obtain limits to the expressions 

9)8, (6/3, - 9) - 49 / 84 * + 210)8* - 126i3a* 

4[6)8,*-(6-)8,).)84] 


9 (3 - /8,) /8, + 7 /S 4 * - 60)8, /34 + 25/S,» 

2[6)8,«-(6-)8,)/S4] 


when 


1W-9)8»/3s-_^,“/34 

~W-(6-j8,)./3; ' ’ 




‘6-/3, 


and )8^ 


26/3,»()8, + 8) 
9 (6-/8,)* • 


• Notea. (1) P and If are imaginary for /3, < 1’8 and for such values of /S, we do 
not get a fourth order Pearson curve at the point I. 

(2) If M 1‘8, Jf sa 0 and we get y «■ const. 

(3) Let us see for what values of )8,, P and M are positive. 
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()8,-l)(6i8,-9)5 4(6-)8*), 

6(i8,-l)(/3,-3)?0, 

Pi < 3. 

Hence P is always positive. 

Again, 3 ^/p^ 5 ^(5)82- 9) (6 -ft), 

according as 9 (ft — 1) $ (5ft — 9) (6 - ft), 

5(ft-3)*^0. 

Hence 3 Vft — 1 > V(5ft — 9) (6* — ft) for all values of ft. Accordingly Af > 0 for 
all values of ft > 1*8. 


Now 

according as 
,» ,» 


(4) When ft « 3, we must find P and M from the difference equation, which is 
easily found to be 

(2s + 1) - 2P (2« + 3) 4- (2s + 5) ^ - 2Af . 

f^>i f^i f^i 

Hence for 5 = 0, P* — 6P + 6ft =» — 2Af, 

5 = 1, 3P* - lOPft 4- 7ft =» - 2A/ft. 

Put ^15! equations above and solve for P and M ; therefore P = 5 

and Af = 5. 

When ft != 3, ft = 15 and ft = 91§ we get the curve 


The ordinates of this curve and the corresponding normal curve are plotted in 
Diagram II, showing how a change in ft changes the shape of the resulting frequency 
curve. 
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The constants of integration for the transition types found by considering the 
areas under the curves are as follows: 


TABLE VI. Values of (continuation of Table IV). 





- dz and is tabled in Mathematical Tables of the British Association for the 


Advancement of Science, VoU i. The expression is easily found by replacing the summation by one of 
Integration. Unfortunately I have not had time to try it out sufficiently, but in the trials 1 have made 
it gave satisfactory results. ( denotes the mean absolute derivation. 

.t The reduction formula is 

and from these values I constructed Table VII (p. 161). I also proved that 

Ir+, = Ir + eAX,-^^\- .... 

where A7y=/^j- etc., 

and hence we can find from 1^., etc. by ordinary interpolation formulae. 
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Note yS. The Types (xi) and (xii) are rather interesting. Consider Type (xi) which 
for convenience I shall write in the form 

We have 

= (a - i i i + 1) = . 

TABLE VII. Table of /„ and its differences. 


Put 



I 



A«Z, 



+ 

+ 

4- 

/a 

•429 20.37 

97229 

1306.3 

3070 


•387 8376 

64951 

7028 

1389 

fi 

•356 1945 

45737 

4063 

673 

^3-6 

•331 0465 

.33551 

2487 

358 

A 

•310 4722 

25428 

1594 

207 

A- 5 

•293 2529 

19792 

1059 

116 

A 

•278 .5765 

15760 

730 

70 

A-f) 

•266 8792 

12767 

518 

42 

/6 

•264 7669 

1051.3 

376 

36 

A-fl 

•244 9113 

8778 

274 

19 

A 

•236 1170 

7418 

209 

— 

At. 

•228 2005 

, 6833 

163 

— 

/« 

•221 0269 

5456 

125 

— 

A-6 

•214 4845 

4741 

95 


A 

•208 4887 

4151 

78 

— 

A'S 

•202 9670 

3657 

65 


Ao 

•197 8605 

3240 

.53 

— 

/.« 

•197 86048 

116081 

5687 

593 

A. 

•188 70268 

9.3518 

3970 

365 

A» 

•180 70569 

76641 

2847 

2.33 

A. 

•173 64387 

63735 

2088 

153 

A4 

•167 34846 

53675 

1563 

103 

As 

•161 69041 

45704 

1190 

72 

As 

•156 56911 

39295 

920 

50 

A 7 

•151 90484 

34077 

722 

.32 

As 

•147 63353 

29778 

574 

34 

As 

■143 70298 

26202 

458 

10 

Ao 

•140 07021 

23200 

376 

21 


/_.s= -4310 632, /o=10, /„ .5= -711 9687, 
= -670 7963, i,.6 = -486 1816. 


« = 0 , 

»•=!, 


iV-6y, 


ni-DTil + l) 


r(i) 


s = 2, 

s * 3, 
« = 4, 


3 (36* - 2w) 

“ 5 (6* - 2m) ’ 
j8« = fy8,(10/3,-3), 
ja,-*/3,(10i3,-3)(16/9,-6), 
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giving 


4 » ^ * 2 ' 2(5j82-3)* 


Hence in every plane of section by a plane Pz == constant we get at one point 
of the curve of section of Fo * 0 , viz. when and jS® have the values above a special 
Type (xi) curve with the constants expressible in terms of Pz only. The difference 
equation is now 

(2« + 1) a*/**, - (2s + 3) ^ = 2wtyt*to , ( 6 * = 

flz 

Put 5 = 0 , a* — 3 = 2 m, 

5 = 1 , 3a® — 5pz == 2 m, 

5 = 2, 5a^Pz — 7)84 = 2mPz^ 


The first two of these equations give us the values found above, while the last two 
equations give us the general values. 


II. The Transition Surfaces. 

We have seen in Section I (g) (p. 143) how a knowledge of the curves of section 
of the transition surfaces for different values of /3z will enable us to determine what 
type of frequency curve corresponds to any given values of Pz> and /S®. 

In this Section we suppose pz known and then deduce general formulae in terms 
of Pzi to simplify the calculation of the Pi- and /Ss-ordinates of the transition 
curves. 


(a) The auxiliary co-ordinates r and <I>. 

There is no way of finding the approximate range of values which Pz, Pi and 
Pi can assume. The value Professor Pearson finds for Pi for his symmetrical 
curves is 

5p^ 

6-Pt' 


A: 


The lowest possible value for Pi is Pz\ and I suggest taking as the range for pi 
the expre^s^on 


in other words, 1 assume that 


0 % 


^,«S/34S/3j* + 


6- A 


The only justification that 1 have for this assumption is that in all the symmetrical 
curves I have fitted I found 04 , well within the. limits 


/3a‘ and 


y3.«(/3, + 4) 

( 6 -/ 9 .) • 
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To make the model, I shall give fit diflFerent values and find the corresponding 
curves of section in the different /92-plAiicS' The curves of section depend then on 
fit and fit and it is an advantage to calculate the same number of /8«-ordinates for 
each curve, and at equal intervals of fit, for each fit- But the suggested range of 
possible values for fit varies as fit varies, e.g. the range is from 4 to 6 when fit = ^ 
and from 25 to 225 when fit — 5, and hence the interval between the successive 
values of fit must vary as fit varies. Similarly we must also have a proportionate 
unit for fit. 


All the surfaces pass through the point I, whose co-ordinates are 


A = ^8. 


/34 = 


•W 

Q-fii’ 


2D8^{fit + 8) 


I propose calculating the ySe-ordinates at intervals of 


P I fitHfii -D^U 

7 6 -fit 7 [6 -fit 



and taking the unit for fit as 


25/3*» (fit+H) /3*» (124 - 9^*) (fit-1) 
9 (6 -fit)* 9 (6 -fit)* 


In this way I introduce two auxiliary co-ordinates r and 4>, which I shall measure 
from the point I as origin. The relations between fit and r, fit and 4>, r and 4>a 
then become 

_ _ ofit* , rfit *(et-l) 

^*“6-)8a 7 6-y9* ’ 

■ 25fit*(fit + ii) /fit*(l2^-9fit) (fit - 1) 

9(6- fit)* / 9(6~'fit)* 


. / 5 / 3 *® rfit*(fit-l)\ 25fit*(0t + 8) 
'P*V6 _;8®'^7 O -^a ) (6 - fit)* 

/3,*(l24-9^a)(/»*-l) 

9(6-^a)* 


where <f>x is the /Sa-ordinate on the surface F„ = 0. 


Let us represent graphically these relations. 

Let OQ, OR represent the axis of fit and fit, 


IQ^, IR’ 


r and 4>, 


0 be the point (fi^, fi^), 


1 


/ 5 fit* 25^AJ^)\ 
\6-^a’ 9 ( 6 - fit)* } 



JO OJWg 
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Then 


6-/3, ’ 

PI = /3,» (124 - 9/3,) (/3, - 1)/9 (6 - /8,)*. 


I calculate the /8,-ordinates at intervals of f OP, transfer to the point I as origin 
and divide by PI, to ^ve me the corresponding value of ^>, 

The following table gives values of PI and fOP for different values of yS,. 


TABLE VIII. 


Pi 

\0P 

PI 


}0P 

PI 

1-26 

•01176 

•27117 

3*6 

1-76 

176-2639 

1*5 

•03671 

1-02315 

4 

3-4286 

469-3333 

1*75 

•07721 

2*67660 

4*6 

6-75 

1315-126 

2 

•14286 

6*88889 

6 ' 

14-2867 

4388-889 

2*5 

•38266 

21-67738 

6-6 

38-8922 

24789-88 

3 

•86714 

64-66667 

6 

' 

GO 

00 
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6/9** 

Note that since ySi » is negative for /3* > 6 we cannot use the r and O co- 

ordinates for fit >6. 1 shall not make any diagrams for such values of /Sg. 

(6) Section I f(a) (p. 142) gives the relations 

, 14/3.»-6/9,»/94_ /o 

m “9y3g’ 


- {7/34* - 50/3g/94 + 26^g«} _ /* 

9(3-/9*) 9(3-/9g) 


<^4 


^/94* - 210/9*/34 + 1^5^*» 
9(5/38-9) ’ 


/* 


9 (6/8* -9) 


b±4>\K\^L 
‘P* ~ 9 (3-/9.)* 

-/9±4|jf|V(j 


where 


27 (/9a -1) (7/3* -15) 
i =(3-/3«)/2-8/8*./f, 

5 = (5/3.-9)/4-46, 


(/3* 3), 
(A +1-8), 
(^2 + 3), 
(y82 + 2fX 


ir=5/9**-6-/8../94, 

/v = /3.*(19-5/3*)-7(3-/8*)/34, 

Q = 49/34* - 14/84 (37/8. - 30) -I- 7/3** (60/3. - 53). 
I assume for the present /3* + 1‘8, /8. + 2f , /8* 3. 

5,8.* 


Write 




m = 


6 -/ 8 .’ 

r /8**(/3*-l) 

7 (6-/9.) ’ 


25/8*»(/8*-)- 8) 

9(6-/9.)* • 

We want the values of 4- m), or /«.(/ + m). Using Taylor's theorem, we have 

/» (i + m) (0 -I- m// (0 -t- ^ /,» (0 + . . . 

for 07 = 0, 2, 4, 6, 8. The expressions. /o»/2 1/4, A and Q are quadratic expressions 
in ^84 and hence all their third and higher order differentials with respect to ^84 
vanish. Again, we simplify the algebra by using the result 




25/32^ + 8) 

' 9 (6-/82)* ■ 


for 07 « 0, 2, 4, 6, 8 since all the surfaces pass through the point L 
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Now /o'()94)=28/9«-6/9,* 

/o"(/34)-28, 

/.'(O -^(A+22). 

/.(I) =9/3,^(i)-9A.«. 


tw* 

Hence /o (i + m) »/o (0 + m/o' (i) + y, /o" (0 

QAJ - ■ r /3o«(/3,-l)5ff,«(/3o + 22) 1 r« /3o* ()8, - 1)« 

»y/»|.n + ^ 6-)8, 6-/3, "^249 (6-/8,)* ' 


But 


$o = ‘ 


^(l + m)-n 
/3,"(124-9/3,)(/3»-1) 
9(6-/3,)» 

r{2r()8,-l) + 5(/3, + 22)} 
7(124-9/9,) 

Similarly, after lengthy algebra, 

r(r/3,(/9,-l) + 60(2^a-5)} 


4>, = ; 


7 (124 -9/9,) (9, -3) 


where 


^ _r(r^,(/9,-l) + 20(59,-9)} 

* (6/9, -9) (124 -9/9,) ’ 

*,._r{^,(/9,-l)(/9,-3) + 4^. 
7W- 3)* (124- 9/9,1 ’ 


ir - 32/9,* - 189/9, + 297 T {(6 - /9,)« (/9, - 1) [(6/9, _ 9) + r (/9, - 3)]}*, 


where 


* = r(r^,(31^,-51) + 4x ] . 
* 21(124-9/9,)(7/3,-16)’ 


X = 9 (83/3, - 183) ? (6 - /9,) [84 (6/3, - 9) + 72r (2j3» - 6) + /9,*r*]i J 


...( 12 ) 


Note 4>e' > ^ 4 "i according as /9, 5 -V^. By giving /9, its constant 

value and putting r«-7 tors= + 7 we can easily calculate the ordinates. 

Not only have I solved the difficulty of choosing a suitable scale for jSt and J3t 
and so made the constniction of a model practicable, but I have simplified the 
calculation of the ordinates of the transition surfaces considerably. 
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(c) Calculation of the Ordinates. 

(i) Substituting for 13% in Equations (12) we find the following relations between 
4>o, ^ 2 , ^ 4 , and r for different values of 0%: 


TABLE IX. Valvss ... ^\for vahies of ySs* 
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In the same way we find the following table, which gives the relations between 
4>8 and r for different values of 


TABLE X. Values of^t and ^tfor Values 0/0%. 


/52 


‘I>8 

1 

4r 

r {3600 + 20r ± 20 [r» - 216r - 336]*} 


23 

19320 

1*25 

r [28362 - 35rT162(-19.7r+n)*] 

r [46648 + 245»- + 76 {26r* - 2880r - 3696}*] 

154693 

236775 

1*5 

r[304-rqpi2( -6.7+1)*] 

r[312 + r + 4(r.r:^-66)*] 

1647 

1647 

1-75 

r [1 6448 - lOe/- + 136 {61 ( - 6r - 1)}*] 

r [21744 - 91r± 68{49r*- 1728r- 336}*] 

75775 

100023 

2 

r[94-rT(266.1-r)*] 

r [306 - 1 Ir ± 8 (84 - >-.72-4r)*] 


371 

1113 

2’6 

r[784-16rq:(42.T^)*] 

r [3628 + 266r + 28 ( 1 1 76 + 25ri!)*] 


1421 

21315 

3 

r [600+^ (SG+r)] 

r [132+7r + 2 (6e+r.ST«^*] 

2716 

2716 

3*5 

r [176 + 7r + 20 (2 .T? +)-■)*] 

r [3096 + 1 6 1 r + 4 (2856 + r . 676 + 4Sr)*] 

259 

14763 

A 

r[63+3rT(24.TT+r)*] 

r [1341 + 73r + 2 (924 + r . 2I6+T^*] 

Ti 

154 

6006 

4*5 

r [336 + 21?’ + 4 (14.9 + r)^] 

r [3048+ 177r q:4 (504 +r. l28+9»-)*] 

1169 

12859 

. 6 

r[162+10rHF(64+8r)*] 



553 

8295 

6*5 

r [72ie+496r T 12 (74+ lOr)*] 

r [39384 + 2629»-T 4 (6216 + r . i7SS + l21r)*] 


26K)75 

147063 
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((2) From the previous tables it is now an easy matter to calculate the <l>-ordinates 
of each of the transition surfaces for integral values of r from — 7 to + 7 and from 
1’25 — (‘26) — 2’0 and 2’0 — ("S) — 6’6. The results are given in Tables XI — XXII 
and the ordinates are plotted in Diagrams VI — XIX. 


TABLE XI. The Ordinates of the Transition Curves for = 1'25. 


r 

♦o 


*4 



V 

* " 

-7 

- i-ooooo 

- -77130 


1*29107 

- 1*10922 

- 1*47886 

- 1*59766 

- 1-00000 

-6 

- -86094 

- -65976 

— 

1*10058 

- -96474 

- 1*26090 

- 1-35127 

- *88771 


- *72062 

~ -64867 

- 

*91211 

- -81714 

- 1-02696 

- 1*10891 

- *76726 

-4 

- -67903 

- *43803 

- 

*72666 

- -66610 

- *80737 

- -87104 

- - 6.3817 

-3 

- *43617 

- *32784 

- 

*.54122 

- *51124 

- *69250 

- -63829 

- *49983 

-2 

*29206 

-•21811 

— 

-.35880 

- *.35263 

- -.38230 

- *41131 

- -35158 

-1 

- -14666 

- *10883 

— 

• 178.39 

— 

— 

— 

— 

+ 1 

+ *14793 

+ •10838 

+ 

*17638 





+ 2 

+ -29712 

+ -21630 

+ 

-.35074 

— 

— 

— 

— 

+ 3 

4 - *44758 

+ *32377 

+ 

*52308 

i 

— 

— 

— 

+ 4 

+ -69930 

+ *43079 * 

+ 

*69341 



— 


+ 5 

+ -75230 

+ *53735 

+ 

•86172 

— 

— 

— 

— 

+e 

+ *90656 

+ •64347 

+ 1*02802 

— 

— 


- 

+ 7 

+ 1*06208 

+ *74913 

+ 1*19230 

— 

— 

— 

— 


TABLE XII. The Ordinates of the Transition Curves for /S** To. 


r 

*0 

*4 

*4 



♦s' 

4>8" 

-7 

- 1*00000 

- -75666 

- 1*48869 

- 1*08145 



- 1-00000 

-6 

- -86490 

-*64383 

- 1*24887 

- *94741 


. . . 

- -89083 

-5 

- *72721 

-*53329 

- 1-01810 

- *80870 

- 1-18871 

- 1*21202 

- *77246 

-4 

- -58694 

-•42405 

- -79638 

- -66474 

- -92802 

- * 948.39 

- *64438 

-3 

- -44086 

-*31610 

- -58371 

- *51473 

- *67696 

- *69263 

- *50582 

-2 

- *29864 

- *20944 

- *38009 

- *35760 

- -43361 

- -44586 

- *35569 

-1 

- -15061 

- *10407 

- *18552 

- -19716 

- -19716 

- -20879 

- *19328 

+ 1 

+ *15320 

+ *10278 

+ *17647 





+ 2 

+ *30899 

+ *20427 

+ *34389 

— 

— 

— 

— 

+ 3 

+ -46736 

+ •30446 

+ *50226 

— 

— 


— 

+ 4 

+ *62831 

+ *40336 

+ -65158 

— 

— 

— 

— 

+ 5 

+ *79186 

+*50097 

+ *79186 

— 

— 

— 

— 

+ 6 

+ *95798 

+ •59729 

V -92308 

— 

— 

— 

— 

+ 7 

+ 1*12670 

+ *69231 

+ 1-04525 

— 

— 




— Denotes that the value of ♦ is imaginary. 

... Denotes that is now a largo negative quantity. 
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TABLE XIIL The Ordinates of the Transition Curves for 


r 

4»o 


<^4 



^8' 


-7 

- 1-00000 

- -73303 



-t -06418 



- 1-00000 

-6 

- -86902 

~ -61999 


... 

- -93813 

- 1-76641 

- 1-78012 

- -89407 


- -73408 

- -60973 

— 

2*13626 

- -80600 

- 1-43392 

-1-44162 

- -77788 

-4 

- -69518 

- -40224 

— 

1*61501 

- -66695 

- 1*11390 

-1-11741 

- -65082 

-3 

- -45233 

- -29763 

— 

-99076 

- -51979 

- -80764 

- -80869 

- -51203 

-2 

- -30651 

- *19668 

— 

•56361 

- -36277 

- -61667 

- -51672 

- -36012 

~ 1 

- -16473 

- -09640 


•23326 

- -19281 

- *24408 

- -24406 

- -19266 

+ 1 

4 - -15869 

+ -09363 

+ 

-13626 





+ 2 

4- *32135 

+18449 

+ 

-17652 

— 

— 

— 

— 

+ 3 

+ -48796 

+ -27258 

+ 

•11778 

— 

— 

— 

— 

+ 4 

+ -65863 

+ -36790 

— 

•03696 

— 

— 

— 

— 

+ 6 

+ -83306 

+ -44045 

- 

•28868 

— 

— 

— 

— 

+ 6 

+ 1-01166 

+ -62022 

— 

•63741 

— 

— 

— 

— 

+ 7 

+ 1-19400 

+ .69723 

— 

1-08314 

— 

— 

— 

— 


TABLE 

XIV. The Ordinates of the Transition Curves for ^2 

= 2 . 

r 


4*2 

4*4 

4*a' 




~7 

- 1-00000 

- -6981 1 


•39623 

-1-07066 



-1-OOfXX) 

-6 

- *87332 

- *58221 


•46283 

- -94881 



- -89746 

-5 

- -74124 

- -47170 

— 

-47170 

- -81952 


. . . 

- -78351 

-4 

- -60377 

- -36658 

- 

•45283 

- -67087 

-1*44234 

- 1-85820 

- -65762 

-3 

- -46092 

- *26685 

— 

•39623 

- *62561 

-1*04313 

-.1-30901 

- *51848 

-2 

- -31267 

-17251 


•30189 

- -36812 

- -66692 

- -81395 

- -36484 

-1 

- -15903 

- -08366 


-16981 

. - -19507 

- *31706 

- -37674 

- -19390 

4-1 

+ *16442 

+ *07817 

+ 

•20755 

+ -25067 

+ -25067 

+ -236.30 

+ -29380 

+ 2 

+ -33423 

+ -15094 

+ 

•45283 

- 

— 

— 


+ 3 

+ -60943 

+ -21833 

+ 

•73585 

— 

_ 

— 

— 

+ 4 

+ -69003 

+ *28032 

+ 1-05660 

— 

— 

— 

— 

+ 6 

+ -87601 

+ -33693 

+ 1-41509 

— 




— 

+ 6 

+ 1-06730 

+ -38814 

+ 1-81132 



— 

— 

+ 7 

+ 1-26415 

+ -43396 

+ 2-24528 

— 

— 

— 

— 


TABLE XV. The Ordinates of the Transition Curves for ^2 * 2 6. 


r 

^0 

** 

**•4 




V 

-7 

- 1-00000 

- -51724 

- -86207 

-1-03466 


- -09885 

- 1-00000 

-6 

- -88248 

-•38001 

- -80226 

- -92780 


- -18641 

- -90466 

-6 

- -76651 

- -26390 

- -72132 

- -81070 


- -23803 

- *79561 

-4 

- -62210 

- -16890 

- -61928 

- -68167 


-- *26466 

- -67176 

~3 

- -47924 

-•09600 

- -49613 

- -53871 


- *23716 

- -6.3217 

«2 

- -32794 

- -04222 

- -.35186 

- -37948 

-1-91187 

- -18746 

- -37616 

-1 

- *16819 

- -01066 

- -18649 

- -20109 

- -92347 

- -10766 

- -19861 

+ 1 

+ -17664 

-•01066 

.+ -20760 

+ -86397 

+ -22837 

+ -22347 

+ -13243 

+ 2 

+ -36172 

- *04222 

+ -4.3631 

+ 1-63231 

+ -49014 

+ -47461 

+ -28692 

+3 

+ -65624 

-•09600 

+ -68614 

+ 2-32636 

+ *79397 

+ -76695 

+ -46694 

+ 4 

+ -76721 

-•16890 

+ -95707 

+ 2-92273 

+ 1-15327 

+ 1-06969 

+ -66239 

+ 5 

+ -96763 

- -26390 

+ 1-24912 

+ 3-39769 

+ 1-59175 

+ 1-41714 

+ -85966 

+ 6 

+ 1-18649 

-•38001 

+ 1-66228 

+ 3-69663 

+ 2-16413 

+ 1-79979 

+ 1-08156 

+ 7 

+ 1-41379 

- -61724 

+ 1-89656 

+ 3*34483 

+ 3-34483 

+ 2-21839 

+ 1-31724 


— Denotes that the value of 9 is imaginary. 

... Denotes that ^ is now a large negative quantity. 
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TABLE XVL The Ordinates of the Transition Curves for — 


■ 


V 

*4 



4»h' 

4>s" 

-7 

- 1*000 000 


- *938 144 

- 1*023 196 


- *711 340 

- 1*000 ( K )0 

-6 

- *892 489 


- *866 979 

- *927 835 


- *678 057 

- *912 517 

6 

- *773 196 


- *773 196 

- *819 219 


- *619 984 

- *808 588 

_4 

- *642 121 

on 

- *659 794 

- *696 140 

00 

- *538 150 

- *687 182 

-3 

- *499 264 


- *526 773 

- *653 387 


- *433 846 

- *547 008 

-2 

- *344 624 


- *371 134 

- *391 753 


- *308 493 

- *386 647 

-1 

- *178 203 


- *195 876 

- *208 027 


- *163 476 

- *204 713 

+ 1 

+ *189 985 


+ *216 496 

+ *234 636 


+ *228 460 

+ *180 965 

+ 2 

4 - *391 753 


+ *463 608 

+ *497 791 


+ *481 401 

+ *378 687 

+ 3 

+ *605 302 


+ *711 340 

+ *791 973 


+ *759 358 

+ *592 630 

- f -4 

+ *830 633 

GO 

+ *989 691 

+ 1*119 293 

GO 

+ 1*062 716 

+ *822 409 

+ 5 

+ 1*067 747 


+ 1*288 660 

+ 1*481 959 


+ 1*391 753 

+ 1*067 747 

+ 6 

+ 1*316 642 


+ 1*608 247 

+ 1*882 180 


+ 1*746 666 

+ 1*328 445 

+ 7 

+ 1*677 320 


+ 1*948 454 

+ 2*322 166 


+ 2*127 600 

+ 1*604 359 


TABLE XVII. The Ordinates of the Transition Curves for ^2 = ^ 

5 . 

r 

4 >o 


4*4 


4 * 6 " 



-7 i 

- 1*000 000 

- 1*270 270 

- *968 203 

- 1*015 062 


- *867 236 

- 1 ' 

-6 

- *903 475 

- 1*250 975 

*896 661 

* *931 081 

— 

- * 81 1 839 

- *919 516 


- *791 506 

- 1*177 606 

- *802 862 

- *830 510 

— 

- *728 977 

- *822 875 

-4 

- *664 093 

- 1*050 193 

- *686 804 

- *710 728 


- *624 760 

- *703 978 

-3 

- *521 236 

- *868 726 

- *548 490 

- *569 536 

— 

- *498 792 

- *563 187 

-2 

- *362 034 

- *633 205 

- *387 917 

- *405 082 

— 

- *352 184 

- *399 425 

-1 

- *189 189 

- *343 629 

- *205 087 

- *215 687 

- 1 *089 332 

- *186 003 

- *211 613 

+ 1 

+ *204 633 

+ *397 683 

+ *227 345 

+ 1*169 884 

+ *243 243 

+ *236 605 

+ *204 633 

+ 2 

+ *424 710 

+ *849 421 

+ *476 948 

+ 2*419 215 

+ *515 148 

+ *498 185 

+ *427 914 

+ 3 

4 *660 232 

+ 1*355 212 

+ *748 808 

+ 3*747 001 

+ *816 705 

+ *784 911 

+ *609 671 

+ 4 

+ *911 197 

+ 1*915 058 

+ 1*042 925 

+ 5*152 362 

+ 1*148 807 

+ 1*095 818 

+ *930 871 

+ 5 

+ 1*177 606 

+ 2*528 968 

+ 1 *359 3 ( X ) 


+ 1*512 259 

+ 1*434 238 

-rV 

+ 6 

+ 1*459 459 

- 1 - 3-196 911 

+ 1*697 933 


+ 1*907 801 

+ 1*796 979 

+ 1 * 

+ 7 

+ 1*756 757 

+ 3*918 919 

+ 2*058 824 


+ 2*336 106 

+ 2*185 167 

+ l'i 


TABLE XVIII. The Ordinates of the Transition Curves for — 


r 

4 >o 

*2 

♦4 

* 6 ' 

4 > 6 " 

4 >«' 


-7 

-6 

-5 

-4 

-3 

-2 

-1 

- 1*000 000 

- '*916 684 

- *811 688 
- * 688.112 

- *545 454 

- *383 117 

- *201 299 

- i-oisi 948 

- *974 026 

- *857 143 

- *701 299 

- *506 494 

- *272 727 

- *983 471 

- 917 355 

- *826 446 

- *710 744 

- *670 248 

- *404 959 

- *214 876 

- 1*009 184 

- *936 840 

- *844 156 

- *728 27.3 

- *587 213 

- *419 520 

- *224 079 

- 1*127 073 

- *801 259 

- *425 272 

- -934 732 

- *873 561 

- *786 513 

- *674 957 

- -539 966 

- *382 231 

- *202 162 

- 1*000 000 
- * 9,30 6.35 

- - 8.38 529 

- *722 313 

- -580 913 

- *413 640 

- -220 082 

+ 1 
+ 2 
+ 3 
+ 4 
+ 5 
+ 6 
+ 7 

+ *220 779 
+ *461 039 
+ *720 779 
+ 1-000 000 
+ 1*298 701 
+ 1*616 883 
+ 1*954 545 

1 

+ *311 688 
+ * 662 . 3.38 
+ 1*051 948 
+ 1*480 519 
+ 1*948 052 
+ 2*454 545 
+ 3-000 000 

+ * 2.39 669 
+ *504 1.32 
+ * 793.388 
+ 1*107 4.38 
+ 1*446 281 

4 1*809 917 
+ 2*198 847 

+ *473 835 
+ *996 630 
+ 1*564 876 
+ 2*181 134 
+ 2-844 024 
+ 3*553 208 
+ 4*308 392 

+ * 25.3 438 
+ *536 8.38 
+ *850 708 
+ 1*195 489 
+ 1*571 561 
+ 1-979 259 
+ 2-418 881 

+ *246 753 
+ *520 268 
+ *820 604 
+ 1-146 468 

1 + 1*500 218 
+ 1*882 872 
+ 2*290 781 

+ 224 109 
+ -470 075 

4 *737 838 
+ 1 *028 691 
+ 1*340 276 
+ 1*671 574 
+ 2*026 236 


* See (/) (iv) on p, 164. Denotes that is a large positive quantity. 

— Denotes that the value of ^ is imaginaiy. Denotes thaj; # is a large negative quantity. 
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TABLE XIX. The Ordinates of the Transition Curves for fiz =*• 4*5. 


r 



*4 





-7 

- 1*000 000 

- 1*036 928 

- *992 016 

- 1*004 994 

- 1*258 479 

- *969 616 

- 1*000 000 

-^6 

- *928 999 

- -edb 723 

- *934 132 

- *944 792 

- 1*210 896 

- *912 209 

- *941 123 

~6 

- *834 046 

- *919 689 

- *848 303 

- *859 995 

- 1*116 053 

- -826 372 

- *856 718 

-4 

- *716 141 

- *807 628 

- *734 631 

- *747 763 

- -976 788 

- *713 384 

- *742 405 


- *672 284 

- *659 538 

- *592 814 

- *606 617 

- *794 681 

- *573 985 

- *600 446 

-2 

- *405 475 

- *475 620 

- *423 164 

- *436 247 

» *570 741 

- *408 522 

- *429 490 

-1 

- *214 713 

- *255 774 

- *225 549 

- -233 249 

- *305 673 

- *217 164 

- *229 371 

4 - 1 

+ *238 666 

+ **291 702 

+ *253 493 

+ *346 876 

+ *264 903 

+ *258 673 

+ *242 922 

+ 2 

+ *501 283 

+ *619 333 

+ *634 930 

+ *731 632 

+ *661 782 

+ *546 676 

+ *511 671 

+ 3 

+ *787 853 

+ *982 891 

+ *844 311 

+ 1*167 004 

+ *890 900 

+ *864 029 

+ -805 930 

+ 4 

+ 1*098 375 

+ 1*382 378 

+ 1*181 637 

+ 1*621 772 

+ 1-262 479 

+ 1*209 498 

+ 1*127 231 

+ 5 

+ 1*432 849 

+ 1*817 793 

+ 1*646 906 

+ 2*125 749 

+ 1*646 707 

+ 1*586 826 

+ 1*471 732 

+ 6 

+ 1*791 275 

+ 2*289 136 

+ 1*940 120 

+ 2*668 771 

+ 2*073 744 

+ 1*992 285 

+ 1*843 161 

+ 7 

+ 2*173 663 

+ 2*796 407 

+ 2*361 277 

+ 3*260 698 

+ 2*533 733 

+ 2*427 124 

+ 2*240 268 


TABLE XX. The Ordinates of the Transition Curves for 


r 

^0 


^4 




4 ‘ h " 

-7 

- 1*000 000 

- 1*012 658 

- *996 835 

- 1*002 172 

- 1*073 77 B 

- *988 186 

- 1*000 000 

-6 

- *943 942 

- *976 492 

- -949 367 

- *954 792 

- 1*041 591 

- *939 483 

- *952 742 

-6 

- -868 961 

- *904 169 

- *870 253 

- *877 948 

- *966 637 

- *858 951 

- *874 623 

-4 

- *746 027 

- *795 660 

- *759 494 

- *769 209 

- -851 044 

- *747 710 

- -764 526 

-3 

- *602 170 

- *660 996 

- *617 089 

- *627 634 

- *696 155 

- *606 107 

- *622 10*2 

-2 

- *430 380 

- *470 163 

- *443 038 

- *452 339 

- *502 453 

- *434 260 

- *447 235 

-1 . 

- *229 656 

- *253 166 

- *237 342 

-"*243 249 

- -270 313 

- *232 216 

- *239 875 

+ 1 

+ *268 590 

+ *289 331 

+ *268 987 

+ *308 292 

+ *277 603 

+ *272 403 

+ *262 378 

+ 2 

+ *646 112 

+ *614 828 

+ *569 620 

+ -654 410 

+ *689 713 

+ *577 340 

+ *554 908 

+ 3 

+ *862 668 

+ *976 492 

+ *901 899 

+ 1*038 232 

+ *936 451 

+ -914 465 

+ *877 960 

+ 4 

+ 1*207 957 

+ 1*374 32*2 

+ 1*266 823 

+ 1*459 660 

+ 1*317 917 

+ 1*284 8.35 

+ 1*230 414 

+ 6 

+ 1*582 278 

+ 1*808 318 

+ 1*661 392 

+ 1*918 608 

+ 1*734 195 

+ 1*687 397 

+ 1*613 386 

+ 6 

+ 1*985 533 

+ 2*278 481 

+ 2*088 608 

+ 2*416 005 

+ 2*185 356 

+ 2-122 505 

+ 2*026 601 

+ 7 

+ 2*417 722 

+ 2*784 810 

+ 2*647 468 

+ 2*948 791 

+ 2*671 463 

+ 2*590 158 

+ 2*469 758 


TABLE XXI. The Ordinates of the Transition Curves for j32== 5*5. 


r 



*4 





-7 

- 1*000 000 

- 1*002 686 

- *999 274 

- 1-000 537 

- 1-013 423 

- *997 335 

- 1*000 000 

-6 

- *960 690 

- *973 346 

- -964 266 

- *966 696 

- *987 360 

- -960 9.30 

- *966 692 

-6 

- *886 866 

- *906 040 

- *893 343 

- *897 836 

- *920 381 

- *888 767 

- -896 434 

-4 

- *778 623 

- *800 767 

- *786 505 

- *792 488 

- -813 965 

- *781 466 

- *788 910 

-3 

- *636 666 

- *667 626 

- *643 751 

- *650 209 

- *668 625 

- *638 844 

- *646 197 

-2 

- -458 293 

- *476 318 

- *466 083 

- *470 782 

- *484 309 

- -461 002 

- *467 199 

-1 

- *246 405 

- *267 143 

- *250 499 

- *254 076 

- *261 438 

- *248 080 

- *261 774 

+ 1 

+ *280 920 

+ *295 110 

+ *286 414 

+ *299 942 

+ *291 506 

+ *288 123 

+ *283 238 

+ 2 

+ *596 367 

+ *628 188 

+ *608 743 

+ *638 339 

+ *620 491 

+ *612 596 

+ *601 632 

+ 3 

+ *946 309 

+ *999 233 

+ *966 987 

+ 1*016 154 

+ *986 994 

+ *973 420 

+ *965 182 

+ 4 

+ 1 330 777 

+ 1*408 246 

+ 1*361 146 

+ 1 * 430.356 

+ 1*391 046 

+ 1*370 696 

+ 1*343 889 

+ 6 

+ 1*749 760 

+ 1*866 225 

+ 1*791 221 

+ 1*883 917 

+ 1*832 670 

+ 1*804 121 

+ 1-767 750 

+ 6 

+ 2*203 260 

+ 2*340 173 

+ 2*267 210 

+ 2*376 818 

+ 2*311 890 

+ 2*273 998 

+ 2*226 767 

+ 7 

+ 2*691 275 

+ 2*863 087 

+ 2*769 115 

+ 2*906 040 

+ 2*828 726 

+ 2*780 227 

+ 2*720 940 
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{e) The limiting curve =* the ^ co-ordinate of the second order Pearson 
curve. 


(i) I have calculated ordinates at values of r from — 7 to + 7 and found the 
corresponding 3>-ordinates for different values of ^ 2 - All those values of 4) will not be 
possible because and must satisfy the inequalities ^4 > 

For all values of r from — 7 to -f 7, ^4 >/92* and > ^ 2 - Let us consider now the 
surface and express this relation as an equation in r and <I>. 


4) 


= |/?6 — 


25/5^2* (/9a + 8)' 
9 (6-/92)* . 


■/{' 


( 5/9, » . r/9,*(/9,-l) 
*16-/9, ■*■7 6-/9, 


[/9,»(124-9/9,)(;8,-l)’ 
9 (6 -A? 
25^,»(/9, + 8) 

9 (6 -A)* ■ 




Since 

Hence, on simplifying we find 


/9,»(12 4.-9^,)(/9,-l ) 

9 (6-/8,)* 

^ _ 58,** . r8a*(/3,-l) 

6 - 82 7 6-82 ■ 




9r (6 -82) -490 
7 (124 - 98,) 


(13). 


Let us denote this limiting surface — by Fi = 0 and this limiting value 
of 4> by 4>i. For given iSz^ ^ lies along a straight line which passes through the 
point (r = — 7, 4> = — 1). I shall accordingly calculate for r — 0 and 7, and for 
different values of ySa'- 


TABLE XXII a. 



4 . 1 ( 0 ) 

^ i ( 7 ) 

P2 

4 > i ( 0 ) 

4 ’ i ( 7 ) 

1*25 

-•621 

-•242 

3*5 

-•767 

-•514 

15 

- *634 

-'267 

4 

-•796 

- -591 

1-75 

- -647 

-•293 

4-5 

-•838 

-•677 

2 

-•660 

- ^321 

5 

-*886 

-•772 

2-5 

-•690 

-•379 

5-5 

-•940 

-•879 

3 

-•722 

-•443 





(ii) The valued of /3a and corresponding to the second order symmetrical 
Pearson curves are 




Sffa* 

6~/3a 


, i.e. r = 0 and /B^ = 


35 / 32 * 


(9 -2)32) (6 -^2)’ 


Hence 


_ f 35)82* 25/3a* (^a + 8)) /)8a* (124 - 9/3i) {02 - 1 )' 

1(9 - 282) (6 - 82) 9 (6 - /9,)* f/ 9 (6 - 8,)* 

10(58,-9) 

“(124 - 98,) (9 - 28,) 


(14). 


Note that is negative for 82 < 1'8 and for 82 > 4'5. 


11—2 
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If ^sa4'5, <1> becomes infinite. By substituting for we can find the 4> 
ordinate corresponding to that value of /9f We find 

TABLE XXII 6. 


At 


ft 

4* 

1-25 

-*038 

2*5 

+ -086 

1*6 

-•023 

3 

+ *206 

1-75 

-•002 

3-6 

+ *483 

2 

+ •019 

4 

+ 1-189 


(/) I will now discuss the curves of section corresponding to critical values of /9j, 
viz. fit = 1> 1'8. 2f, 3. 

(i) !• We now have the “two-lumps” distribution for which 

Now the points 0 and I coincide, in other words, for all values of r, always 
remains unity. I have added the curves of section in the case = 1 to each of the 
contour diagrams for the sake of completeness. 

(ii) ySj = 1‘8. The curve of section of the surface ^4 = 0 reduces to the two co- 
incident straight lines /S4 » The discussion is similar to that for = 

(iii) /9j = 2f. The equation for the surface ^8 = 0 simplifies. Here also the 
discussion must unfortunately be omitted owing to lack of space. 

(iv) =t 3. The section of the surface i** = 0 by the plane fia =* 3 reduces to the 
two parallel straight lines = and 7/84 = 45, i.e. r = 0 and r = -10, whereas 
the curves of section of the surface Fa = 0 reduce to the straight line /84= 16 and 
the parabola 3/84 — 276 = 49/84* + 42/84 + 9945, i.e. 


Now 


<!>. 


3/8,-276 

194 


r [600 + 36r + r*] 

me 


, since /84 = 16 -I- 


6 r 

T' 


«ii = 9 


{ 09 — <j>a) 
(16-/84)’ 


?iPi 


9(/3«- <i>a ) 
(15-/84)’ 


gi + pi = -^(7/84-45), 

„ ,, 1296/3, - [49/84* - 093/84* + 93 1 5/84 - 3037 o \ 

( qi - pi ) 860^/84) 

81 

mi' - (qi -pi)' = (/3. - ^') (/8, - if>a'y 


The values of the ordinates 4>o, 4>4, 4>,, 4*, are shown in Table XVI, p. 161, 
and the transition curves drawn in Diagrams XVI and XVII (right-hand figures). 
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We find that F, « 0 lies below both ^o= 0 and 1^4 = 0 for fit < 15 and above for 
)04 > 15. Hence for points on JF, = 0 , toj < 0 , piqi >0 and qi + < 0 , and so we have 

the Type (vii) curve. Between the line 04, = 15 and the curve = 0 , (qi —pt)* < 0 
and we find a heterotypic area. 



Again, the area which corresponds to the Type (iii) curve, viz. that between 
Jo 0 and F 4 = 0 , always lies between the two branches of J* = 0 and hence the 

condition < 1 is always satisfied. Furthermore, points on F 4 = 0 correspond 

to the Type (xiii) curve when 04 < 15 and to the Type (xv) when ^84 > 15 ; on the 
other hand, for Jg" = 0 we first get the Type (xv) for 04 < 15 and then the Type (xiii) 
for > 16. 
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TABLE XXIIIa. 

(1) /8*<10f. 


Zone 

Higns of 

Type 


^\P\ 


Above 

+ 

- 

- 

(i) 

On ^ 4-0 

0 


- 

(viii) 

Between 
/4 = Oand/’oa=0 

- 

- 

- 

(iv) 

On /o^O 

- 

0 

! 

- 

(xii) 

Below 4^)=0 



- 

(Vi) 


TABLE XXIIIA 

(2) lOf < /34 < 15. 


Zone 

Signs of 

Type 

wii 

(fiPi 

<11+Pl 

Above /o=0 

+ 

- 

- 

(i) 

On /'o“0 

+ 

0 


(xi) 

Between 

/’Q=0ttnd/4«=0 

•f 

+ 

- 

(iii) 

On F^=(i 

0 

+ 

- 

(viii) 

Below 

- 

+ 

- 

(vi) 
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(g) The contours of the transition surfaces. 

In plotting the O-ordinate for different values of r, we find it convenient to 
make separate diagrams for r > 0 and r < 0 . 

(i) The contour diagrams for the surface = 0 are straightforward. Note that 
each curve of section must pass through the points (—7, — 1 ) and ( 0 , 0 ) and that 
<I>o decreases as ^2 increases. See Diagrams V and VI. 



Diagram VI. 

(ii) The contour diagrams for Fz^O and 0 , shown in Diagrams VII, VIII 
and IX, present greater diflSculty and we need more ordinates. As before we easily 
find the <I>-ordinates for 

r = -7~(l-0)~ + 7 and ^ 2 “1*7 -(-16) -19 and /32 = 2*6(-l)-2-9, 3T,and 3*2. 

‘Let us now consider the contours of the surfaces of Fg = 0 and = 0 . When 
r <0 . increases ^ , .... 

r > 0 ^ decreases ^ ^ increases till it becomes infinite at 13% » 3. It now changes 
sign and as ffz is further increased, , On the other hand, for r < 0, ^4 




HVJTVDI 
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decreases, becomes infinite at )8f ■= 1*8, where it changes sign and then decreases 
again; but if r > 0, <f>^ decreases, changes sign at ^2 = 1*8, decreases till ^2 = 2*5 and 
then increases again. 

The contours of the surfaces ** 0 and jPg = 0 are more complicated and I have 
omitted several of the lines to make their reproduction possible. Note that since 
the surfaces consist of two parts, each section gives two contour lines. If r < 0, the 
contour lines of =0 are such that each member of the system cuts all the pre- 
ceding members, e.g. the contour line for = 2 cuts the contour lines for ^2 = 1*75, 
1*5, and 1*25. Furthermore, (f)^" decreases as ^2 increases, becomes infinite 
at ^2 = 3, but does not change sign and then increases. Again, the lower of the 
contour lines for the surface ig — 0 always passes through the points (0, 0) and 
(-7,-1), whereas corresponding ordinates on the upper branch decrease until 
/8a = 2f , where they become infinite, change sign and then decrease again, as is 
further increased. 

The contour diagrams for Fg = 0 and i^g = 0 simplify for r > 0 because there are 
now fewer lines. increases as ySg increases, becomes infinite at /Sg = 3 and now 
decreases as /S 2 increases. = 0 represents a system of curves, such that each 
member cuts the preceding members. Both and increase as ^2 increases. 

(A) The Transition Curves, 

Diagrams XIII to XXI show the sections of the transition surfaces by planes 
corresponding to different values of ^2 and the frequency types corresponding to 
the different areas*. These areas are determined as in Section I {g), p. 143, but 
I have now introduced the conditions 

(?1 -ptf = (/3s - V) (A - K) ^ 0 

and mi* - {q^ - (/Ss - <j>o') (/9s - K) ^ <>• 

Accordingly the zones between the two branches of Fe = 0 and also those parts 
of the zones for the main Types (iii), (iv), and (v) and the transition Types (x) where 
mi® — —pi)* is not negative, are now heterotypic areas, points of which do not 
satisfy the condition = 0. 

Furthermore, note that the Type (vii) can only occur when jFg = 0 borders an 
area corresponding to the Type (vii) curve. Again, the Types (xiii), (xiv), (xv) must 
occur in the areas of the Type (i), (ii), and (vi) curves respectively. At all other 
points of i^6 * 0 and ^g * 0 we get a different type of curve. 

Clearly mi® — (yi — pi)® < 0 if we are outside the two branches of Fg when ygg 
or if we are inside these two branches when jdg >-V^. 

* The heterotypic areas are the sones where we may get other types of ouryes, bat not those 

considered above, and the impossible areas are those wherein the necessary inequalities 
jSe > do not hold. 




Diagram XI. 





5CAl£<f .H.SCAlf«ff 

■J ^ i-o M -w -J e * 
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Diagram XITI. 



SCAIf*f P, 




to'tm 



SCMf-fP, 
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Note (1) that the sign of K does not trouble us. 

(2) When = 0 and « 0 become imaginary, (gi - pi)* is always positive; 

when F% =0 and F^\^Q become imaginary, wi* — (yi— joi)* is positive or negative 
according as /9a > or < 

- In (/) of the first Section (see p. 141) I gave the values of and /8e at the 
intersections of the transition surfaces with each other, but all these values do not 
come into the diagrams of the transition surfaces because I have given an upper 
limit to /94. Table X XIV gives the values of r and <I> at the intersections of the 
transition curves for diflferent values of /8a. These values check the Diagrams XI 
to XIX. 

. By painting the transition curves on glass and fixing the sheets corresponding 
to each value of /9a in their right order, one above the other, we can make a model 
in the /8a, Pi and /96-spaoe showing the zones corresponding to each of the fourth 
order Pearson curves. But unfortunately the curves are so close to each other that 
the model becomes too complicated and its reproduction in print would be impossible. 
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TABLE XXIV. 



Surfaces which intersect 

Oo-ordinates of points 
of intersection 

r 

4» 

1-5 

0 , and 
and ^ 4=0 

-1*302 

5*0 

- -2437 
+ •7919 

1-76 

/o '=0 and 
/V '=0 and ^ 4=0 

Fq^O and F 4 —O 

F^^O and ^ 4=0 

-1-333 
- -409 
-f -566 
+ 1-905 

-•3.326 
-•0835 
+ -0877 
+ •1769 

2'0 

/’o =0 and F ^=^0 
^a «0 and 

-1-667 

- 6-0 

- -2621 
- -4716 

2-5 

Fg' ■= 0 and F 2 — 0 

Ff ^=0 and / 4=0 

-4-807 

-3-889 

- *2439 
-*6066 

.3-0 

00 
il II 

ii 

0 0 

B il 

+ 5*0 
- 5-0 

+ 1*0677 
- *7732 

4-0 

Fn '^0 and F^—O 

Fq =^0 and ^ 4=0 

-1*667 

- 6-111 

1 

- -3247 

- -9259 


III. Statistical Applications. 

(a) General Remarks on Curve Fitting, 

A model would enable us to determine by inspection what type of curve must 
be used given the values of fit and fit. This method is not practicable, because 
the model cannot readily be produced with sufficient accuracy for this purpose. 

In the illustrations dealt with in this Section, I have shown how to determine 
the curve to be fitted: 

(1) from first principles as in Example (d) on p. 188; 

(2) by interpolating into the Tables XI — XXI and using Diagram I, Figs. I, 
II and III, to determine the type of curve, then finding if the point falls 
into a heterotypic area or corresponds to a transition curve on the surfaces 

or F%—0 by considering the contour lines of these surfaces as in Example («), 
p. 191 ; 

(3) by inspection of the two neighbouring transition curve diagrams, etc., as in 
Example (/), p. 198. 

Biometrika zxvi 12 
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I have discussed the transition curves at great length for /Sb < 6. For higher 
values of /Sb we must calculate the type of curve to be used from first principles, 
following the method used in Example {d\ p. 188. 

(6) Distribution of Product Moment Coefficients, pn* 

The distribution of the first product moment coefficient in samples drawn from 
an indefinitely large normal population is a Bessel-function * curve. When the 
sample is larger than 25 an excellent fit is obtained by using a Pearson curve with 
the same mean, standard deviation, and constants and ^ 2 , For smaller samples 
a Pearson curve cannot be used to replace the Bessel-function curve. The distribu- 
tion of the first product moment coefficient is symmetrical when the variates of the 
population sampled are uncorrelated. The problem arises whether one of my curves 
with the same mean, the same standard deviation and the same constants ^a, ^84 
and 02 can describe the corresponding symmetrical Bessel-function curve. 

71 1 

The distribution of = s is 

^ 1 — p* <jxa2 


.V = 


n-l 


w~2 



n~2 

K 



N(l-p^) 


e'’" r,„ (t)), m = —^, 


n-2 


V->r.2 


2 

\ 2 } 


where n is the size of the sample, <7a P refer to the parent population. 
Log Tm (v) is tabled* for tti- 0 to m = 11-5 and for different values of v. 


The 5th moment coefficient* of pii about zero is 



where 

and 


dg = Ag f + (-!)* du, 

Jo 

(M) = J mV 2 (2m). 

2 


d. is found to be 


u-l 




On evaluating /, and dividing by lo we find 

' ^ 9 r r(g -f-l) 

. V r("-±^-±i)r(5^)' 


Biometrika, Vol. xxi. p. 164 , tq. 
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The reduction formula for (p) is 

/«(/>) = I ^ (p)^P + constant. 

The constant of integration is found from the two reductions 
f» (0) = 0 for odd s, 

/_i (p) * 0, and hence we can find /, (p) (r = 0, 1, . . . 8)*. 


We find 

jiKp) 70 g r(»-i) [5 

... . 


'e! + V+ 

5 n ^ 


tip 1 

n (n + 2)J ’ 


/.(P) = 


/? (p) = 


46080 r (n - 1 ) 

„ /a + 15\ /n - 1 


■ 15p‘ ^ ^15 1 

_ n n (w + 2) n (w + 2) (?i + 4)_ 


p M -f 15\ p /n 

1 ^ V 2 r V 2 ; Fp’ [V 

92160 r(n-l) 17 V '^n{n-h‘2 


2) n(/H-2)(n-l-4)J 


p/n + 17\ „/»»-> 


/« (/>) = V 


C-i') 


10321920 r(n-l) 


■ 8 . 28p« 210p« 

" ^ n ^n(n + 2") 


420p* 105 ] 

^ n {n + 2) (^^ + 4) ^ « (w + 2) (» + 4) (»i + 6)j ‘ 

Put p — O, then the ath moment about the mean is 

/ 2 <rj<r 2 V r(n +a- 1) r (a+ 1) ^ 

Putting a = 2, 4, 6, 8 and substituting for /,(0), we can determine p,, and 
therefore the corresponding /3’s. We easily find 

« 3(n+l) 

_ 16(n + l)(« + 3) 

’ 

. 106(n + l)(n+3)(n + 6) 

\n-lf ■ • 

• /o(p)i /i(p). /s(p). /alp) fM "e worked ont loc. cit.— the higher functions follow after some 
lengthy slgeW. 


12—2 
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Hence from the equations of (6), p. 136, we find 

„„ (n+ 1) (n + 3)(n + 16) 




?P. 


Pi + 9i = - 


«• + 28n + 90 




n— 1 

n* + 22n* + 132n 4* 300 




‘m, 


2(n-l) 

where 3 = |5il, m = |7ni|, g>^>. Therefore ?*=* — p—pu m^mx- 

Similarly 

n* 4- 22n* + 132n 4 300 


ik'- 


m 


1 


? 2 4 128w« 4 1140n* 4 4968/1 4 7920) 

on simplification. The size of the sample, n, is > 0, and therefore my Type (i) curve 
must always be used. The equation is 

q 


where 



_ -y _ „ 


Taking the total frequency to be 1000 in each case, I have calculated the 
ordinates and the frequencies for samples of size ti » 3, 5, 10, 25 and 50, for the 
Type VII curve, the normal curve, and *my Type (i) curve. I compared the values 
found with the corresponding values of 1000 as found from the tables, the 
ordinates by plotting, and the frequencies by using the ;;3^®-test for goodness of fit. 
Strictly speaking, we cannot use the ;j^*-test in this case, because the test assumes 
an observed distribution, found in sampling. I used it because I know of no better 
test for comparing the frequencies. 

For the Type (i) curve, I found by quadrature. I took 

yo *=c. 


,^^(0)-iooo5r„,(0) 
2 


to find the ordinates, and then found the correcting factor (yoO which would reduce 
the area under the curve to 1000. Thus the true value for 

yo = (yoO X {yd') = iyd) x looo T ^ (O). 

2 

The equations at the top of this page give the following values for the constants 
of the curves: 

TABLE XXV. 


n 

P 


K 

V.' 

^n-a 

a 

3 

2-3027 

93*8027 

2-3968 

0-6996 

600-00 

5 

3-6653 

67*3163 

2-8834 

0-9496 

260-00 

10 

6-7372 

68*9694 

4-0760 

0*9864 

146-61 

25 

16-1536 

76-1120 

7-5273 

0*9986 

84-09 

60 

31-6961 

113*1247 

13-1690 

1-0004 

67*83 
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Professor Pearson’s Type VII curve, viz. 





u ^ V 2 >1 

where y« =x , 

gives the following constants: 


TABLE XXVI. 


^ = H« + 4). 


n 


1 

Vo 

3 

8 

.3-6 

331-45 

6 

24 

4*5 

223*26 

10 

99 

7-0 

141*81 

2fi 

624 

14-5 

83-76 

50 

2499 

27*0 

57-83 


The normal curve is 


1000 


1 

2n^l 


I calculated the ordinates and the frequencies for each of the three types 
when n = 3, 5, 10, 25, 60. The ordinates when n = 6 and = 10 are plotted in 
Diagrams XX and XXI. The values of P are approximately equal for the Type (i) 
and the Type VII curves, but the normal curve fits badly. The values of however 
show that the Type (i) can better describe the Bessel -function curve than the 
Type VII, and this is also shown by the diagrams. For samples of 10 the Type (i) 
curve eflFectively replaces the Bessel-function curve, for values of n > 25 the Type VII 
and the Type (i) curves become identical. 



Diagram XX. 
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Diagram XXI. 


(c) Distribidion o f fiz in samples. 

Dr J. Pepper* drew samples of 10 from a normal paper with variance 100 
and calculated the 3rd moment coefficient of each sample. He found the following 
distribution : 


TABLE XXVIIf. 



700 


* I am greatly indebted to Dr Pepper for placing his sampling data at my disposal, 
t I denote by Freqaenoy + and Frequency - the frequency in groups to the right and to the left 
of the origin respeotiyely. 
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We want Sheppard^s correction formulae for the higher /a's. Now the general 
formula* is 

A* 

where Vp^pth raw moment coefficient about the mean and = corrected ^th 
moment coefficient. 

Hence 

/As = 1/6- A*. ^//a 
/^e ~ ^6 *“ • fV^2 

/ 47 = 1/7- A2.5/A5-A^. /^/A3 

A® 

/As = J'a - J /Ae - A^ ^/A4 - A« . - 

Again, if i/p' denotes the uncorrected moment coefficient about the origin, then 

= v.p - jp/^'p-i ~ ^ I ~ i>-2 - • • • • 

Hence 

P 5 = + lOi/ 3 'i/i'^ — lOj/ 2 ' 1 ^ 1 '* + 

ve = i/e^ — 61^6^ n' + 15 i/ 4 '/V^ — 20^/3' /i'® + — on'®, 

1/7 == '^^ vqVx -f 211/5' ~ S 5 v 4 vi ^ 4 * 35 ^ 3 ^ 21 4 

n = n' — Sp^pi 4 28n^ ■“ 56/'5'n'® 4 70pi 1 1 * — 56p;i'pi^ 4 281 / 3 ' I'l'® — 

The following constants were found : 

/Ai = 1957, o- = 12-334, ^1 = -0102, 

02 = 7*638, /34 = 1 39-04, - 3702*24, 

4 = — 57*815 = — (g — p), pigi =: — 40*208 = — gp, w?i = 87*980 = m; 

therefore p = *6873, g = 58*50, A' = 1*4864. 

The range is from a; = — 94*3 to a? = 4 94*3. 

The Type (i) curve accordingly is 

r "88i>9-45 

y=yo- -j p— 

i ^ ■’■ m-56 

I calculated ordinates at a? = 0 -(*125) — -5, a? = 1'5 — (2)- 95 and found the 
frequencies in the corresponding groups. The fit is very bad. The frequencies in 
the first twelve groups are: 




Whittaker and Robinson, Calculua of Obnervations, p. 196. 
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Group 

Theoretical 

Observed -f 

Observed - 

0—1 

36-1 

42 

49 

1—2 

34*2 

42 

31 

2—3 

32*3 

42 

36 

3—4 

29*8 

27 

21 

4—5 

270 

26 

28 

5—6 

241 

28 

17 

6—7 

21-2 

15 

17 

7—8 

18-5 

19 

12 

8—9 

160 

15 

15 

9—10 

13*8 

11 

2 

10—11 

11-9 

9 

16 

11—12 

10*3 

7 

8 


Pepper also obtained the values for higher /8’s of the distribution of the 3rd 
moment in samples*, viz. 


_3(n*+ 27n-70) 

P* 2 ) 

- 16 (n* + 84n» + 2696n*- 16,1 68w + 20,020) 

A („-Yj2r(„Z2^ y ...(16). 



;n« + 171n® + 13,893n‘ + 680,401 n*- 6,131 ,014n*; 
[ +14,132,268n- 12,932,920 J 

(n-l)»(n-2)» 


Hence substituting for fit in the equations giving piqi, pi + ji and rrii 

we obtain, after some very lengthy algebra. 


where 


and 


lifit^-dfitfit-Sfi^fit 

Sfit^-fitiQ-fit) 


lyj 

18 [B] 


(17 a). 


- n» + 348n’ + 60,976n« + 4,064,292n* + 34,629,668n‘ 

- 646,768, 090n» + 2,928,681,096n* 

- 6,507,413,800ft + 3,806,202,400, 

5 = (ft - 1) (n - 2) (3»* + 642n»- 4879»» 4- 12,228» - 10,220), 


Pi + qi = 


9 fit (3 - fit) + 7 fit‘ - 50 fit fit + 25 fit * 
2{5fiM*-fii.6-fi,} 


im 

12[£] 


(17 6 ), 


Biometrika^ Vol. xxiv. p. 60. 
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where 


Further 


where 


C - lOn’ + 3546re* + 521.736ft® + 34.738, 968n® 

- 392,792,064ft® + 1,575,584,616ft® 

- 2,789,486,552ft + 1,854,410,880. 

= " 9)_- 49^4® + mMi - 125/8*® 

" ’ '4(6^,®-6'^,/94) 

-ItAl 

~ 36 [5] 

2) = ft® + 393 m® + 66,122 n* + 6,216,894 m» + 187,648,764n® 
- 2,369,922,228 ft® + 9,840,116,048 m® 

- 17,754,485,784 ft + 11,957,893,360. 


(17 c). 


For all positive integral values of n the signs of piqi, qi+pi and mi are negative, 
negative, and positive respectively. Hence we find in all cases that the Type (i) curve 
has the same first eight moment coeGBcients as the actual curve of distribution 
of ft,. 

Let us regroup the data, in groups of 5 times Pepper’s grouping unit, and 
compare the distribution so obtained with the curves fitted from the theoretical 
values and observed values of /S*, /8i and /8*. 

The regrouped distribution is 


TABLE XXVIII. 



Frequency 



Group 

Frequency 

Group 

Frequency 

— 

Group 

Frequency 

+ 


+ 

B 

+ 

B 

+ 

- 


- 

0-5 

179 


16-20 

26 


30—35 



45-50 


1 

60—65 



5—10 

88 

63 

20—26 

16 

18 

35-40 



50—55 


1 


— 


10—15 

38 

43 

26—30 

7 

10 

40—45 

2 


56—60 

— 

— 

70-76 

1 

1 


We want to have the standard deviation of the curve calculated from the 
theoretical ^tas expressed in the same units as the standard deviation of the 
distribution above. 


Now 


6(m-1)(«-2) , 




and ft, was taken ^ 100 and the size of the sample is n = 10. Hence 

6.9.8 




, 10® =432,000 


«- 10* 

in actual units. Now the interval between successive groups in the distribution is 
5o- = 60 and therefore 




^2,0W 
2606 ” 


172-8. 















186 On certain Non-Normal Symmetrical Frequency Diatributions 


Put » = 10 in the Equations (17 a), (17 b) and (17 c) and we obtain 

gi + Pi = — 654'69, therefore p ■= 1’8823, 

?i pi = - 1047-65. „ g = 556-672, 

mi = 2076-89, „ k' = 2372. 


Hence the curve required is 



1 - X -00001040\*»” 
1 + a;* X -003074 J ‘ 


The regrouped data corresponds to the Type (i) curve, viz. 


y- 182-37 


l-a!*x -00010442 


V 1 + 


X -010480 


j 


The following frequencies were found : 


TABLE XXIX. 


Group 

Theoretical* 

Observed 

Group 

Theoretical 

Observed 



(«) 

(«>) 

+ 

- 



(“) 

' (6) 

+ 

- 

0- 

~ 6 

132-9 

162-6 

179 

166 

60- 

-55 

•64 

•70 

1 


1 

5- 

-10 

96-4 

92-9 

88 

63 

55- 

-60 

•43 

•61 


— 

— 

10—16 

56-0 

43-9 

38 

43 

60- 

-66 

•29 

•35 


. — 

— 

16- 

-20 

29*5 

21*6 

26 

26 

66- 

-70 

•20 

•23 


— 

— 

20—26 

14-7 

11-4 

16 

18 

70- 

-75 

•15 

•16 

J 

1 

1 

'26- 

-30 

8-1 

6-6 


10 

75- 

-80 

•11 

•09 

1 

— 


,30—36 

4-6 

4-0 

1 4 

3 

80—85 

•08 

•06 


— 

— 

36- 

-40 

2-6 

2-6 

1 ^ 

— 

85- 

-90 

•06 

•03 

J 


— 

40- 

46- 

-45 

-60 

1-6 

1-0 

1-7 

1-1 


3 

1 

i 


40-28 

•00006 

20-68 

•08 

1 

^ n= 

= 14 


* The brackets show the grouping for the x® test, (a) and (6) refer respectively to the theoretical 
curve and the curve from the data. 

The poor fit when we fit the theoretical curve to the observed data is due to the 
large difference in the )8*s which seems to suggest that the total number of samples, 
viz. 700, is far too small, e.g. 


^2 

ft 

B 

Calculated from 

7’638 

139-04 

3702 

Data in Table XXVTI 

7-640 

160-23 

4267 

Data in Table XXVIII 

12-6 

670-8 

99226 

Formulae (17 a — c) 


Although P « *08 for the curve fitted from the data, this is not a bad fit, because 
the contribution to x* of the frequency in the group — 5 to — 10, viz. 63 against a 
theoretical value of 92*9, is 9*6. Diagram XXII gives the regrouped distribution 
with the ordinates of the corresponding Type (i) and Type II curves. 
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(d) American Artilleiy Experience. 

1000 shots were fired from a battery gun in the United States at a target 
62 feet long and 11 feet high. All the shots hit the target, and their distribution 
in the eleven horizontal strips of one foot eaoh, the point of aim being the central 
horizontal line of the target, was found to be : 


No of strip 

1 

2 

n 

B 

6 

6 

fl 

8 

9, 

10 

11 

Frequency 

D 

D 

10 

89 

190 

212 

204 

193 

79 

16 

2 


I found the mean to be a distance of *482 from the centre of the sixth strip. The 
constants referred to the mean and corrected by Sheppard’s formulae gave 

a-- 1*5499, /94= 10*9184, 

*0008, = 69*2137. 

2*5261, 

DBTRIBUnON OF 1000 SHOTS HRED FROM A BATTERY QUK 


TYPE (Vii) CURVE O * 
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(i) The ordinates of the transition curves for y 82 = 2-5261 and /84 = 10’9184 are 

« 58-089. 68-352, 

<f)2 33'191, <l>2 =66*051, 

4>4, = 63-1822, = 55-889. 

= 118 - 490 , 

Since > observed <f>s > the point corresponding to the observed /3 s falls into 
a heterotypic zone. 

I found the ordinates of the Type (vii) curve for 

/32 = 2-526, /34 = 10-918, 61-352, 

but although a better fit is obtained than that given by Pearson Type II curve, the 
fit is not good, I also tried to fit a sixth order Pearson curve, viz. 


y=‘yoe 

which corresponds to the different equation 

(p — ‘ 

p is given by the cubic * 

(/9a - 3) + 6p2/92 - 3p (7/94 - 5/9a^) + 9/9* - 1^2 /^4 - 0 
and m by the equation p^ — 9p* -h 15p/32 — — 4m. 

Here again the fit is not good. Diagram XXIII shows the above distribufcion 
and the ordinates of the various curves plotted. 

Note, As a matter of interest I now considered the different types along 
the line / 34 = 10*92 in the plane /82 = 2*53. The Table XXX below gives all the 
types discussed. Diagram XXIV (p. 190) shows some of the various shapes obtained. 


TABLE XXX. 


iSa 

Zonet 

Signs of 

Type 

nil 

9iPi 


ill 


30 

below ^ 2=0 

+ 


+ 

+ 

4- 

(ii) 

as'io 



— 

0 

+ 

4- 

(ix) 

50 

F,") 

+ 


— 

+ 

4- 

(i) 

65-89 

Fs''=0 


— 

— 

+ 

0 

(xiii) 

57 

(Fs", Fo) 

+ 

— 

— 

4- 

— 

(i) 

68-09 

i'o-O 

+ 

0 

— 

4- 

- 

(xi) 

60 

{Fq, Fi) 

+ 

+ 

— 

+ 

- 

(iii) 

63-18 

F^=0 

0 

+ 


4- 

— 

(viii) 

64 

(Ft, Ft') 

— 

■¥ 

— 

4- 

— 

(Vi) 

66-05 



+ 

— 

4- 

0 

(XV) 

67 

(% ft") 

- 

+ 

— 

4- 

+ 

(vi) 

68-36 

Fe"-,Q 

— 

-f 

— 

0 

4- 

(vii) 

70 

(f,", Ft') 


+ 

— 

— 

4- 


118-49 

Fj,mO 

— 

+ 

— 

0 

4- 

(vn) 

140 

above ^#'=0 

— 



4* 

4- 

• (vi) 


* In our case the oubio has only one real root. 

t I denote for shortness by on the curve and by (F^., Fy} = 0, between the curves F^^O 

and FyssO. H marks that the curve lies in a heterotypic region. 





CURVES |V)r P^*10*92, oikI varying Pq 



Diagram XXIY. 
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(e) Errors of the Right Ascensions of Stars*. 
Bessel provides the following data : 


Limits 

Actual Errors 

Limits 

Actual Errors 

0 — 0-1 

114 

0-5™0-6 

6 

•I — 

84 

6 — 

3 

• 2 -^ 

53 

• 7 — 

1 

•3— 

24 

• 8 -- 

1 

•4- 

14 

•9— 

0 


The table appears to add the frequencies in the positive and negative groups and 
to give their suras only. We find the constants 

/Aa= 0.513, /*4=0101, //«= 00361, /i8= 00174, 

/32- 3-843, / 84 = 26-81, /3, = 252-2. 


Hence 


r = 



5/3** \ /I /W 

6-)3*y/7l6-/3* 



2-672, 


< 1 > = 


(/ 8 «- 


26/3** (/8* + 8)W (2.5^/ (/3* + 8) 
9 (6-/8*)* Vl 9 (6-/3*)* 


-A* 


= - *438. 


Let us now interpolate linearly into the tables of the ordinates for ^2 = 3*843 
and r « — 2*672. 


Values of <1>8'. 


r 

ft=3-6 

ft=3-84.S 

II 

- 2-0 

- 2*672 
-3*0 

- *352 
-•451 
-•499 

-•482 

i 

-•382 

-•488 

-•540 


We find ^>8^ = — ‘482, approximately. But the observed value of 4>8^ is — *433 and 
therefore /3i > > <f>o, since by inspection of the tables for fiz = 3*5 and fiz = 

> ^ 0 * Accordingly, referring to Diagram I, Fig. Ill, we see that we must fit the 
Type (i) curve. Note that we could have reached this result by an inspection of the 
contour diagrams. 

Now (q ^p) = — + p{) rs 19*206, therefore q = 21*107, 

qp^ — qipx » 40*125, „ jp == 1*901, 

m = mi = 39*264, „ A?' « 1*7065. 


* Astronomische NachrichUn, Bd. 16, Nr. 868 — 869. 
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The Type (i) curve accordingly is y = yo \Y^u */l'90i ) ’ 

range is from ~ 1*040 to + 1*040. 

Pearson’s Type VII and the normal curves are respectively 
y- 114*146(1 +2*140 

and y - 264 99 L. e ~ * . 

The ordinates are plotted in Diagram XXV. 

Using six groups the following values of were found and hence P by the 
goodness of fit test : 

Type of curve (i) VII Normal 

X* *669 1*348 5*517 

P *975 *923 *359 

Both the Type (i) and the Type VII give a better fit than the normal curve. 
There is not much to choose between the Type (i) and the Type VII curves. 

THE DisnraunoN of the right ascension op a star. 

500 OBSERVATIONS MATE BY BESSEI. 



Diagram XXV. 
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(/) Elderton*8 Data, 

The following example is taken from Elderton’s “Frequency Curves and 
Correlation*': 


Central Value 

ObBervationa 

Type II 

Type A 

Edgeworth 

-2*0 

11 

14 

15 

16 

- 1*5 

116 

109 

106 

106 

-1*0 

274 

286 

284 

285 

- -5 

451 

4:i3 

437 

4:16 

+ -5 

432 

433 

437 

4;i6 

+ 1-0 

267 

285 

283 

284 

4-1-5 

116 

109 

106 

106 

■f2-0 

16 

14 

15 

16 


Normal 


20 

05 

270 

456 

456 

270 

05 

20 


There is no statement of what this distribution describes, and I have taken the 
groups as shown above. The constants are 

-00149, /i 2 = 1-829, /3i=: -00237, y92= 2 -548, /34 = 0-122, and /86 = 39-50. 


The corresponding auxiliary co-ordinates are r= — ‘682 and 4>== — 049. 

By inspection of the Diagram XV we see that the observed values of r and 4> 
fall into the zone between the curves of section of Fo = 0 and = 0. Hence, from 
Diagram I, Type (i) must be used. We find 

p = 4-926, q - 6-321, A' = 1-330, yo = 472*14. 


The required curve is 


1 - 




y=yoi 


1 + 


14-1123 ^ 

/ 

90103/ 


Note the range is from — 3-76 to + 3 76. We find the following frequencies : 


Central Value 

Observed 

Frequency 

Frequonoy from 
Type (i) 

-2-0 

11 

11 

-1-5 

116 

111 

-1-0 

274 

278 

- *5 

451 

438 

+ -5 

432 

438 

+1-0 

267 

278 

+ 1*5 

116 

111 

+ 2*0 1 

16 

14 


Although we have few groups the Type (i) curve gives a very good fit. All the 
other types, except the normal curve, fit equally well. Note that in this case the 
corresponding r and co-ordinates are r» — *68 and <1> = — 04, as compared to 
r « 0 and ^ » *09 for Pearson's Type II curve. 

Biometrika xxvi 
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(g) Distribution in Samples of the Mean of an Array as determined by the 
Regression Line (K. Pearson, Proc, Roy, Soc., A, Vol. 112, 1926). 


Let 

and 

Hence 

and 


y*! ^ 1 . <^i> 0 - 2 , p refer to parent populations, 

yaj, X, refer to the sample of size M, 

%’=m2 + py^(x-mi), 

V _ 


The moments of the distribution for yj — fl^re 


/A2« 






, where = 1 — + 

^ M 


2 (x- mif 


<r\ 


3(T2«(1-pV 2/, 2\) 

“ {M - Sj{M -5) r \ ^ m)\ ’ 

105<ra«(l - p*)* 


he — 


(M--S)(M-5)(M-7)iM-9) 


- h) 1 ) f *+(■-»)(>- ») r>} • 


2 \ 32 


6 \ 12 


Hence 


fuJHM-S) 
^*“p**- (M-5) 


.1(1-1)11 

M V M) <#)«] ’ 

o _ ±5(^3)* f _ I 6 /, 2\ 8 _ 2\ n 

(M-b){M-1)\ 'ih*M\ M) '^ M^\ MJY)’ 


/3. = ; 


105 (if- 3 )« 


f, 12/, 2\l 32/, 2\1 12/, 2\/, 6\1] 

MV M}<f>*'^MA^ AV4 >'‘^mA^ M)v~M)'^'i- 

(1) Take M = 50. From the equations above we find the following table*: 


X “ nil 

A 

ft 

ft 

r 

rvii 

4» 

^VII 


3-061 

16*806 

119-339 

*024 

0 

•3768 

•1874 

O'! 

3-102 

16-618 

129*431. 

•016 

0 

*2486 

*2061 

2dri 

3*128 

17-046 

136*792 

•003 

0 

•2638 

*2146 


rvii and are the r and 4> oo-ordinates of the point corresponding to the Type Vll curve. 
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(2) Take il/- 25. 


x-nii 

ft 

ft 

ft 

r 

rvii 

4> 

^’Vll 


3*072 

16-195 

, 144-875 

*091 

0 

-5460 

•1946 

So-i 

3*298 

20-208 

193-408 

*068 

0 

-33-26 

•2964 


(3) For larger samples we are still closer to the point corresponding to Pearson’s 
Type VII curve. For very large samples the curve of distribution of the mean of 
the arrays follows a normal curve. 


We are so close to the point (0, that in all cases the Type VII curve can 
excellently describe the distribution of the mean of the arrays. We expect this 
since 


^2 


3(ilf-3) 

M - 5 


satisfy 


^4 = 

/36 = 


105(M-3)» 

3532 ® 


^"”“ 6 - 32 ' ‘“( 6 - 32 ) 19 - 232 )* 


Conclusions, 

I have shown that the fourth order symmetrical Pearson curves give a better 
graduation than the second order Pearson curves or the normal curve, and that 
the improvement in fit, as judged by the test, justifies the extra amount of 
labour involved in finding the higher betas. 

I have also succeeded in finding frequency curves whose higher beta-coefficients 
are positive, in the cases 32 > 6 and 4*5 < 32 < 6. 

Finally, I have discussed the 3a, 34, 38”Spi^ce and the types of curve at different 
points, but the question of finding the type of curve corresponding to the hcitcro- 
typic area must be left unanswered. This problem demands an analysis of the 
sixth order Pearson curves and a discussion of 38 3io will be necessary. We 
cannot expect any advantage from such a system of curves. 

In conclusion I would like to thank Professor Karl Pearson for suggesting this 
problem to me and to express my appreciation of his continual advice and criticism. 
I wish also to thank Miss M. Kirby for the very capable way in which she has 
prepared my diagrams. 
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A BIOMETRIC STUDY OF THE ‘‘FLATNESS" OF THE 
FACIAL SKELETON IN MAN. 

By T. L. woo, Ph.D., in conjunction with G. M. MORANT, D.So. 

(1) Introduction, It has long been recognised that differences in the degree of 
“flatness'' of the face, or facial skeleton, are sufficiently great to be of considerable 
importance in aiding the discrimination of the racial varieties of modern man. These 
differences have usually been taken for granted, and it is only in recent years that any 
attempt has been made to give them quantitative expression. The research described 
in the present paper was undertaken with the purpose of extending these quantitative 
methods and applying them to more adequate cranial material than any previously 
considered. No one appears to have made any serious attempt to define exactly 
what is meant by the “flatness" of the facial skeleton, but this feature of the 
cranium has been customarily referred to when discuTssing measurements of two 
different kinds. Those of the first are chiefly angular measurements taken in the 
“median sagittal" plane and the more important of them deal with prognathism 
and are modifications of Camper's facial angle. The greater the degree of progna- 
thism the less “flat" the face is said, to be. Measurements of the projection of the 
“median sagittal" section of the nasal bones have been dealt with in a similar way 
by A. LUthy* and Q. von Boninf, the latter having obtained his data from sagittal 
type contours. We are not concerned in the present paper with such measure- 
ments which are confined to the “median sagittal" plane. Those of the second kind 
referred to are designed to give estimates, not of antero-posterior projection, but of 
transverse flattening. One may consider this feature at a number of different and 
convenient horizons and it is clear that a considerable number of measurements 
would be needed to give any appreciation of the transverse flattening of the whole 
facial skeleton. C. de M^rejkowsky seems to have been the first to make a useful 
contribution to this subject. In a paper which appeared in 1882^ he described 
a new instrument — now known as a simometer — designed to measure the projection 
of the nasal bones. The means found for a number of racial series of crania 
suggested that his method would be a valuable one, but it was not adopted by 
craniometricians. Thirty years later a study of negro skulls was issued in 
Biometrika^ in which special attention was paid to the same character. The 

* “Die vertikale Gesichtsprofilierung und das Problem der Sehadelhorizontalen.*’ Arehiv fUr 
Anthrcpologie, N.P. Bd. xi. 1912, pp. 1—87. 

t Biomtrika, Vol. xxiii. 1931, pp. 260—261. 

t ^*Sur un nouveau earactSre anthropologique.*’ Bulletins de la Soeiiti d?AnthroppU>gie de Paris, 
ditoe s4rie, t. v. pp. 293—304. 

g “A Study of the Negro Skull with special reference to the Congo and Gaboon Crania.*’ By 
B. Crewdson Beningtou. Prepared for press by Karl Pearson. Vol. viii. 1912, pp. 292—889; see 
pp. 818—320. 
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new measurements taken for this purpose, in addition to those defined by 
de M6rejkowsky, were the chord from dacryon to dacryon and the minimum arc 
between the same points, so no special instrument was required other than a 
simometer. A paper published in the same journal in the following year* provided 
a detailed study in man and the anthropoid apes of the same measurements and 
also of the subtense from the dacryal chord, the simotic and dacryal subtenses 
being found with the simometer. Cranial series representing 16 races were dealt 
with, but several of these were admittedly too small to give reliable means. The 
dacryal and simotic measurements have been provided for the numerous cranial 
series described in later volumes of Biometrika, and the material available for them 
is now quite extensive. Their omission from all other recent craniometric studies 
may be largely attributed to the fact that the simometer is a somewhat complicated 
instrument which would need to be made to order. Other estimates of the trans- 
verse flattening of the facial skeleton — including in that the supraciliary region as 
Broca did — have been obtained from measurements of horizontal type contours. The 
section represented is one through the glabella parallel to the Frankfort horizontal 
plane and indices measuring its curvature anterior to the teinj)oral lines have been 
given by G. M. Morant for several racesf. More recently Davidson Black has 
defined certain angular measurements to measure the same featurej. These are 
found with a goniometer or from the horizontal section on which the projections of 
certain facial points are marked: they are only available for Chinese series. 

The writers’ purpose was to make a fairly comprehensive survey of the degree 
of transverse flattening of the facial skeleton considered as a whole in a sample of 
races from all parts of the world. The use of any projective methods would have 
made it impossible to record a sufficiently large number of measurements in the 
time available, and accordingly they decided to use a simple gair of co-ordinate 
calipers only. Four pairs of measurements, defined in the next Section, were taken 
to give four indices, of which all but one are new. The simotic index, which was 
included, was first defined by de Merejkowsky, and a considerable . amount of 
material for it has accumulated since. Ryley, Bell and Pearson concluded that, for 
purposes of racial comparison, *‘a measure of the mesodacryal index is likely to be 
of as much value as the determination of the simotic index, possibly of greater 
value,” but nevertheless we chose the latter rather than the former to measure the 
prominence of the nasal bridge because it can be determined on a far larger number 
of museum specimens. The lacrymal bones are frequently missing, and it is then 
impossible to locate the dacrya with precision. 

(2) Definitions of Measurements. The object of the measurements used in this 
study was to provide accurate estimates of the transverse flattening of the facial 
skeleton at different horizons. This was effected by measuring directly, with the 

* “A Study of the Nasal Bridge in the Anthropoid Apes and its Relationship to the Nasal Bridge in 
Man,” By Kathleen V. Ryley and Julia Bell, assisted hy Karl Pearson. Vol. ix. 1913, pp. 391—445. 

t AnnaU of Eufjenic$^ Vol. ii. 1927, pp. 356—356. 

X Palaeontohgia Sinicaf Series D, Vol. vii. 1928, pp. 13—14, 
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aid of a special pair of calipers, the subtense of a particular median” point from 
a corresponding choi'd, of which the terminals are the same point on the right and 
left sides, and also the length of the chord. The index obtained by expressing the 
subtense as a percentage of the chord provides a measure of the character with 
which we are concerned, and four different indices were found, whenever possible, for 
each skull. The readings required could be taken rapidly and accurately with a 
pair of co-ordinate calipers. This instrument consists of a bar, on which a scale is 
inscribed, with three arms which always remain mutually parallel to one another 
and perpendicular to the bar such that their tips, which are brought into contact with 
the object measured, are always co-planar with the scale. One of the arms is fixed 
to the zero end of the bar, and another of the same length can be moved along it 
so that these two are used in precisely the same way as the arms of an ordinary 
pair of I’octangular calipers. The third is attached between the other two, and it 
can also be moved along the bar, the attachment permitting a movement so that 
the setting point of the arm can be shifted towards or away from the bar. This 
middle arm bears a scale on which the reading is zero when the tips of the three 
arms are in a straight line. When the middle arm is moved towards or away from 
the bar the divergence of its tip from that straight line — i.e. the subtense — can be 
read. In our case the tips of the outside arms were first brought into contact with 
the extremities of the transverse chord, and then the middle arm was moved until 
its tip was in contact with the appropriate “median” point, a screw enabling it to 
be fixed in that position. On removing the calipers both the length of the chord 
and the subtense of the “median” point from it were recorded. Another reading 
might have been taken at the same time. This is the distance of the foot of the 
perpendicular — i.e. the “working edge” of the middle arm — from one or other 
extremity of the chord which would have given an appreciation of asymmetry. The 
measurement in qtiestion was not recorded, but for two series the direct distance of 
the “median” point from the extremity of the chord was found on either side. The 
form of co-ordinate calipers made by P. Hermann, Richenbach und Sohn, of 
Zurich, was found to be unsuitable for taking the measurements devised for two 
reasons: the middle arm is too broad to make it possible to obtain the adjustment 
required in the case of narrow nasal bones, and the outside arms are not long 
enough to enable other subtenses as large as some needed to be found. Accordingly 
a similar instrument was made to order for Dr Woo by Messrs W. F. Stanley and Co. 
The breadth of the middle arm was reduced to 2 5 mm., and the outside arms were 
made 10 cm. long. All the measurements needed could be readily taken with these 
calipers on all the skulls examined. 

The measurements are: 

^ (1) low. The internal bi-orbital breadth between the points, right and left, 
where the fronto-malar sutures cross the outer margins of the orbits. The point 
used, which is Martin’s fronto-malare orhitale^ can almost always be found precisely 
if the suture be open. If the orbital margin be blunt, it is advisable to mark it first 
as a pencil line. The measurement is No. 43 (1) in Martin’s list. 



T. L. Woo AND G. M. Morant 


199 


(1 a) Sub. low. The subtense of the nasion from the chord lOW. 

(1 li) The frontal index of facia) flatness is defined to be 100 Sub. 10 WjlOW. 

(2) SC. The simotic chord which is the minimum horizontal breadth of the 
two nasal bones, so that the extremities of this chord are points on the naso- 
maxillary sutures. 

(2 a) 8S, The simotic subtense found by first marking as a pencil line the 
"ridge” of the nasal bones, without necessarily following the inter-nasal suture, and 
then finding the minimum subtense from this line to the simotic chord. When 
found with co-ordinate calipers this may not correspond exactly with the simotic 
subtense found with the aid of de M^rejkowsky’s simometer. A comparison between 
the two measurements found for the same aeries is made below. 

(2 b) The simotic index is defined to be 100 SSJSC. 

(3) MOW. The mid-orbital breadth between the points, right and left, where 
the malar-maxillary sutures cross the lower margins of the orbits. It is generally 
advisable to mark the lower margins of the orbits as pencil lines before locating the 
points. 

(3a) Sub. MOW. The subtense from the "tip” of the nasal bones, which is 
accepted to be the lowest point on the inter-nasal suture (i.o. Martin’s rhinion)^ to 
the chord MOW. This was found to be an unsatisfactory measurement owing 
to the fact that the lower parts of the nasal bones are often defective, even on 
skulls which have the remainder of the facial skeleton quite complete. It is some- 
times difficult to decide whether the region in question is intact or not, and in all 
doubtful cases the measurement was omitted. 

(3 6) The rhinal index is defined to be 100 Sub. MOWjMOW. 

(4) GB. The chord between the points, right and left, on the zygomatico- 
maxillary sutures which are lowest with regard to the Frankfort horizontal plane. 
The positions of these points can be estimated with sufficient accuracy without 
orientating the cranium exactly. If the inferior extremity of the suture is a short 
length lying parallel to the horizontal plane, the anterior point on it is the one 
accepted. The point used is Martin’s Zygomaxillare and the chord (No. 46 in his 
list) is one usually given in the descriptions of racial series. 

(4 a) Sub. OB. The subtense of the alveolar point from GB. The true alveolar 
point was used, i.e. the inferior point on the process between the cavities of the 
central incisors, and not the prosthion. 

(46) The premaxillary index of facial flatness is defined to be 100 Sub. GBjOB. 

The first three of these indices are of a straightforwani character, and in 
each case the three points involved usually lie in a plane which is approximately 
parallel to the Frankfort horizontal plane. For the first the points all lie on 
the inferior borders of processes of the frontal bone ; the second measures the 
flatness of the bridge of the nose and it is confined to the nasal bodies, while 
the third is of a less simple type since it involves the nasal and maxillary bones. 
The points used in determining the fourth index all lie on the premaxillary bones, 
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but the “median'* point — the alveolar point — is always decidedly inferior to the 
extremities of the transverse chord. The subtense will obviously be affected by 
differences in the height of the premaxillary region, though the index may be 
supposed to give primarily a measurement of sub-nasal prognathism. We should 
anticipate that the latter would be highly correlated with a measurement of the 
total prognathism of the face. 

Of the absolute measurements defined above, 10 W, SS, /SC? and QB have been 
provided for a number of cranial series, and all except the fiirst were previously 
available for several of the series measured for the purpose of this study. Hence, 
comparisons can be made to test the relia^^ility of the same measurement taken on 
the same specimens by two different observem, and this is particularly necessaiy 
in the case of the simotic subtense as two different instruments, and slightly 
different definitions have been used to determine it. De M^rejkowsky describes 
how he measured the character in question with his simorneter. The two arms 
of the instrument are placed so that their tips coincide with the extremities of the 
minimum breadth of the ^^iwo nasal bones, and then, to bring the tip of the sub- 
tense arm into position, “ on Tappuie sur le dos du nez Ik ou celui-ci atteint son 
minimum d*el6vation ; les trois points de repaire (sic!) sent done faciles k trouver 
et compifetement fixes* ’* But the last statement does not seem to be true since 
“ le dos du nez ” is an inexact term and yet it forms an essential part of the 
definition, as it is only with reference to it that the minimum dHUvation can 
have any meaning. We must suppose that de M^rejkowsky was imagining a 
“median” line, which might be traced in pencil on the nasal bones, such that it 
would indicate their “ ridge,” or the line marking the join of the right and left 
sides of the surface formed by the two nasal bones together. On a symmetrical 
cranium this would coincide with the inter-nasal suture, but the direction of the 
suture was not considered, presumably, in determining the “ ridge ** if the nasal 
bones were asymmetrical. The subtense would then be the minimum from this 
line to the simotic chord, and having fixed its position it would also be the 
maximum subtense of the section of the nasal bones defined by the three points 
of contact of the instrument. This method of measuring the simotic subtense 
appears to have been that followed by Ryley, Bell and Pearson, and by later workers 
in the Biometric Laboratory who used the simorneter. Dr Woo used co-ordinate 
calipers in place of that instrument, but followed the same convention in making 
the point of subtense of the subtense arm one on the “ median” ridge of the nasal 
bridge. When the compass arms of the simorneter are fixed, as to the simotic 
chord of a particular cranium, the pivot of the instrument, which is equidistant 
from their tips, is also a fixed point. The middle, or subtense, arm is then free 
to rotate round that pivot in such a way that the tips of the three arms and the 
pivot are always co-planar. It is adjusted so that its tip touches the point on 
the accepted transverse section of the nasal bones which is nearest to the pivot. 
The simorneter is then removed from the cranium and, while the direction of the 


Loc. cit, p. 298. 
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subtense arm relative to the compass arms is maintained, its tip is moved until 
it is in line with the tips of the compass arms. The subtense measured is the 
displacement of the tip of the subtense arm^. If the section in which the simometer 
measurements are taken is asymmetrical, the subtense may not be perpendicular 
to the chord and the point of maximum subtense may not coincide with that found 
by using the co-ordinate calipers. It is clear that the simometer subtense will 
always be equal to or greater than the subtense found with co-ordinate calipers, 
and we must ask whether the readings found with the two different instruments 
are sufficiently close to be considered comparable for practical purposes. To decide 
the point Dr Woo found the nasal bridge measurements with co-ordinate calipers 
in the case of a series— the Kerrna Egyptian measured by Miss Collett — for which 
the measurements had previously been recorded by using a simometer. Com- 
parisons are made in the following table, the constants relating to differences 
having been found from the distributions of differences: 


Character 

Sex 

Measured by 

Mean 

Mean 

Difference (C. ~ W.) 

S.D. of 
Differences 

ss 

$ 

Collett with simometer 

Woo with co-ordinate calipers 

4-006 (94) 
3-843 (94) 

+ -162 ±-032 

*464 ± *023 

? 

Collett with simometer 

W’oo with co-ordinate Cidipers' 

.^•125 (08) 
3-147 (68) 

- -022^029 

-353+ -020 

sc 

$ 

Collett 

Woo 

10-81 (94) 
10-36 (94) 

-f -450^034 

•489 ±-024 

? 

Collett 

Woo 

10-22 (68) 
9-99 (68) 

+ -229 ±-040 

•488 ± -028 

100 SSjSC 

$ 

? 

Collett (simometer subtense) 

Woo (co-ordinate calipers subtense) 

37*24 (94) 
36-57 (94) 

+ -681 ±-276 

3-962 ±-195 

Collett (simometer subtense) 

Woo (co-ordinate calipers subtense) 

30- 58 (681 

31- 76 (08) 

-1*184 ±-232 

2-834 ±-164 

OB 


Collett 

Woo 




? 

Collett 

Woo 

90-83 (82) 
90-71 (82) 

+ -120 ±-044 

•587+ -031 


* The simometer is rather a complicated instrument and the reader who is not acquainted with it 
may find it difficult to follow our remarks without refering to de M^rejkowsky’s description and figure 
in the paper cited. 
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The mean difference between the male simotic subtenses {88) is seen to be 
small but quite significant, the mean found by using the simometer being greater 
than that given by the co-ordinate calipers. The difference between the female 
means, however, is of the opposite sign though quite insignificant. But some 
significant differences are also found for the simotic chords {8G) and facial 
breadths ((?B), though in these cases the two observers followed precisely the 
same definitions. 

For the male simotic index the difference is actually insignificant, while for 
the female it is quite significant but of the opposite sign to that which would 
have been expected. We may conclude that the differences between the two 
methods of determining the simotic subtense only introduce errors which are 
of the same order as those due to the personal equations of two different workers 
following the same definition*, and accordingly we have supposed that the simotic 
measurements found with the co-ordinate calipers may be compared without cor- 
rection with those previously found with the simometer. For all the series dealt 
with (except the Kerma Egyptian) which had any of the measurements 70 W, 88, 
8G, 100 8S/SG and OB provided in previously published papers, those values were 
accepted to give the constants provided in the present paper. It may be observed 
that none of the differences shown in the table on p. 201 is large enough to vitiate 
racial comparisons, except possibly the differences for the simotic chord, since they 
are very small compared with interracial differences. For the simotic index, for 
example, a difference of about one unit is shewn between the means found by the 
different observers for the same series, but the range of the mean male simotic 
indices for different series is from 20*7 to 63*1. 

In the next place, we may consider the few measurements collected for the 
purpose of examining asymmetry. For two male series the direct distances of each 
median point from the extremities of the corresponding chord were recorded and 
a comparison of these bilateral measurements is made in the table on p. 203. 

Only one of the differences of means can be considered significant and if there 
be any differentiation of the bilateral measurements considered it is evidently of a 
small order which would only be revealed by examining larger series. 

(3) Description of the Material Measured, The object of the present paper is to 
test the racial significance of the new measurements of facial flatness defined in the 
previous section. In order to serve this purpose it was necessary to measure as large 
numbers as possible of crania representing as many races as possible from all parts 
of the world. The observer (T.L.W.) was obliged to limit his material to that con- 
tained in the principal English museums and one Dutch museum. He is greatly ^ 
indebted to the curators of these institutions for affording him every facility for 

* In the paper hy Byley, Bell and Pearson {loc. ciL pp. 396— -398) comparisons are made between 
various mean simotic measurements found by the same observer who repeated them on the same series 
of crania at different times. The largest differences shown are 0*10 for 88, 0*36 for 8C and 1*0 for 
lOOSSjSC^ These are of the same order as, but rather less than, the largest differences shown in the 
table above for the corresponding measurements. 
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pursuing this study and particularly to Miss M. L. Tildcsley (Royal College of 
Surgeons), Dr L. H. Dudley Buxton (Oxford), Dr W. L. H. Duckworth (Cambridge), 
Mr W. P. Pycraft (British Museum), Professor J. A. J. Barge (Leiden) and, finally, to 
Professor Karl Pearson (Biometric Laboratory). The number of adult crania actually 
measured was 4266 male, 1630 female, the sexes accepted being in general those 
provided in previously published papers or museum catalogues, though in the case of 
a few series the writers had to assign sexes to the specimens themselves. No imma- 
ture specimens were dealt with. Whenever possible long series representing single 
racial types were chosen and a number of earlier studies—nearly all of which have 
appeared in Biometrika — dealing with their characters were consulted as a guide to 
the groups which could be considered racially homogeneous. In the case of a number 


Constants 

Series 

Frontal 

Bimotic 

Khinal 

Premaxillary 


Punjabi y 

r)2-5 + -18{81) 
62'2fl9 (81) 

6-47 + -08(81) 
«-44±-09(81) 

30-6 + -41 (33) 
35-8 ±-44 (33) 

57 - 9 ± -25 (67) 

58- 2 ± -27 (67) 


Hindu Tf 

(Madras r 

Presidency) 

. 51-4±-25(4») 
51-3±-23(49) 

6-05+ -10 (4«) 
5-95 + -n (40) 

3.')-2±-74(10) 
34-6+ -80 (10) 

57^6 + •36(48) 
58-0+ -31 (48) 

Standard . 

Punjabi y 

2-44+ -13 

2 -47 ±-13 

1-12±-0G 

M6+‘0G 

3*4.')+ *29 

3-77 ±*31 

3-08+ ^18 

3-24 ±-19 

Deviations 

Hindu o 

(Madras y- 

Presidency) 

2-61 + '18 

2-44 + -17 

MO ±-07 
M3±*08 

~ 

3-69 ±*25 

3-44 ±-24 

Correlations 

Punjabi 

Hindu 

•828 + -024 
•963 ±'009 

•826+ -024 
•942 + -oil 

•949 ±-01 2 

•917 ±-013 
•863 +*025 

Differences of 
Means 

Punjabi 

Hindu 

+ -3±-108* 

+ *l±-076 

+ •03 + -061 
+ •10 ±-038 

+ •7 + -140 
+ •6 ±-255+ 

- -Si -107 
-•4 ±-183 


of races, however, it was only possible to arrive at means based on sufficiently large 
numbers by pooling the measurements of short series in different museums. Or 
means of larger series might be pooled if there was sufficient reason to believe that 
they represented the same racial type. The test used in such cases was based only 
on the four indices of facial flatness. If two or more series were thought, from the 
description of their origins, to represent the same racial type, then their mean indices 
were calculated and if no significant differences were found between them the series 
were pooled to give the constants finally used. This practice is only of provisional 
value, of course. Two samples of skulls may show one character, or group of 

* The probable error of the difference of means is given by the formula 
•67449/ <Jn x 

t This approximate probable error was found by osing the <r’s and r given for the Panjabi series. 
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characters, identically the same while differing most significantly in other ways. 
Several of the series finally used are probably less homogeneous racially than any 
which could legitimately be used for purposes of rigid racial classification, but they 
may still be of value in a preliminary study such as the present. All the continental 
areas are represented, but the races used do not form a random sample from all 
races of the world. There are several British series, but few long series from other 
parts of Europe; the races of Africa and Oceania are fairly well represented; the 
American and Western Asiatic series are particularly meagre, while there are none 
from Central Asia and Siberia, but India and the Orient are better represented 
than any other regions. The means are given of a few series which are so short that 
no use can be made of them. It may be ^ssible to pool these with measurements 
collected later from other sources. 

The inuseums in which the cranial specimens were measured are: The Museum 
of the Royal College of Surgeons, London (R.C.S.); the British Museum, Natural 
History (B.M.); the Biometric Laboratory, University College, London (Biom. Lab.); 
the University Anatomical Museum at Cambridge (Cambridge); the Oxford Uni- 
versity Museum (Oxford); and the Museum of the Anatomisches Laboratorium,'' 
Leiden, Holland (Leiden). The abbreviations given in the brackets are used to 
denote them in this paper. Bm, denotes this Journal and /.A./, the Journal of the 
Anthropological Institute, 


A. European Series. 

I. English: Long Bart'ow. Cambridge 18 The skulls in Thurnam’s collection 
came chiefly from different localities in Wiltshire. They are of the Neolithic period. 

II. Romano- British, Cambridge 11 (/, 3 ? ; Oxford 81 43 J . The specimens 

at Cambridge came from a single cemetery at White Horse Hill, Berkshire, and 
those at Oxford came from a number of counties, mainly from Oxfordshire, Berkshire 
and Wiltshire. 

HI. Anglo-Saxon, (a) Cambridge 13^/, 8 ? ; Oxford 41 </, 19 ?. These skulls 
came from a considerable number of cemeteries in different parts of England. 
(6) Cambridge 42 20 ? , only the complete skulls being measured. This series 

was recently excavated by Mr Lethbridge at Burwell, Carnbs., from a cemetery 
of seventh century date. In order to justify the pooling of the measurements of the 
above two series the male means and standard deviations for the four indices dealt 
with were calculated separately so that the significance of the differences of the 
means for these characters between the two series could be satisfactorily tested. 
The values are given in the Table at the top of p. 205. 

It is evident that all the differences between the means are quite insignificant. 
This justifies the provisional pooling of the two series and the combing means, 
which have been used for comparative purposes in this paper, are given in Table I. 

IV. English: Mediaeval, Oxford 43 11 ?. These crania came chiefly from 

Abingdon, Berkshire, and Sittingboume, Kent. A few unspecified specimens are 
also included. 
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Indices 

Frontal 

Simotic 

Mean 

<r 

Mean 

<T 

Series (a) 
Series {h) 

{a) -(b) 

18-6 + -19 (62) 
18*5 ±-22 (40) 

+ 0*1 ±*29 

2-07+ -14 
2-06 ±‘16 

62-3 ±1-06 (44) 
62-4 ± -87^33) 
-0*1 ±1*38 

10-41 + -75 

7 -54 ±-63 


Rhinal 

Premaxillary 

Series (a) 
Series (b) 

(a) -(b) 

46-4 ± -86(16) 
46-2 ±1-39 (6)* 
+ 0-2 ±1-63 

5-04 ±-60 

35-1 + -30 (42) 

35-1 ± -47 (34) 
0-0+ -60 

3- 50 + -26 

4- 10 + -34 




V. English: Farringdon Street. Biom. Lab. 81 76 ?. This series came from 

a London chuirchyard used in the seventeenth century. See Bm. Vol. xviii. pp. 1 — 55, 
1926. 

VI. English: Spitaljields. Biom. Lab. 248^, 94 This series came from a 
burial-ground at Spitalfields Market, London, and it is of mediaeval or Roman date. 
See Bm. Vol. xxiii. pp. 191 — 248, 1931. 

VII. Modern Irish. R.C.S. 19, Cambridge 8, Oxford 38 (soldiers): all Of 
these only 15 are from known localities of the Irish Free State. The majority of 
the crania, including 38 soldiers and 5 seamen, are from unknown localities in Ireland. 

VIII. Modern Scottish. R.C.S. 19, Cambridge 3, Oxford 13 (soldiers): all 

Twenty skulls came from known localities of Scotland and others are unspecified. 

# 

IX. British {Soldiers), (a) English soldiers: Oxford 31. Their native places 
are unknown. (6) British soldiers: Oxford 82. No detailed information relating to 
the origin of these specimens is available. 


Indices 

Frontal 

Simotic 

Mean 

<r 

Mean 

(T 

Series (a) 
Series (b) 

(a) -(h) 

19-1 ±’29 (31) 
18-9 ±-18 (82) 

+ •2 ±*34 



2-35+ -20 
2-46 ±-13 

51 -5 + 1-65 (30) 
53-1 ± *97(81) 
-1*6±1*91 

13-36 ±1*16 
12-84 ± *68 


Rhinal 

Premaxillary 

Series (a) 
Series (b) 
(a)-^) 

43- 2 ± *90(19) 

44- 7 ± -49(65) 
-l-6±l-03 

5- 82 ±-64 

6- 89 ±-36 




* The probable error of the mean of the rhinal index for the (6) series is based on the standard 
deviation of the same index for the (a) series. 
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The mean measurements of the above two series have been pooled to give those 
in Table I (p. 222). It is evident from the figures shown above that the mean 
differences for the four indices between the two series are too small to be significant. 
It is, therefore, legitimate to pool them. 

The last three series VII — IX above are probably less homogeneous racially 
than any other British series used. The means derived from them can only be 
used provisionally. 

X. North German. R.C.S. 28, Cambridge 4: all (/*. The specimens came 
principally from different provinces of Prussia— Brandenburg, Holstein, Westphalia, 
Hessen and Saxony being represented. 

XI. French- RC.S. 46 19 ?. These skulls came mainly from the catacombs 

of Paris, though a few are from unknown localities. They belong to the post- 
Merovingian period. 

XII. Italian. RC.S. 102 33 Cambridge 1 ?. These specimens, which 

previously belonged to G. Nicolucci, came from 12 divisions in the northern and 
central parts of Italy. A few from the islands of Sicily and Sardinia were excluded. 
They are all of modern date. 

XIII. Norwegian. RC.S. 19</. These specimens came from a Seamen's 
Hospital at Greenwich, so they are presumably the skulls of seamen. One individual 
is stated to have come from Bergen, but the home districts of the others are not 
known. 

XIV. Swedish. R.C.S. 30</. Of these, 9 crania came from the neighbourhood 
of Stockholm, and the others are only marked as seamen. 

XV. Finnish. RC.S. 22 Cambridge !(/*. Ten of these crania came from 
various localities of Finland, and 13 from a Seamen's Hospital collection are recorded 
as Russian Finns. As the series is a short one, no useful comparisons could be made 
between the two groups. 

XVI. Dutch. RC.S. 29(/, 10 ? ; Leiden 22 Two-thirds of these specimens 
came from different known provinces of Holland, viz. Guelderland, Utrecht, 
Friesland, Groningen, Zeeland and North Holland: the others are unspecified. 

XVII. Ancient Greek. RC.S. 3 (/*, Oxford 9 These skulls came from 
Athens, Attica and the Ionian Islands, and they are dated approximately between 
500 and 200 B.c. 

XVI 11. Modem Greek. RC.S. IS^/*, Oxford The localities from which 
•these specimens came are: 8 from the Greek mainland, 12 from the Ionian Islands, 
4 firom the Aegean Islands, and 9 from unknown districts of Greece. 

XIX. Czech. RC.S. 23 c/*, 10 ? . These specimens came from Bohemia, Slovakia 
and Moravia. The central part of Moravia is better represented than the other 
regions, so the series may be loosely called a Czech one. 
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XX. Russian, R.C.S. 20</, Leiden lOcT. Of these specimens, 22 came from 
various scattered localities in Russia, and others are marked as '‘unknown” in 
locality. 

European races, apart from British, are much less satisfactorily represented 
than are those of the other continental areas except America. This is chiefly due 
to the fact that there are few European skulls other than British in English 
museums. The pooling of several short series from various localities of the same 
country had to be eftected in several cases in order to obtain sufficiently large 
samples. 

B. African Series. 

I. Onanche, R.C.S. 16 c/*, 19 ? ; Cambridge 4 J ; Leiden 4(/’, 5 Nearly 
all these specimens came from Teneriffe. 

II. Nubian, Biom. Lab. 69 61 This series was excavated by the 

Archaeological Survey of Nubia in 1907 — 1908 from sites immediately south of 
Assuan. It consists only of New Empire (17th — 20th Dynasty) crania. 

III. Egyptian: Badari, Biom. Lab. 22 See Bm, Vol. xix. pp. 110 — 
150, 1927. This series is believed to be the earliest of predynastic date that has 
yet been discovered in Egypt. It has been shown that the earlier Egyptian series 
bear a closer resemblance to negro types than do the later scries from the same 
country. 

IV. Egyptian: Sedment, Biom. Lab. 40 30 See Bni, Vol. xxii. pp. 65 — 
92, 1930. This series came from a cemetery of 9th Dynasty date at Gebel Sedment, 
which is about 70 miles South of Cairo. 

V. Egyptian: Kenna. Biom. Lab. 117 (Z*» 97 ?. These skulls represent the 
Egyptian population of Kerma (Nubia) in the 1 2th and 13th Dynasties. See Bm, 
Vol. XXV. pp. 254—284, 1933. 

VI. Negro: Nigeria, (a) Crania from North Nigeria. R.C.S. 6(/, 4 J ; 

Cambridge 3 These skulls came from various parts of North Nigeria. 

(6) Crania from South Nigeria. R.C.S. 34 12 ? . These skulls came from several 

provinces of the country, and the majority of them are recorded as representing the 
Ibibio and Ekoi tribes of the Calabar region. The male means of these two series 
for the four iildices were calculated separately and are shown below. The probable 
errors of the North Nigeria means were found by using the South Nigeria standard 
deviations. 


Indices 

Frontal 

Simotic 

Rhinal 

Premaxillary 

(а) N. Nigeria (Moan) 

(б) S. Nigeria (Mean) 

S. Nigeria (rr) 

(a) -(b) 

17-7 ±-29(18) 
17*6 ± *21 (34) 
l-82±-18 
+ •1 ±-36 

30-7 ±1-68(17) 
28-9 ±1-22 (32) 
10-24 ± -86 
+ 1-8 ±2-08 

30-2 ±1-16(11) 
29-ft ±1-11 (12) 
5-70 ± -79 
+ -7 ±1-61 

36*2±-56(17) 
36-6 ±-43 (29) 
34-2 ±-30 
-•3 ±-71 
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It is obvious that none of the differences between the corresponding pairs of 
indices should be regarded as significant. The pooled means in Table I (p. 222) 
were used for comparative purposes. 

VII. Gaboon Negro, (a) Gaboon, 1864. B.M. 44 ?. See Bm. VoL vni. 
pp. 292—839, 1912. This series was collected by Du Chaillu in Fernand Vaz. 
(J) Gaboon, 1880. B.M. 18</', 19 ?. See ibid. This series came from the same 
locality, and it was collected by the same person. It has been shown that series (a) 
and (6) bear a very close resemblance to one another when all the usual cranial 
characters are compared, (c) Gaboon, collected at various times. R.C.S. 12(/, 6 
These specimens came from the neighbourhood of Fernand Vaz and the Gaboon 
river. The means of the above three male series for the four indices are shown in 
the following table. 


Indices 

Frontal 

Bimotic 

Bhinsl 

Premaxillary 

(a) Gaboon, 1864 (Mean) 

(b) Gaboon, 1880 (Moan) 

(c) Gaboon, R.C.S. (Mean) 
Gaboon, 1864 (<r) 

(a) -(b) 

(а) -(c) 

(б) -(c) 

17-6 ±* 2 l ( 46 ) 

17 - 5 ±- 34 *( 18 ) 

18 - 3 +- 42 *{ 12 ) 
2 - 13±‘15 

0±-40 
-•8 +-47 
-•8 ±-64 

. 30*9 + *91 ( 45 ) 
29-0 ± 1 * 52 ( 16 ) 
28 -a ± 1 * 92 ( 10 ) 
9*01 ± *64 
■ I - 1-9 ± 1*77 
+ 2*6 ± 2*12 
+ -7 ± 2*45 

28*9 ± *41 ( 32 ) 
29*2 ± * 64 ( 13 ) 
28-7 ± 1-16 ( 4 ) 
3 ' 43 ± *29 
~*3 ± -76 
±*2 ± 1*23 
+ •5 ± 1-32 

38*5 ±-37 ( 40 ) 
38*6 ±- 64 ( 13 ) 
39-3 ±- 73 ( 10 ; 
3-42 ±*26 

0±-74 
-•8 ±-82 
-•8 ±-97 


It is evident that the differences between all possible pairs of means are quite 
insignificant, and the combined means given in Table I may therefore justifiably bo 
employed for comparison in this paper. 

VIII. Angoni. B.M. 25 cf. See J.AJ. Vol. xxviii. pp. 55—94, 1898. The 
specimens were obtained from M^ponda’s Town at the south end of Lake Nyassa. 
The donor, Sir H. H. Johnston, describes them as being the crania “of a slightly 
mixed negro race mainly belonging to the Anyanja stock with a slight Zulu inter- 
mixture. It is possible, however, that one or more of them may be Yaos mixed with 
Arab blood.” 

IX. Ashanti. RC.S. 12 ^ ; Cambridge 2 ^ ; Oxford 20 (f, 31 ? . Of these, 
4 male specimens came from Kumasi, and 3 males were of Ashanti warriors 
killed in war in 1873 — 74, Others are merely marked as having been obtained 
from districts on the West coast of Africa, and no further information is available. 

X. Teita Negro. Biom. Lab. 57 c/', 65 See Bm. Vol. xxiii . pp. 271 — 314, 
1931. The Teita, or Wa-Teita, are a small tribe of Bantu-speaking negroes living 
in the South of Kenya Colony. 

XL Zuhi. R.C.S. 17 Most of these skulls are of Zulu warriors. They came 
from two battle-fields on the Zulu border, Isandhlwana and Ulundi, where fighting 
took place in 1856 and 1879 respectively. 

* The probable errors of the four indices for series (b) and (c) were obtained by using the corre- 
sponding standard deviations of series (a). 
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Xn. Congo Negro. R.C.S. 30 ? ; Leiden 2 1 See Bm, Vol. viii. 

pp. 292 — 339, 1912. The majority of these specimens represent the Batetela tribe 
who live at about 24® 20' E., 4® 61' S. near the Lubefu River. A few came from the 
neighbourhood of the Congo basin and the Upper Congo regions. 

XIII. Bvshman. R.C.S. 9</, 14 ? ; Cambridge 2</; B.M. 1^ ; Oxford 11<^, 3 ?. 
Of these, there are 4 males and 1 female from the Cape of Good Hope, 1 male from 
the Transvaal, 1 male from Namaqualand, and 1 female from the Orange Free 
State, while the localities from which the others came are unknown. 

XIV. Hottentot. R.C.S. 2(/’, 6 ? ; Oxford 7 c/*, 2 . Of these, 3 males and 

1 female are known to have come from Namaqualand, Middleburg, the Cape of 
Good Hope and the Cape of St Francis respectively, while the others are from 
unknown localities. 

XV. Kaffir. R.C.S. 22</‘, 7 ? ; Cambridge ScT, 2 J ; Oxford 25 cT, 1 ? ; 
B.M. 3 (/•. Various tribes of KaflSrs are represented in this series, but most of the 
specimens represent Bantu negroes inhabiting the South and South-East of Africa. 
Six male specimens are stated to have been obtained from native burial-grounds 
during the Kaffir War in 1847. 

C. American Series. 

L Eskimo. R.C.S. SSc/*, 17 ? ; Cambridge 4</, 1 ? ; Oxford 11 11 ? ; B.M. 4(/, 

11^. Of these, 31 males and 18 females are marked as having come from various 
parts of Greenland and the neighbouring islands; 12 males and 8 females are from 
several islands situated to the North of Baffin Land and from the North-East coast 
of Labrador. A few came from unknown localities. Ail the specimens have been 
pooled together to make up a sufficient number for the purpose of statistical enquiry. 

II. Peruvian. This is one of longest series which was measured for the present 
purpose. In order to examine local differences in the characters dealt with, the 
material may be first divided into two groups: (a) Specimens from Pacasmayo. 
R.C.S. 20</', 13?; Cambridge 47(/*, 22.?; Oxford 4^, 4?. These mostly belong to 
Consul Hutchinson’s Collection. (6) Specimens from other localities. R.C.S. 37c/*, 
28?; Cambridge 10 c^, 6?; Oxford 55</*, 42?. These were mostly purchased from 
Consul Hutchinson. The localities from which the majority of these skulls came 
are: Cerro del Oro (in the Canete Valley, 100 miles South-East of Callao), Ancon, 
Huacho (near Callao) and Santo, all situated in the Western part of Peru. The first 
two named are better represented than the others. The means of the four indices 
for the two male series cure given in the table at the top of p. 210. 

From the figures shown it is apparent that the mean differences are all too 
small to be considered significant except in the case of the simotic index for which 
the difference is 2’6 times its probable error. It was considered that for the present 
purpose all these Peruvians might be pooled together although a significant 
difference occurs in the second index. It should be noted here that among the 
Peruvian skulls there are many which show a fronto-occipital deformation. It may 

Biometrika xxvi 



210 


'‘Flatness” of the Facial SkeleUm in Man 


Indices 

Frontal 

Simotio 

Constants 

Mean 

a 

Mean 

O' 

(а) Peruvians from Pacasmayo ... 

(б) Peruvians from other localities 

17-2+ -13 (69) 
17-2±-13(102) 

1*61 ±09 
1*98 ±’09 

40'3±-77 (67) 
42-9±-64(99) 

9*30 ±*54 
9-49 ± *45 

(«)-(6) 

0±-19 

-2-6±l*00 


Khinal 

Premaxillary 

(а) Peruvians from Pacasmayo ... 

(б) Peruvians from other localities 

40-0± -84 (16) 
39'1 + -61 (27) 

4*99 ±*69 
4*72 ±-43 

34-6 ±*26 (61) 
34-2 ±-22 (82) 

2*96 + -18 
2*98+ *16 

(«)-(*) 

+ •9 ±1*04 

+ •4 ±*34 


be asked : Does such a deformation affect their facial measurements ? This question 
can be easily answered by making a comparison of the means for each character 
from two sets of crania, i.e. crania recorded as having a slight or marked artificial 
deformation in the frontal region and crania preserved in a natural state. Let us 
take the male Peruvian specimens at Oxford for illustration as the state of deforma- 
tion is individually recorded in the catalogue of the Museum there. The indices for 
the two groups just mentioned were calculated separately and the standard deviations 
based on the total male Peruvian crania were employed to obtain the probable 
errors. The constants are: 


Indices 

Frontal 

Simotic 

Bhinal 

Premaxillary 

(a) Normal crania 
(h) Deformed crania 
(a)-{b) 

16- 7 ±*19 (43) 

17- 0±-31 (16) 
-•3 ±'36 

43-9 ±1-00 (41) 
41*2±l>6e(16) 
+ 2'7 + l'94 

38*3± *84(16) 
40*0 + 1-33 (6) 
-1*7 + 1*68 

33*0 ± -36 (32) 
34*1 ±*66 (13) 
-1*1^66 


It will be seen that the ratio of the difference to its probable error is in no case 
greater than 1*7. This indicates that our facial measurements are not aflfected to 
a significant degree by the artificial deformation practised by the Peruvians as far 
as can be ascertained from the short series available. 

III. North American Indian, R.C.S. 26?; Cambridge This series 
represents a miscellaneous collection of North American Indians derived chiefly 
'from Vancouver Island and the West. The different tribes are represented by such 
small numbers that there is no alternative' to pooling all the available material ; 
it gives means which are of small permanent value. Some specimens show a 
certain degree of frontal deformation, but their facial skeletons were presumably 
not distorted to any appreciable extent. 
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IV. Patagonian, R.C.S. 21 These specimens came from various districts in 
the neighbourhood of the South-East coast of Patagonia, North of Tierra del Fuego. 
They represent several tribes of native Indians. 

V. Fuegian, R.C.S. 12(/. These came from the South-West coast of Tierra 
del Fuego. 

D. Oceanic Series. 

I. Maori: New Zealand, R.C.S. 44</‘, 13?; Cambridge 10 .5?; Oxford 29 cZ*, 
6? ; B.M. 6(Z', 1 ?. Of these, 30 males and 9 females came from the North Island, 
principally from Auckland, and a few came from the South Island, but tliere are 60 
specimens, male and female, the original localities of which are not specified. 

II. Moriori, R.C.S. 33^, 21 ?; Cambridge 3 (Z*. 1 ? ; Oxford 6 ^Z*, 4?; B.M. l^Z*, 
1 ?. These specimens came from various parts of bhe Chatham Islands and it may 
be assumed that they form a racially homogeneous sample. 

III. New British, Cambridge 39 <Z*, 24?. The specimens were collected by 
Mr A. Willey in the Island of New Britain. 

IV. Islanders of the Marquesas, R.C.S. 22(Z*» 16?. The series came from five 
main Islands, viz. Nukahiva, Fatuhiva, Hivaoa, Uahuka and Hiau. 

V. Easter Islanders, R.C.S. 35 </ , 16 ? ; Leiden 11 cZ* , 5 ? • A detailed description 
of this material is given in Dr von Bonin’s paper: Bm, Vol. xxiir. pp. 249 — 270, 
1931. 

VI. Kanaka: Sandtvich Islands, B.C.S. 52 ^Z*, 54?; Cambridge 6?. 

Kanakas” is the name applied by some anthropologists to bhe natives of the 

Polynesian Islands generally. In the native language of the Sandwich Islands 
'‘Kanaka” means "man.” Here it is restricted to the inhabitants of the Sandwich 
Islands alone. More than 85 per cent, of the crania of this series came from the 
Island of Oahu (Woahoo) and the remainder from the Island of Hawaii (Owyhee). 

VII. New Caledonian, R.C.S. 18</. Of these, 10 specimens came from the 
mainland of New Caledonia, 4 from the Island of Pines, a small island South-East 
of New Caledonia, and 4 from the Island of Lifu, the largest of the Loyalty Islands, 
near New Caledonia. 

VIII. Solomon Islanders, R.C.S. 21 </*, Cambridge 6 </. Among these 3 specimens 
are known to have come from the Island of San Cristoval, 1 from Quadalcanao 
and 1 from Isabel. The others are unspecified and only stated as being natives of 
the Solomon Islands 

IX. Islanders of New Hebrides, R.C.S. 36cZ'. Of these, 24 crania came from 
various Islands of the New Hebrides ranging from the Cherry (Anuda) Island in 
the North to the island of Tanna in the South. These include Eromanga, Ambrym, 
Fat6, Api and the Banks Islands. The remaining 12 crania came from the Island 
of Mallicollo, and these are all remarkable for the depression of the frontal region. 
It has not yet been ascertained whether this is a natural conformation, or whether 

14— a 
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it is due to artificial deformation in infancy. The evidence derived from the 
Peruvian series leads us to hope that the facial measurments of any deformed 
crania in the present series would not have been affected appreciably, 

X. Fijian, R.C,S. 80^/*, 18 Out of these, 18 males and 9 females came 
from various burial-grounds on the Island of Viti Levu, the largest island of the 
Fiji group. They are mostly of the coastal tribes. Six males and 4 females came 
from, the Island of Ovalau and 6 males from the Island of Vanua-Valavo. 

XI. Papuan, Cambridge 79^, 49 ?. The specimens were collected by the 
Daniels' Expedition, and they came from mere than 10 different districts in the 
territory of British New Guinea. 

XII, Islanders of the Cook Oroup, R.C.S. 19cj", Of these, 9 came from the 
Island of Atiu (20*^ 0' S., 168° 5' W.), 4 from the Island of Mangaia and the remainder 
from neighbouring small islands. 

XIII, Tasmanian, R.C.S. 21^/*, 13$. These specimens were collected by 
various persons in Tasmania. 

XIV — XVI. Australian, It was found convenient to group the native 
Australian skulls measured in the following way ; 

(а) Australians from the Northern Territory. R.C.S. 10 cT, Oxford 7 B.M. 1 
These skulls came chiefly from Port Essington, Port Darwin, the region of 
Van Diemen Gulf and the banks of the yictoria River, so all are from the North-West 
of the Northern Territory. 

(б) Australians from Queensland. R.C.S. 25 j/*, 10 $ ; Cambridge 2^/*, 1 $; 
Oxford 9 cT , 1 $ . More than half these specimens came from North Queensland 
and the remainder from South, Blast and Central Queensland. 

(c) Western Australians. R.C,S. 8 </*, 3 $ ; Cambridge 6 c/, 6 $ ; B.M. 3 c/*, 2 $ . 
These skulls came chiefly from the North-Western district of Western Australia. 

(d) Australians from New South Wales. R.C.S. 12 c/*, 8 $ ; Cambridge 2 c/*, 2 $ ; 
Oxford 17 cT, 8 $. These specimens came mainly from Sydney, Port Stephens, 
Bathurst, and the neighbourhood of the Hunter, Macleay and Clarence Rivers, 
i.e. from regions close to the Eastern coast of New South Wales. 

(e) South Australians. R.C.S. SSc/*, 26 $ ; Cambridge ll^/*, 5 $ ; Oxford 6 (/*, 

4 $ ; B.M. 1 , 2 $ . Most of these came from Adelaide and the banks of the 

Murray River, near the South coast of South Australia. 

(/) Australians from Victoria. RC.S. 18 </*, 13 $ ; Cambridge 2 Oxford 4c/’, 
1 $. The majority of these crania came from Melbourne, Geelong, Port Phillip and 
Port Fairy, on the South coast of Victoria. A few came from Ballarat and the 
vicinity of the Murray River (Victoria). 

We require to know whether there are any significant differences between the 
characters of the six Australian series. In order to examine this point the means 
of the male series for the four indices were calculated separately and they are given 
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below. The differences between all possible pairs of means together with their pro- 
bable errors are presented in the table below. The standard deviations of the South 
Australian series were used in computing the probable errors of the means for the 
Northern Territory, Western Australian, New South Wales and Victoria groups. 
The differences which exceed 2*5 times their probable errors are in italics. Considering 
the differences between the means in terms of their corresponding probable errors, 
which are shown in the second part of the table below, it will at once be noticed 
that the mean indices of the last four Australian series show no significant differences 
from one another, but the first two series, i.e. Australians from the Northern 
Territory and from Queensland, differ quite significantly in one or two characters 
from one another and also from the last four series mentioned, the single exception 
being that the Northern Territory series shows no significant differences from the 
South Australian group. Accordingly, the whole of the Australian specimens 
measured cap be best regrouped in three series, viz. Australians from the Northern 
Territory (XIV), from Queensland (XV), and from all other parts of the continent 
(XVI). It may be noticed that the frontal indices show no significant differences. 
The general characters of Australian crania — accoixling to Morant’s recent study 


ConstaDts 

Series 

Frontal 

Sirnotic 

Bhinai 

Premaxillary 

Means 

(a) Australians from \ 
Northern Territory J 
(h) Australians from \ 
Queensland J 

(c) Western Australians 
(o?) Australians from \ 
New South Wales J 
(e) South Australians 
(/) Australians from \ 
Victoria J 

18*8 ±-39 (18) 

18*5 ±*28 (36) 
18*9±-41 (16) 
18*5±*30(30) 
18*2+ *23 (52) 
18*4 ±*34 (23) 

41 -9 ±1-50 (16) 

37-5 + 1-01 (30) 
43-8 ±1-45 (17) 
43-2 ±1-09 (30) 
45-9 ± -90(44) 
43-3 ±1 •25 (23) 

37-2± -93(12) 

30-1+ -07 (18) 
33-4 ±1-08 (9) 
33-7 ± -81 (10) 
35-0 ± -78(17) 
33-3±l-14 (8) 

41-5±-60(17) 

39-5 ±-39 (35) 

38- 9 + -76 (11) 

39- 2+ -45 (30) 

40- 6±-39^41) 
39-8 ±-54 (21) 

Standard 

Deviations 

{b) Australians from \ 
Queensland J 
(e) South Australians 

2*53 ±*21 

2*45±-16 

8*98 ± *71 

8*87 ± -62 

4-18+ -47 

4-78+ -55 

3*41 1*28 

3*681*27 

Differences 
of Means 

(a) -(b) 

■ (o)-(c) 

(a) -(d) 

(«)-(«) 

(«)-(/) 

irri. 

(c)-W 

W-(/) 

(•)-(/) 

4- -3 ±*48 
- *11*57 
+ •3 4*49 
+ •6 ±*45 
•4*4 4 *52 
-•4 ±-50 
0±*41 
+ •3 ±*38 
+ *1±*46 
+ *4±*5l 
4*7±-47 

4 *5 ±*64 
+ •34*38 

4-1 ±-46 
-•2 ±-41 

+4*441*80 
-1*9 ±2*08 
-1*3 ±1*85 
-4*041*75 
-1 *41 1*95 
-6*^41*77 
-■5'7±VJl9 
^S*Jt^VS5 
^5-8±V01 

4 *61 1-82 
-2*l±l*7l 
+ -511*91 
-2*7 + 1*41 
- *111*66 
+ 2*6+1*54 

+ 7*/±i*i9 
+ M±/*^^ 
+S'5± 1-1^3 
+ 2*211*22 
+5-.91 i*^7 
-5*.?4i*^^6 
-5*64 7*9^ 
-^•947*95 
-3*211*32 
- *3±1*35 
-1*61 1*33 

4 *l±l*57 
-1*341*12 
+ *411*40 
41*711*39 

4^*91 *7^ 
+Ji-0±*96 
4M4-76* 

4 •94*72 
41*71*81 
+ *61*85 

4 *31*60 
-1*11*55 

- *34*67 

- *34*87 
-1*71*84 

- *91*92 
-1*41*60 

- *61*71 
+ *81*67 
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(Bm, Vol. XIX. pp. 417 — 440, 1927) — suggest a division into two groups, viz. 
Northern Australians, on the one hand, and all the remainder, on the other. This 
accords with the present grouping based on measurements of facial flattening only, 
except that we have also to divide off a Queensland group. The pooled means of 
each character for our three Australian series are given in Table I (p. 222). 

E. Asiatic Series. 

I. Chinese. Two series of Chinese crania were measured in the museums of 
Holland and England : ^ 

(а) Chinese (Leiden). Leiden 48^, 4 Of these, 15 males are marked as 
having come from the provinces of Kwantung and Fukien, South China, 14 males 
and 2 females from Hong Kong and Batavia (Java), and the remaining crania are 
unspecified. There is some reason to believe that these unspecified specimens most 
probably belong to the Southern Chinese and that no Northern elements are 
involved. 

(б) Chinese (English museums). RC.S. 67 </*, 12 Cambridge 6(/; Oxford 
13 </*, 2 ? ; B.M. 3 (/*. Nearly half of the specimens measured are marked as having 
come from Canton, Macao, Amoy, Hong Kong and Batavia (Java), and these almost 
certainly represent the Southern Chinese. Others are marked as criminals, seamen, 
or merely inscribed as “ Chinese,*’ and no further information is available. These 
unspecified crania, we believe, may be the heads of Southern Chinese as the spellings 
of their names given on the skulls are most likely Cantonese or Fukienese. The 
means and variations of the four indices for both male Chinese scries are given in 
the following table. 


Indices 

- - 

Frontal 

Simotic 

Mean 

O’ 

Mean 

<r 

(a) Chinese (Leiden) 

{h) Chinese (England) 
(a)~(fe) 

15*9 ±-22 (48) 
15*8+ *16 (88) 
+ *1 ± *28 

2-29 ±-16 
2*15±-11 

32-8 ± *77 (48) 
31-1 ± -86(89) 
+ 1-7±1-16 

7-92+ -55 
11-97 ±-61 


Rhinal 

Premaxillary 

(a) Chinese (Leiden) 

(b) Chinese (England) 

(a) -(6) 

31-!)± -62 (43) 
31 -2 ±-43 (66) 
+ •7 ±*68 

5-08 ±-.37 
5-19±*31 

34 -8 ±-32 (44) 
33-9±-28(77) 

+ •9 +-42 

3-14±-23 
3-57 ±-19 


Again we find that for all the characters with which we are dealing the two 
scries differ insignificantly from one another, although these samples were collected 
in various parts of South China and its neighbouring islands. This accords with the 
belief that the Chinese race is homogeneous in its physical type. 




T. L. Woo AND G. M. Morant 


216 


11. Burmese, Two series of Burmese skulls were measured. 

(а) Burmese A Type. Biom. Lab. 39 A southern series from the 

neighbourhood of Moulmein was divided into three groups of which the Burmese A, 
according to Miss Tildesley’s study (Bm. Vol. xiii. pp. 176 — 262, 1921), is supposed 
to be true Burman. 

(б) Burmese in general. R.C.S. 32 Oxford 10 c/. The specimens in these 
museums are only marked “ from Burma.*' Their localities are mostly unspecified 
with the exception of 7 cases marked “ from Rangoon or Pegu.*’ All skulls known 
to represent the primitive native races of Burma were omitted. 

The differences of the mean indices between the two male series are tested in 
the usual way. 


Indices 

Frontal 

Siraotic 

Mean 

<r 

Mean 

<r 

(a) Burmese A ... 

[b) liurmese in general 

(a)-~{b) 

15 - 8 + -28 (42) 

16- 2±-16(42) 
-•4+ -33 

2*72 + *20 
1-57 ±-12 

32*9± -97(41) 
33%3+ *97(41) 
-•4 + 1*38 

9-24 +*69 
9*25+ *69 


Rhinal 

Premaxillary 

(a) Burmese A 
(h) Burmese in general 
(a) -(b) 

28-7±-62 (21) 
29’8+ ’43 (36) 
-1-1 + -67 

3-53 ±-37 
3-80 ±-30 

32- 7 ±-35 (34) 

33- 6 ± -32 (36) 
-•9 ±-47 

3*00+ -25 
2-85+ *23 


It is seen that so far as the indices of facial flattening are concerned the two 
series do not differ significantly from one another. It is, therefore, justifiable to 
pool them for the present comparative purposes. 

III. Japanese, R.C,S. 9 J , Cambridge 1 Oxford 4 J , B.M. 3 J, The series is a 
short one as there are only a few Japanese specimens in English museums. Only three 
crania are marked as having come from Tokio, Yokohama and Kyoto respectively, 
the others being from unknown parts of Japan. They are all of modern date. 

IV. Aino, R.C.S. 7 B.M. 1 Of these, 5 came from the island of 
Yezo (Hokkaido), the homeland of the Aino, 2 came from the Kurile Islands and 
1 from an unknown locality. 

V. Tibetan A, R.C.S. 17 B.M. 20(Z*. These specimens came from the South- 
West of the country and are classified by Morant as of the Tibetan A Type. See 
Bm. Vol. XIV. pp. 193 — 260, 1923, and Vol. xvi. pp. 1 — 105, 1924. 

VI. Tibetan B, R.C.S. 16 J, This series represents soldiers from the Eastern 
Province of Khams who are said to belong to the Tibetan B Type. See Morant, 
loc, dt, 1923. 
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VII Nepalese. B.M. 48/. These crania came from different parts of Nepal 
See Bm. VoL xvi. pp, 1 — 106, 1924. 

VIII. Malay. R.C.S. 10 /. These specimens were collected in the Malay States. 

IX. Andamanese. R.C.S. 17/, 16 ?; Cambridge 14/, 9 ?. These specimens 
came mainly from the Great Andaman Islands although several crania are unspecified. 
'South Andaman is better represented than the other islands, 

X. Nicobarese. Cambridge 14/. These specimens were collected by J. M. 
Wright in 1923—24. 

XL Naga. Biom. Lab, 23/, 15 ?. These specimens were on loan to the 
Biometric Laboratory at the time when they were measured (see Bm. Vol. xxv. 
pp. 1—20, 1933). They represent natives of the Naga Hills in Eastern Assam. 

XII. Javanese. The Javanese skulls measured may be divided into the four 
groups below. 

(a) Javanese from Bantam and Batavia. Leiden 55/, 12 $. This series came 
from the provinces of Bantam and Batavia in the Western part of the island. See 
Bm. Vol. XXIII. pp. 52—11.3, 1931. 

(b) Javanese from Middle and East Java. Leiden 69/, 15?. These skulls 
came principally from the Middle and East of the island although a few unspecified 
skulls are also included. See ibid.- 

(c) Javanese from Madura. R.C,S. 10/, Leiden 13/. 

(d) Javanese in general. R.C.S. 30/, 7 ?. These skulls came from various 
parts of Java. 


Constants 

Series 

Frontal 

Simotio 

Bbinal 

Premaxillary 


{a) Javanese (B.B.) 

15-5 ±'20 (54) 

33-4 ± -92(63) 

.30*4 ± *55 (46) 

35-3 ±-38(61) 

Moans 

(6) „ {M.K.) 

15-9 ±-17 (69) 

32*7 ± -82 (67) 

30-4 ± -37(61) 

B4*l ±*32 (67) 

(c) „ (Madura) 

16-0 +-31*(23) 

31*6 ±1*44 (22) 

30-7 + -71(21) 

• .36*0 ± *57 (22) 


(d) „ (General) 

16*1 ±-26* (30) 

33-4 ±1-24(30) 

30-5 + -73(20) 

33-9 ±-52(26) 

Standard 

(a) Javanese (B.B.) 

2‘18±-14 

9*88 ± *65 

6*54± *39 

4*01 ±*27 

Deviations 

(6) „ (M.E.) 

2-08 ±-12 

10*13 ± *58 

4*25 ± *26 

3*87 ±*23 


(a) -(b) 

-•4 ±-26 

+ *7 ±1*23 

■■ 

0 ± *66 

+ 1*2 ±*60 


(a)-(o) 

-•5 ±*37 

+ 1*8 ±1*71 

-•3 ± *90 

+ *3 ±*68 < 

DifiTerences 

(a)-(d) 

-•6 ±*33 

0 ±1*64 

-*1 ± *91 

+ 1*4 ±*64 

of Means 

(b)-(c) 

-•I ±*3.5 

+ 1-1 ±1*66 

-•3 ± *80 

- *9 +*66 


■ {b)-(d) 

-*2 ±*.3I 

- *7 ±1*49 

-•1 ± *81 

+ *2 ±*61 


lo)-(d) 

-•1 ±*40 

-1*8 ±1*90 

+ •2 ±1*01 

+ 1*1 ±*77 


* The mean weighted value of the standard deviations of the first two series 
each index was used in calculating the probable errors of the last two series. 
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As the mean differences of the indices between all possible pairs of these series, 
which are shown in the table on p. 216, are too small to be considered significant, 
the four Javanese series have justifiably been pooled for the present purpose and 
the combined means are given in Table I. It has been shown by von Bonin that 
cranial series from different parts of Java are very similar to one another in type. 

XIII. Sumatran. R.C.S. 8^/*, Leiden 48^. These crania came from various^ 
parts of the country. A large number of them are said to come from the residencies 
of Palembang and Lampong and from the West coast of Sumatra. Several from 
Nias and other neighbouring islands have been included. 

XIV. Natives of Celebes. R.C.S. 9 Leiden 43 f". This series is chiefly made 
up of the skulls of Macassars and Bugis. 

XV. Natives of Sarawak. R.C.S. 9^/*, Cambridge 46(/, 24?. The specimens 
preserved in the two museums were all collected by Sir Charles Hose in Borneo 
in 1899. They represent various tribes belonging to difierent districts of Sarawak, 
chiefly those of the Murut group. They were mostly killed by Long Pata, Long 
Kiputs or other tribes in the Baram district, Sarawak. 

XVL Dayak R.aS; 8?, Leiden 42^^, 10?. See Bm. Vol. xxni. 

pp. 62 — 113, 1931, for an account of the Leiden series. As all these skulls came 
from Borneo and are marked as Dayaks, the two series may justifiably be pooled. 

XVII. Tagal. Leiden Sic/*, 19 ?. See ibid. The bulk of these crania came 
from Manila, Mindanao and Central Luzon, Philippine Islands. The Tagals are 
usually classified as one of the brown, non-negrito tribes of the islands. 

XVIII. A&;a. Leiden 33 14?. See ibid. The Aetas (Philippine Islands) 

are found in the interior of Luzon Island and in the islands of Mindoro, Panay and 
Negros, and also in the North-Eastern part of Mindanao. The people are very short 
in stature and are usually classed as Negritoes. 

XIX. Singalese. R.C.S. 24 c/*, 10 ? ; Cambridge Ic/, 2 ? ; Oxford 9^/*, 1 ?. 
The majority of these specimens came from Colombo, Ceylon, and a few from 
different parts of the Western and Central Provinces of Ceylon. The crania of peoples 
other than Singalese living in the island were excluded. 

XX. Veddah. R.C.S. 16,/*, 10 ?; Cambridge 2</, 1 ?; Oxford 3,/*, 3 ?. 
These skulls came mainly from the South-Western part of the Eastern Province of 
Ceylon. 

XXI. Punjabi. The Indians living in the Province of Punjab are, according to 
their religions, chiefly Mohammedan and Hindus. It is supposed that the people 
of the two groups do not inter-marry. The specimens measured represent: (a) Moham- 
medans. B.C.S. 39</, Cambridge 6 ,/*. This series comprises all crania inscribed as 
Mohammedan or Moslem fix)m the Punjab, (i) Hindus. R.O.S. 42 , Cambridge fie/* . 
This series consists of various castes of Hindus among which the low castes are 
better represented than the others. From the figures shown below it will be seen 
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that no significant diflference is found between any corresponding pair of indices for 
these two series. They have therefore been pooled. 


Series 

Frontal 

Simotio 

Mean 


Mean 

<r 

(а) Mohammedans 

(б) Hindus 

(a) -(6) 

21*2+ ‘28 (45) 
20*9 ± -25 (48) 

+ •3 ±-37 

2-79 ±-20 
2-55 ±-18 

— t 

49-6 ±1*28 (46) 
49-2+ 1-26 (47) 

+ -4±1'79 

12-72±-90 
12-79 ± -89 


Bhinai 

Premaxillary 

(«) Mohammedans 
{h) Hindus 
(a) -(ft) 

43-5 ± -77 (23) 
43-6±l-44(20) 

- -1 + 163 

5-46+ -54 
9*55 + 1-02 

36-6 ± -37 (39) 
36-7± -39 (40) 

+ •9 ±‘64 

3-41 ±-26 
3-64 ±-28 


XXII. Hindu: Madras Presidency, E.C.S. 49 These skulls came from 
the following localities : (a) 30 crania from Berhampur in the North-East of the 
Presidency; (6) 6 from the Bellary district, in the Western part of the Presidency; 
(c) 6 from a burial-ground near Madras, and (d) 7 from the Salem district in the 
South of the Presidency. All these specimens have been pooled for the purpose 
of the, present paper. 

XXIII. Hindu : North-East India, There are three more Hindu series which 
were measured in different museums. These came from the Provinces of Bengal, Bihar 
and Orissa, and the United Provinces, all in the North-East of India, so they may 
be conveniently dealt with together. The origin of these series is described as 
follows : 

(а) Bengalese. R.C.S. 88 (^, 38 ? ; Cambridge 8 9 ? ; Oxford 19 (/*, 5 ? . 

The majority of these specimens represent various castes of Hindus living in 
different districts of Bengal. Several crania of Mohammedans which came from 
the same province are also included. 

(б) Hindus from Bihar and Orissa. R.C.S. 37 These skulls represent various 
castes of Hindus living in the two provinces mentioned. The specimens came 
largely from the Patna district in the North-West of Bihar. 

(c) Hindus from the United Provinces. R.C.S. 26 </* ; Cambridge 1 (/•. These 
specimens represent several castes of Hindus who inhabited the United Provinces. 
'The low castes of Hindus are better represented than the high. 

The significance of the differences between the mean indices for these three 
series and those from the Punjab and Madras (Nos. XXI and XXII above) is 
tested as usual and the constants are given in the Table on p. 220. The differences 
which exceed 2*6 times their probable errors are in italics. 
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From the figures shown in the lower part of the table (p. 220) it may be observed 
that the Punjabi (XXI) and the Southern Hindus (XXII) differ significantly from 
one another in a slight degree in the case of the first two indices ; also, both these 
series show slightly significant differences, in one or two characters, from all the 
three series from North-East India, with the single exception that no significant 
difference is found between the series from Bihar and Orissa and that from Madras 
Presidency (XXII and XXIII 6). The last two represent adjoining regions. The 
largest difference, which is 4*3 times its probable error, is found for the rhinal 
index between the Punjabi (XXI) and the Bengalese (XXIII a), which represent 
regions as far apart as any pair. In the case of the last three Hindu series 
(XXIII a — c) the differences of the means for all possible pairs of indices are 
quite insignificant. This shows that the degree of facial flatness*’ of these 
samples from an enormous Indian population is a constant feature as far as can 
be told frorn the slender evidence available, and such a result agrees with that 
of a previous study which was based on the usual cranial measurements of several 
short Hindu series: see Bm. Vol. xx^*. pp. 294 — 300, 1928. In view of the com- 
parisons made above, the five East Indian sefies measured may be justifiably 
reduced to three groups, viz. the skulls from the Punjab, those from North-East 
India (XXIII a — c) and those from Madras Presidency. The grouping seems to 
be a reasonable one which accords with the geographical positions of the peoples 
compared. 

XXIV. Dravidian, R.C.S. 36c/'. These specimens belong to two short series: 
(a) 18 crania which came chiefly from the Madura district (Madras Presidency), 
and belong to the Maravar tribe, which is Dra vidian ; (6) 18 crania from the 
Tanjore district (Madras Presidency), and no detailed information relating to these 
is available, but the locality suggests that they are most probably of Dra vidian 
origin. 

XXV. Afghan, R.C.S. 18 These crania came from various parts of 
Afghanistan. Six of them are recorded as belonging to the Yusafzai tribes in 
the Peshawar Valley of this country. 

XXVI. Aroib, R.C.S. 10 c/*. This collection came from scattered parts of the 
country including Western (the coast of Midian), Southern (Hadramaut) and 
Eastern (Oman) Arabia. 

XXVII. Natives of Syria and Palestine. R.C.S. 10 </* from Syria, 11 </* from 
Palestine ; Cambridge 4 from Syria. This series came from several cemeteries 
in various districts of the two countries. Owing to the small number of specimens 
measured the pooling of these crania from the two neighbouring countries has 
been considered desirable for the purpose of the present investigation only. 
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(4) Seamal Differences of Mean Values, The material dealt with consists of 
83 male and 48 female series, and in general the female series are considerably 
shorter than the corresponding male series. Table I gives their means for the 
eight absolute measurements and four indices together with the probable errors. 
The sexual differences of these constants may be considered first. The sex ratios 
(i.e. the male means divided by the female means) arc given in Table II for the 
eight absolute measurements in all cases where the means for both sexes are 
based on 20 or more skulls. Values have been given previously for a number 
of tfie larger calvarial arcs and chords in the case of seven European and African 
series*. These show that the ratio may be peculiar to the particular character 
considered, but the range found for all of them only extended from 1024 to 1‘066. 
It can be seen from Table II that all the sex ratios for the internal biorbital 
breadth (10 W ) — a calvarial chord — fall within the same range. Little significance 
can be attached to such a range, of course, since the extreme values may be 
affected appreciably by errors of random sampling, or the inclusion of any series 
for which the male and female means do not represent precisely the same racial 
type is likely to extend the extremes considerably. While showing a few ratios 
less than 1*024 or greater than 1*066, most of these for MOW, OB, Sub. 10 W and 
Sub. GB lie between those values. As far as can be seen the sex ratios for these 
characters are not peculiar, and the subtenses to 10 W and OB have approximately 
the same values as the chords. But for the remaining measurements the position 
is different. For the simotic chord (SC) there are seven ratios less than unity, the 
female mean being greater than the naale, and 14 of the 27 ratios are less than 
1*024. The simotic subtense (SS), however, has only one value less than 1*024, 
but 24 greater than 1*066. For every series the ratio for the subtense is greater 
than that for the chord. The last character, the rhinal subtense (Sub. MOW), also 
has high sex ratios, the lowest of the 11 that can be given being 1*078, while 
again the value for the subtense is invariably greater than the value for the chord 
(MO W) in the case of the same series. We see then that the simotic chord shows 
peculiarly small sex ratios while the simotic and rhinal subtenses are also dis- 
tinguished, but on account of their peculiarly large ratios. The interracial averages 
shown in Table II bear out these conclusions. The breadth of the nasal bones 
shows relatively small differences between man and woman, but there are relatively 
large sexual differences between measurements of the projection of the nasal bones, 
both at the bridge of the nose and at their lower extremity. It may be anticipated 
that large sexual differences will be found between mean simotic and rhinal indices 
for the same series, and possibly no markedly significant sexual differences between 
the mean frontal and premaxillary indices. The fact that these relations do hold 
can be appreciated most readily from Figs. 1 and 2. The first figure shows the 
interracial correlation between the simotic and rhinal indices, all available means 
based on 16 or more skulls being shown, and it can be seen at a glance that in the 
case of both these indices every male mean is greater than every corresponding 
female value. This is a particularly striking relation since several of the series are 

* See Biometrika, Vol. xxui. pp. 214 and 275, 1981. 
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given. All the standard deviations used are given in Table Y. 
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TABLE II. 

Sex Ratios of the Absolute Measurements {all means used based on Twenty or more Skulls). 
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( 27 ) 

( 27 ) 

( 11 ) 
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( 27 ) 

( 27 ) 

(U) 

( 26 ) 


* The Mries for each continents area are arranged in brder accor^g to the size of the sex ratios 

for the first charActer. * 
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small, and it may be confidently asserted that for the same series no one of the 
usual cranial indices for which sexual differences are found would have shown a 
like uniformity. The fact that marked sexual differences are found for the simotic 
index was first noted by de M^rejkowsky, and it was confirmed by Ryley, Bell and 
Pearson. Table III gives the absolute differences of the mean indices and these 
quantities expressed in terms of their probable errors. It will be seen that most 
of the sexual differences of the simotic and rhinal indices are significant, and many 
are markedly significant. The degree of significance tends to be greater for the 
simotic than for the rhinal index, but it must be remembered that the means for 
the former are based on considerably larji^er numbers than the means for the latter 
in the case of most of the series. For these two characters there are evidently 
marked sexual differences for all modern races. Fig. 2 and Table III enable us to 
examine the frontal and premaxillary indices in the same way. For the former 
there is really no suggestion of sexual differentiation. For 15 series the male 
index is the greater, for 11 the position is reversed and there is absolute equality 
in one case. The most significant sexual difference is only 3’09 times its probable 
error. The premaxillary index is a measurement of shape, which indicates less 
similarity between the sexes. There are six series having the male mean greater, 
18 having the female mean greater, and equality is shown for one series. No 
differences are markedly significant, but the three which exceed three times their 
probable errors all have the female mean greater. It is quite likely that the female 
index would be found invariably greater than the male in the case of large samples, 
but sexual differentiation here is obviously much less than that observed between 
the shapes of the nasal bones. 

We may conclude that the male nasal bones are, on the average, decidedly 
more protruding than the female, while the premaxillary region tends to be less 
protruding in the male. The last relation will clearly not help in aiding the sexing 
of individual crania, and the rhinal index is of little value for the same purpose 
since the tips of the nasal bones are so often found to be defective. It may be 
doubted, too, whether the simotic index is of much value in aiding sexual dis- 
crimination owing to the fact that the intraracial variability of the character 
is very large. The difference between the means for the two sexes (Table III) is 
in all cases but one (Australians: “Other’' regions) less than both male and female 
standard deviations for the same series (Table V), and in most cases very decidedly 
less. In these circumstances the simotic index can be of little value by itself in 
aiding “ mathematical sexing,” though the form of the naeal bridge is a character 
which may profitably be considered in conjunction with many others in anatomical 
sexing. * 

These data may be considered from another point of view,. Do they suggest 
that sexual differences are greater for “advanced” or for “primitive” races? More 
and larger samples would obviously be needed to give any decisive answer to this 
question. The sex ratios for the simotic subtense and the sexual differences for the 
simotic index need only be considered in this connection^ and it may be seen from 
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Australian : “ Other” regions 
Kanaka 

Moriori 

Papuan 

Maori 

New British 




Series* 

' 

Anglo-Saxon 

English : Farringdon S 
Bomano-British ... 

Italian 

English: Spitalfields 

Nubian 

Guanche 

Egyptian : Kerma 
Ashanti 

Gaboon Negro 

Negro: Teita Hills 
Egyptian: Sedment 
Congo Negro 

Peruvian 

Eskimo 

North American Iiidiat 

Javanese 

Hindu: N.E. India 
Burmese 

Sarawak (Natives) 
Andamanese 

i Average difiference for ' 

1 all Series 

•| 

i 


III 

V 

II 

XII 

VI 

II 

I 

V 

IX 
VII 

X 

IV 

XII 

{HhhS 

HH 

XVI 

VI 

II 

XI 

I 

III 

XII 

XXIII 

II 

XV 

IX 


1 

'J 

1 


"’ll 

B. 

African 

Series 

c. 

American 

Series 

D. 

Oceanic 

Series 

•'ll 



The series for each continental area are arranged in order according to the size of the sex ratio for the simotic index. 
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the constants in Tables II (p. 226) and III (p. 229) that the races of Asia and 
Europe show a slight tendency to be less differentiated sexually than those of the 
other regions, while the Oceanic races tend to show the greatest sexual dififerences. 

(5) Sexual and Racial Differences in Variability. Table IV gives the standard 
deviations and coefficients of variation for all the racial distributions of absolute 
measurements made up by 60 or more individuals; Table V gives the standard 
deviations of the indices for all the distributions made up by 30 or more individuals. 
The sexual differences in variability may be considered first. Few comparisons can 
be made in the case of the absolute measurements, but the data suggest that 
female variation for the characters considered shows a slight tendency to be greater 
than male variation. Combining all the measurements, there are 18 cases in which 
the male coeflScient of variation exceeds the female and 26 in which the position 
is reversed. The most significant difference is only 3*4 times its probable error, and 
among the four cases showing this ratio greater than 3*0 the female index is the 
greater in three. It is curious that the position appears to be different when the 
indices are considered. In 44 comparisons the male standard deviation is the greater 
and for the remaining 14 the female constant is greater than the male. In six cases 
the sexual difference in variability exceeds 3*0 times its probable error, the greatest 
ratio being 6*4, and for all these the male constant is the greater. The dominance 
of male variation for the indices may also be appreciated by comparing the weighted 
mean standard deviations given in Table V. Out of all possible sexual comparisons 
between these which can be made for the four indices and five continental areas, 
there are 16 cases in which the male constant is in excess of the female and only 
four for which the position is reversed. We must conclude that for these measure- 
ments of shape male variation shows a distinct tendency to be greater than female, 
which for the measurements of size, judging by coefficients of variation, there is 
either sexual equality in variability, or females show a slight tendency to be more 
variable than males of the same race. The material is obviously too meagre to 
investigate whether there are any differences in the preponderance of variability 
of one sex over the other between different continental areas. Racial comparisons 
of the constants of variability may be considered next and it will be sufficient if 
we confine our attention to the male indices in this connection. The series in 
Table V are arranged in order of their standard deviations for the frontal index 
in the case of each continental area. The range of values, for each area is quite 
wide and theYe is no difficulty in selecting pairs belonging to the same group 
which differ quite significantly. This may not indicate in every case that the racial 
populations from which the samples were drawn really differ in variability for this 
particular character, as several of the samples may not have been randomly chosen 
owing to reasons of which we are ignorant. If the distributions of the standard 
deviations for the five continental areas are compared it will be seen that they are 
all overlapping and the inter-group means — excluding the American which can 
only be based on three series — are almost identical. The same is found in the case 
of the premaxillary index, and so few series are available for the rhinal index that 
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236 " Flatness" of the Facial Skdetan in Man 

TABLE V. Standard DemocUons of the Indices of Faeud Flattening*. 


Continental 

Serial 



Frontal 

^ 

Simotic 

Rhinal 

Premaxillary 

Area 

No. 

Bace 

sex 

Index 

Index 

Index 

Index 

A. 

VI 

English: Snitalfields 

6 

l-70±-05(248) 

H79± •50(126) 

6-16±-39(60) 

3-08±-17 (73) 

Europe 

IV 

English: hfediaeval 

»» 

1-87±'14 (43) 

12*79+ 1-02 (36) 

— 

3-67 ±-30 (36) 


XX 

Russian 


2*03±‘16 (36) 

11‘72± -93 (36) 

-- - 

2-66 ±-22 (33) 


III 

Anglo-Saxon 


2-08 ±*10 (92) 

9-29± *61 (77) 


3-66 ±-20 (76) 


XI 

French 


2*11 ±-16 (46) 

8*98 ± *66 (43) 

— 

4-11 ±-31 (39) • 


II 

Romauo-British 


2-18±-n (86) 

12-51 ± -66 (82) 

6*56±*48 (30) 

2-96±-18 (64) 


V 

English : Farringdon St. ... 

« 

2-19±-12 (75) 

12*75 ± *68 (81) 

6- 16 ±*48 (37) 

3*67 ±*24 (53) 


XVIII 

Modem Greek 

j) 

2*26±*19 (33) 

10-02 ± -86 (32) 

— 



VIII 

Modern Scottish 

♦j 

2-30+-19 (35) 

9-40± *79 (32) 

— 

3-14±-27 (31) 


X 

North German 


2s31±-20 (32) 

11-90+ 1-04 (30) 

— 

3-66 ±-31 (31) 


XII 

Italian 


2-33±-n (100) 

ll-40± -54(100) 

5-78 ±-38 (52) 

3-44±-17 (94) 


XIV 

Swedish 

n 

2*36±*21 (30) 

— 

— 

— 


VII 

Modern Irish 

♦» 

2*37±-14 (66) 

ll-70± -69 (65) 

5-35 ±-89 (44) 

2-65 ±*17 (57) 


IX 

British (Soldiers) 


2-46 + *11 (113) 

13-13± -69(111) 

6-06 ±-31 (84) 

3-12±-16 (101) 


XVI 

Dutch 


2-49±-17 (51) 

11-16± -74 (51) 


3-32 ±-24 (45) 



Weighted Mean (5) 


2-14 [15] 

11-64 [14] 

5-77 [6] 

3-32 [13] 


III 

Anglo-Saxou 

9 

l-59±-ll (45) 

9-32± -69 (41) 

— 

2-82 ±-21 (40) 


VI 

English: Spitalfields 


V76±-09 (94) 

11 *631 -97 (31) 

— 

— 


II 

Romano-Bntish 


2'14±-16 (45) 

10*73 ± *79 (42) 


3-66 + *29 (39) 


V 

English: Farringdon St. ... 

» 

2*16 ±-12 (75) 

10-19+ -56 (76) 

5-27±-37 (47) 

3*99 ±*27 (51) 


XII 

Italian 


2-64 ±-22 (32) 

10*67 ± ‘91 (31) 





Weighted Mean (ct) 

» 

2-00 [6] 

10-42 [5] 

6-27 [1] 

3-53 [3] 

B. 

IX 

Ashanti ... 

(J 

l-79±-16 (33) 

10-66 ± -87 (34) 



3*15 ±*27 (30) 

Africa 

VI 

Negro: Nigeria 

») 

1-82+-I2 (62) 

9-68+ -66 (49) 

— 

3*60±*25 (46) 


III 

Egyptian: Badari 


2-09+ -18 f32) 

7-07 ± -58 (34) 

— 

3*37 ±*28 (34) 


VII 

Gaboon Negro 

»> 

2-18±-12 (76) 

8-70± -49 (71) 

4*18±*28 (49) 

3-27 ±‘20 (63) 


XII 

Congo Negro 

)) 

2'21 + -14 (60) 

8-23+ -51 (60) 


4-26 ±‘31 (42) 


X 

Teita Negro 


2-24±-14 (55) 

7-69 ± -69 (39) 

— 

2-71 ±*23 (31) 


IV 

Egyptian: Scdment 

>1 

2-33+ -IS (40) 

10-01 ± -79 (37) 

— 

3*38±*27 (37) 


V 

Egyptian: Kerma 

»» 

2-41 ±-11 (117) 

9-l9± -44 (99) 

— 

3-62 ±*17 (103) 


XV 

Kaffir 


2-43 ±-16 (54) 

11-94+ -78 (64) 

— 

3*63±-24 (61) 


II 

Nubian 

M 

2-49 ±-14 (69) 

8-09 ± -52 (66) 

— 

3*62 ±*27 (40) 



Weighted Mean (?) 

)» 

2-26 [10] 

9-31 [10] 

4-18 [1] 

3-62 [10] 


XII 

Congo Negro 

9 

1-87 ±*16 (30) 





II 

Nubian 

» 

1*90±-12 61) 

6-15 ± -48 (38) 

— 

2-56±-21 (35) 


IV 

Egyptian: Sodment 

n 

2‘00±-17 (30) 

— 

— 




VII 

Gaown Negro 

V 

2-01 ±-12 (60) 

8-42 ± -54 (55) 

3*96 ±-29 (44) 

3-24 ±-22 (61) 


IX 

Ashanti 

»> 

2-08 ±-18 (31) 

10-96 ± -95 (30) 

— 

— 


X 

Teita Negro 


2*09±-13 (62) 

7-16± -49 (49) 

4*26 ±*37 (31) 

3-69±-29 '(37) 


V 

Egyptian: Kerma 


2-19±-ll (94) 

9-49 ± -53 (74) 

— 

3-00±-16 (83) 

— 


Weighted Mean (?) 

» 

■2-06 [7] 

8-58 [6] 

4-09 [2] 

3-12 [4] 


* The numbers in round braokets denote the numbers of skulls on which the standard deviations are based and none was 
calculated lor series made up by fewer than 80 specimens. The weighted mean Jf’s for the different continental areas were found 

from the formula \/ ~ numbers in sqtnare braokets denote the number of series on which they 
based. The sariei for a particular continental area are arranged in order of tlie standard deviations of the frontal dndlees. 
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Continental 

Serial 



Frontal 

Simotio 

Bhioal 

Pretnaxillaiy 


No. 



Index 

Index 

Index 

Index 

C. 

Ill 

North American Indian ... 


1*74±*12 (45) 

11*31 ± ‘80 (46) 


2*93 ±*22 (41) 

America 

II 

Peruvian 

w 

1*81 ±-07 (171) 

9-51 ± *35 (166) 

4*84 ±*.35 (4.3) 

3*00+ *12 (143) 


I 

Eskimo 

» 

l-96±-13 (.51) 

8*86 ± *60 (.50) 

— 

3*23 ±*23 (45) 



W eighted Mean (ff ) 


1-8.1 [3] 

9*73 . [3] 

4*84 [1] 

3 03 [3] 


II 

Peruvian 

9 

2*09±*09(114) 

7-36± *34 (107) 

5*25±‘56 (20) 

2*96 + *14 (97) 


I 

Eskimo 

u 

1*72±*15 (30) 


— 

— 



W eighted Mean {&) 

»» 

2*02 [2] 

7*36 [1] 

5-25 [1] 

2-96 [1] 

D. 

II 

Moriori 


1*84+ *13 (43) 

11 *891 *88 (42) 


2*88±*22 (39) 

Oceania 

XI 

Papuan 


1-84 ±-10 (76) 

10*04+ -.54 (78) 

5*06 ±*35 (47) 

3*57 ±*21 (66) 


III 

New British 


1-85 + *14 (39) 

10-.54+ *81 (39) 

.3-46 ±*38 (33) 

2*40+ *19 (36) 


V 

Easter Island 


1-93+ -10 f41) 

12*24 ± *88 (44) 


3*37 + *27 (36) 


X 

Fijian 


1‘98±-17 (30) 

10*85+ *95 (30) 

— 

— 


I 

Maori ... 


2-01 + -12 (89) 

12*20+ *62 (87) 

5*11 ±*40 (38) 

3*46±*19 (76) 


VI 

Kanaka : Sandwich Islands 


2-09 ±*12 (67) 

11*81 ± *71 (63) 

.5*.39±*38 (47) 

2*80 ±*18 (64) 


IX 

New Hebridean ... 


2-23±-18 (36) 

10*13± *83 (34) 

— 

3*74+ *31 (33) 


XV 

Australian: Queensland... 


2-53 ±*20 (36) 

8*98+ *71 (36) 


3*41 ±*28 (35) 


XVI 

Australian ; “ Other ” regions 

11 

2*99±-13(121) 

10*04± *45(114) 

4*62 ± *31 (50) 

3*60 ±*17 (103) 



Weighted Me^vn (d-) 

11 

2-26 [10] 

11*22 [10] 

4*83 [5] 

3*34 [9] 


XI 

Papuan • 

9 

1-86+ -13 (49) 

8*45 ± *58 (49) 

.3*95 ±*.32 (.34) 

4-03 ±-30 (40) 


VI 

Kanaka : Sandwich Islands 


2*05 + -13 (60) 

11*05+ *68 (60) 

3*81 + *30 (37) 

2-98±-19 (57) 


XVI 

Australian: “Other ’’regions 

11 

1*94±-10 (80) 

8*26 ± *46 (74) 

4*22 ±*.39 (27) 

3-41 ±-19 (71) 



Weighted Mean (if) 

11 

1-86 [3] 

9*31 [3] 

3*97 [3] 

3-43 [3] 

E. 

XIII 

SuinatKin 

6 

1-58 + -10 (56) 

10*14 ± *65 (56) 

5*87 ±*39 (52) 

3*61 ±*24 (60) 

Asia 

XVIII 

Ai)ta 


1-64+ *14 (.33) 

- 


— 


XVII 

Tagal 


1-65 ±-14 (31) 

— 

— 

— 


IX 

Andamanese 


1*83 ±*16 (31) 

— 

— 

— 


XVI 

Dayak 


2-00 + -13 (.55) 

9*85+ *67 (.50) 

4*46 ±*32 (44) 

3*32 ±*23 (46) 


XV 

Sarawak (Natives) 


2*04±*13 (.5.5) 

10*05 ± *65 (5.5) 

— 

4*56 ±*33 (43) 


V 

Tibeten A 


2-06±'16 (37) 

8*33+ *67 (3,5) 

6*71 ±*47 (34) 

3*21 ±*26 36) 


XXII 

Hindu: Madr;is 

” 

2*06 ±-14 (49) 

10*44+ *73 (46) 


3*44 ±*24 (48) 


XII 

Javanese 


2-13+ -08 (176) 

9*75 ± *36 (172) 

4*82 ± *19 (148) 

3*83±*14(166) 


XXIV 

Dravidian 


2*15 + -17 (36) 

10*46 ± *72 (3.5) 

— 

3*33 ±*29 (31) 


I 

Chinese 


2*19±*09(136) 

10*79 ± *44 (1.37) 

5*18+ *24 (109) 

3*51 ± *16 (121) 


XIV 

Celebes (Natives) 


2‘19 + ‘15 (.52) 

7*44 ± ‘49 (52) 

4*29 ±*31 (45) 

3*42 ±*23 (49) 


n 

Burmese 


2-24+ -12 (84) 

8*96 ± *47 (82) 

3*81 ±*24 (67) 

2*99 ±*17 (70) 


XIX 

Singaleso 

jy 

2'24±‘18 (34) 

10*37 ± *86 (34) 

— 

— 


XXIII 

Hindu: N.E. India 


2-36 + *08 (179) 

11*17+ *41(173) 

6*02 ±*27 (78) 

3*44±*13(163) 


VII 

Nepalese 


2-56 ±‘J8 (46) 

14*48 ±1*01 (47) 

6*79±*44 (39) 

2*97 ±*21 (44) 


XXI 

Punjabi 

>1 

2-87 ±*14 (93) 

12*94 ± ‘64 (92) 

7*64 ±*66 (43) 

3*67 ±*20 (79) 



Weighted Mean- {ff) 

11 

2-20 [17] 

10*60 . [14] 

5*20 [10] 

3-54 [13] 


XII 

Javanese 

9 

l-76fl4 (34) 

7*68 ± *64 (34) 

4-72 ±-41 (30) 

3*e8±*32 (30) 


11 

Burmese 


l-99±-16 (38) 

8*49 ± -67 (37) 

— 

2*76±*24 (30) 


XXIII 

Hindu : N.E. India 

11 

2-07±-14 (60) 

10*46 ± ‘72 (48) 


2*96 ± *21 (46) 



Weighted Mean (9) 

n 

198 [3] 

9-18 [8] 

4-72 [1] 

3-13 [8] 
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no conclusion can be drawn. The position is almost the same for the simotic index 
except that the group mean for the African races is appreciably lower than the 
others. It may be seen from Fig. 1 that the lowest simotic indices found are for 
African races. We can only conclude that the variabilities of the indices of facial 
flattening for different races are not peculiar to continental areas and that there is 
no evidence that the variations of advanced and primitive peoples are differentiated 
in this respect. 

(6) Intra- and Interracial Correlations of the Measurements of Facial 
Flattening, All four of the indices considered in the present paper are of the same 
type, as each is formed by expressing a "median*' subtense as a percentage of 
a corresponding transverse breadth. It might be anticipated that for both intra- 
and interracial samples they would be quite highly correlated with one another, 
and this could be supposed an expression of the fact that they might all be pre- 
sumed to measure the same feature of the cranium (viz. the transverse flattening 
of the facial skeleton) in rather different ways. For an intraracial sample positive 
correlations are to be expected between all pairs of the absolute measurements, 
owing to the effect of a common size factor*, and it would not be surprising to 
find that some pairs of the breadths and some pairs of the subtenses show high 
positive correlations. The correlations actually found do not coincide with all our 
anticipations in the present case. Table VI gives 72 male and female intraracial 
correlation coefficients for the longest series available. They range from - *176 to 
-h *434 and there are only 29 valuea (all "positive) which can be considered to differ 
significantly from zero. The frontal index is seen to be quite uncorrelated with 
the simotic, no significant correlation being found for any series, while the closest 
association is that between the simotic and rhinal indices which both measure the 
prominence of the nasal bones, all the values being significant in this case. Both 
frontal and premaxillary indices show a more marked, but still low, degree of 
association with the rhinal than with the simotic index. We must conclude that 
the last, which gives a measure of the prominence of the root of the nasal bones, 
is practically uncorrelated in the individual with other measurements of facial 
flattening which do not involve the nasal bones. The same might be true for an 
index confined to the lower extremities of these bones, the rhinal not being of that 
type since the breadth from which it is calculated is between points on the malar 
and maxillary bones. But the correlations between the frontal and premaxillary 
indices are also of a low order and the supposition that all our indices were 
measuring the same feature of the facial skeleton in rather different ways is seen 
to be entirely belied by the facts. The intraracial correlations of the absolute 
measurements will elearly be of interest and these are given in Table VII for the 
'male Javanese series — the longest available — for which the indicial correlations in 
Table VI are quite typical. As might have, been anticipated, all the correlations 

* See the eta&dsrd paper on oranial oorreiations by Professor Karl Pearson and Miss Adelaide 
G. Davin: **On the Biometric Constants of the Homan Skull,” Biometriha, VoL xvi. (1924), pp. 

328-368. 
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TABLE VI. 

htraradal Correlations of the Indices of Facial Flattening*. 


Baco 

Sex 

ry s 

(Frontal and 
Simotio) 

fF,R 

(Frontal and 
Bhinal) 

(Frontal and 
Premaxillary) 

(Simotic and 
Bhinal) 

(Simotic and 
Premaxillary) 

f JJ p 

(Bhinal and 
Premaxillary) 

British (Soldiers) 


+ •083 + -064 

+ -m + ‘0G7 



+ •199 + •065 

+ •243 ±*073 



(111) 

(84) 

(101) 

(84) 

(98) 

(76) 

Italian 


-•089+ ‘067 

+ ‘OT + '0«6 


'393-^ '080 

+ •237 ±'000 

i--m±-087 



(101) 

(52) 

(96) 

(51) 

(95) 

(50) 

Chinoao 

n 

+ •083 + '058 

+‘m±-0B9 

+ *778+ -059 

'381 -¥'055 

+ •242+ '058 

+ ’331 ±‘060 



(1.34) 

(108) 

(121) 

(109) 

(121) 

(100) 

Hindu: N.E. India 

)) 

•+•076+ -051 


+ -S(+3 + ^ft70 

•¥^373 + '005 

+ •769 + -053 

+ •371 ±'068 



(173) 

(78) 

(16,3) 

(78) 

(158) 

(73) 

Javanese 

V 

+ ‘064 + ‘052 

+ •153+ ‘054 

+-je!}+-or,i 

+ •399 ±'047 

+•119 + *052 

+*127±*056 



(165) 

(149) 

(166) 

(143) 

(16.3) 

(142) 

Egyptian: Korma 

u 

+ •002 ±*069 

_ 

+ •074+ •067 

— 

+ •086 ±*071 




(96) 


(99) 


(88) 


Gal)oon Negro 


+ '115±'078 

-•069+ -096 

+ •113+ ‘083 

+ *27‘£+'089 

+ •093 + '086 

+ •147+ -102 




(49) 

(64) 

(49) 

(60) 

(42) 

Pcjruvian 

)) 

+ '137 + -051 

+ •141 ±-101 

+ '^153 ± '053 

+ '413+ '0851 

+ •020 + -056 

+ •1891*106 



(166) 

(43) 

(143) 

(43) 

(143) 

(38) 

Maori 

1 ) 

+ •173+ '070 

+ -0»j±-lll 

- •052+ *077 

+ •351 + '090 

+ -182±-075 

-■038i-114 



(88) 

(37) 

(76) 

(38) 

(75) 

(35) 

Australian: “Other ’’regions 

»» 

-•038 + -064 

+•047 + 096 

+ •082 + •066 

+ 'X+'0S8 

-•024 + -067 

+'i00±'0S6 



(111) 

- (49) 

(102) 

(50) 

(101) 

(4.3) 

Egyptian: Kerma 

? 

-•176±^077 


+•141 + -074 


-•061 + '081 




(72) 


(80) 


(69) 


Gaboon Negro ! 


- -1441 -091 

+ •089 + -101 i 

+ -007 + ^095 

+ •420+ '082 

+ •082 + -099 

+ •101 ±‘107 



(53) 

(44) 

(•50) 

(44) 

(46) 

(39) 

Peruvian 


+ •096 ±-065 

— 

+ -l56+^063 

- 

- -109 + 070 

— 



(107) 


(96) 


(92) 


Australian : “Other” regions 


-•0.35+ -079 


+ •09.3+ -080 


+ •142 + •080 

— 

1 


(73) 


(70) 


(69) 

' 



The coefficients in italics are the only ones which differ from zero by more than three times their probable errors. 


in Table VII are positive. It has been shown by Pearson and Davin that nearly 
all the ihtraracial values found between pairs of absolute measurements are 
positive owing to the influence of a common size factor, This could be supposed 
to account for a number of correlations found for the Egyptian series with which 
they were dealing of the order + 1 to + '4f, but when the measurements compared 
also partly “covered” one another higher values were generally found:f. Among 
the 28 coefficients in Table VII there are 10 less than *2, and most of these do not 

t E.g. the coefficients found for the male Egyptian E series are +*3971 ± 0191 for L and n, 
+ ‘8844 ± -0208 for B and ff, + ‘2758 ± *0229 for O'H and J, and + -2358 ± -0218 for NB and L. 

J E.g. the ooefficients found for the male Egyptian E series are +*6341 ±*0187 for B and (7, 
+ *7059 ± *0117 for Nff and G'H, and + *4170 ± *0199 for B' and J, 
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Iwtraracidl Correlations of Ahsolute Measurements for the Male Javanese Series, all values based on ihe same 137 Skulls, 


240 



in Man 


CO CO ;0 CP CP QD « 

O w ^ ^ O ^ 3 

+i+i+i+i«+i+i 

f-l '« i-l M i-l O) 00 
^ ^ ^ P-4 (M rH 

O »-H ® O 

+ + + + + + V 


> |> -^ »0 Cp »0 00 

»fl 55 5 »p 

099000 9 

+I+I+I+I+I+I I +1 

CP r-l W Q <N I 00 
CP t:- CO f-i 55 r-4 

9 9 <N (N ^ CN 

++++++ + 


' ■Sw^*W Sw.' 

<N O OS O 

rH ^ i-M O 


+I+ 1 +I+I +1 

ilpll 

+ + + I ^ 


t>- (M 00 
^ ^ »p i?5 »o 

9 9 ? P ^ 
+1+1 +1+1+1 
os 1-^ »fl 

fggSf 

+++++ 


CP CP »P oq CP CP 

lggg ggg 
+1+1 +1+1 1 +I+I+I 
»0 <N ^ 1 ^ O I-H 

^ OS O CP O wo 
<+ <N <N « 'rf CO 


+ + + + 


lO t- rf rt* CO ‘ 

a iP lO iP ip I 

00 o o < 



I I +1+1 +1+1 
» I CO 00 

) CP ^ r-t 

I 9 « f;H 

- + + + + 

Ip t- Tj1 CO 
|8888 
+1+1 +1+1+1 




f w I w M. ^ w 

! 

4 1 +144^+1+1+1 

i Slim 

- ++++++ 

» IQ « Q <e 

+1 +1+1 +1+1 +1+1 
00 O Ip )P CD rH 
O OS <N ^ 00 CP .Tl» 
« 9 W 9 ri 

+++++++ 


^ ^cq 


3 I 

ffl 05 
<J fc. 

H ^ 

«0 



t-COOSaO(M'rlJrtOS 

I'-OiPOOOSPli-iip 

OOyiPPI^F^nH 

+1+1 +1 +1 +1 +1 +1 +1 
(NOSOOOCOOSr^t^ 
rHOOCOOSr-i|>OSF-+ 
■^»;^Cp«Or ^999 

pH«- 4 Xt^^lPf- 4 pH 


cpr»ipcoipT)<oco 

g (N os PI Tf F-i Ip 

CP CO I— PI CP fM 
*-4r-iCP00'^O^CSI 


+1 + 1+1 + 1 + 1 + 1 + 1+1 
fiiSQootr'^oscp 
OW’-^ipOSCOt^t^ 

^ v3 C*3 CQ CQ 




111 ] 
I I I I 


* In calonlating the interracial constants in Tables Vill — X no account was taken of the fact that the means are of unequal value since the 
numbers of individuals on which they are based differ widely. Since no system of weighting the means was employed, the usual formulae were 
applied to give the probable errors, and these would not be applicable, of coarse, if weighted means were used to determine the interracial constants. 
The procedure adopted is probably accurate enough for the purpose in view. 
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differ significantly from zero, while there are only two greater than The 
different subtenses show no high correlations with one another and the simotic 
chord is lowly correlated with the other facial breadths. We are dealing, in fact, 
with characters which are but little associated intraracially, and the conception 
of there being a single factor of facial features which can be measured in the 
individual in slightly different ways by the different subtenses or indices considered 
is seen to be of no practical utility. 

Since the indices we are considering were devised for the purpose of dis- 
criminating racial types, the interracial correlations are of more importance than 
the intraracial values dealt with above. Unfortunately the material collected is 
quite insufficient to give reliable estimates of the former. Four of the scatter 
diagrams given by the mean values are in Figs. 1 — 4, and the constants are in 
Tables VIII — X. In calculating the last, all means available based on 15 or more 
skulls were used in order to obtain a sufficient number of series, and it must be 
admitted that the sampling errors of the less reliable means are probably large 
enough to distort the resulting interracial constants. Owing to this fact, the 
standard deviations in Table VIII are probably larger than they should be. Never- 
theless, those for the frontal and premaxillary indices are less than any intraracial 
standard deviations found (cf. Table V), and for the simotic and rhinal indices the 
interracial values are less than nearly all the intraracial. For all these indices 
interracial variability tends to be decidedly less than intraracial variability, and 
the same is true for the absolute measurements (cf. Tables IV and IX) and for 
nearly all of the more usual cranial measurements. The interracial correlations in 
Table VIII are probably somewhat too low, owing to the fact that several unreliable 
means were included in computing them. They are surprisingly different from the 
intraracial values in Table VI. All of the former class are decidedly higher than 
the corresponding coefficients of the latter class, except in the case of the pre- 
maxillary with the simotic and rhinal indices respectively for which the interracial 
and intraracial coefficients are not clearly differentiated. This demonstrates again 
the impossibility of deriving any knowledge of interracial correlation from a 
knowledge of intraracial constants only. The coefficients for absolute measure- 
ments in Tables VII and X can be used to demonstrate the same point. While all 
the values in Table VII are positive, there are several quite high negative values in 
Table X, and it is of interest to note that these are nearly all with the maxillary 
facial breadth ‘(GiS). There is a clear indication that in the type the frontal and 
nasal subtenses and the simotic breadth decrease with an increase in GB, 

* The relative valuee of the correlation coefficients will depend partly on the racial homogeneity 
of the series. The Egyptian E series is known to be more homogeneous than most available series. 
Comparisons with the Javanese can only be made in the case of three male coefficients of variation, the 
values being: 

QB SS SC 

Egyptian E 4-90±-08 (877) 2310 ±1*64 (50) 16*84 ±1-17 (50) 

Javanese 4-67 ± 17 85*65 ±1*45 22*75 ± *87 

OB for Egyptian E is given by Pearson and Davin in Biometrikay Vol. xvi. 1924, pp. 828—863, and S8 
and SC by Ryley, Bell and Pearson in the same Jourrutl for 1918, Vol. ix. pp. 391—445, 

Biometrika xxvi 
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TABLE IX. Interracial Means and Variabilities of Absolute Measurements for Series made up by Fifteen or more Crania. 
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(7) Racial Comparisons of the Measurements of Facial Flattening. A description 
of the material measured is given in Section (3) above, and the mean measurements 
from which racial comparisons can be made are in Table I. Enough series are avail- 
able, representing all the principal groups of modern races, to give a definite 
estimate of the value of the new criteria for anthropological purposes. Figs. 1 — 4 
give scatter distributions of the mean indices taken in pairs, and no detailed 
descriptions of, or comments on, them need be made. But it is necessary to supple- 
ment the diagrams by discussing the order of differences which may be considered 
to indicate statistical differentiation in the case of each index. 

Fig. 1 shows the interracial correlation of the rhinal and simotic indices. All 
series for which both means are based on 15 or more skulls are shown, but the 
majority of them are made up by considerably more than 15 individuals, the actual 
numbers being given in Table I. In order to obtain an estimate of differences 
which are statistically significant, it will be sufficient to consider the 11 male 
European series which are all in the top right-hand corner of the diagram. Taking 
the rhinal index first, it is found that out of the 55 possible differences between 
the means, 31 are less than 2*5 times their probable errors, 9 show values of the 
ratio of the difference to its probable error between 2*5 and 4*0, and for the 
remaining 15 the ratios are greater than 4*0. If we suppose that a difference is 
significant when it exceeds 2*5 times its probable error, then by the rhinal index 
the Dutch series is differentiated from all the others except the Russian; the 
Spitalfields and Mediaeval English from all except one another and the Farringdon 
Street English; while the Italian and Farringdon Street English series are also 
differentiated. Six of the series — viz. the Russian, Anglo-Saxon, Scottish, Irish, 
Romano-British and that of British Soldiers — cannot be distinguished from one 
another by their rhinal indices, and neither the Italian series, on the one hand, nor 
the Farringdon Street English, on the other, can be distinguished from the same 
group. Turning to the simotic index, it is found that 36 of the 55 differences are 
less than 2 5 times their probable errors ; 9 show ratios between 2*5 and 4*0, and 
the remaining 10 show ratios greater than 4*0. Taking the limit again at 2*5, 
the Italian series is differentiated from all others except the Russian, the 
Spitalfields and the Mediaeval English; the Spitalfields is differentiated from 
all others except the Italian, Russian and Mediaeval English ; and the Mediaeval 
English is differentiated from all others except the Italian, Russian, Spitalfields 
and Farringdon Street English and the Romano-British series. Eight of the 
11 series — viz. the Dutch, Russian, Anglo-Saxon, Scottish, Irish, Romano-British, 
Farringdon Street English and that of the British Soldiers— thus show no significant 
differences between their mean simotic indices. If larger numbers of individuals 
were available, it is quite probable, of course, that some of the mean simotic indices 
for these racial types would be differentiated. For the material available, however, 
it is quite evident that statistically significant differences are found between points 
which are separated, in the case of either variate, by distances which are a small 
fraction of the total range shown by the same variate. It will be quite safe to 
assume, without further examination, that all the European series differ most 

16— a 
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significantly from all the Oriental and African negro series in the case of both rhinal 
and simotio indices. 

The frontal and premaxillary indices, used in Fig. 2, may be treated in the 
same way, and it will be sufficient to restrict attention to the group of five male 
Indian series at the top of the diagram. For these, only three of the possible ten 
comparisons of mean frontal indices show differences in excess of 2*5 times their 
probable errors, and the greatest ratio found is 3*0. The Singalese series shows 
a difference from that of Hindus from Madras which may be considered just 
significant, and the same is true for the Punjabi series from those of Hindus from 
North-East India and Madras respectively. More significant differences are found 
between the mean pre-maxillary indices, only three of the ratios being less than 
2*6, five being between 2*5 and 4*0, and two being greater than 4*0. Both the means 
for Singalese and Hindus from North-East India are differentiated from all for the 
other three series. All the mean frontal indices of the Indian series will clearly be 
differentiated most markedly from all the means for the Oriental series, and quite 
markedly from nearly all the European means. The premaxillary index is less able 
to differentiate these three groups of races, but significant differences for it will be 
shown between means which are separated by quite a small fraction — less than 
one-tenth, say — of the range shown by all races in the world. 

The feet that the last statement is true for all four indices indicates — since 
many of the series with which we are dealing are very small — that the indices are 
well-defined racial characters and their uses for purposes of classification may now 
be considered. The characters of this kind with which anthropologists are familiar 
may be divided somewhat arbitrarily into the following classes: 

(а) Characters which appear to be of little use for any purposes of racial 
classification, although they may diffpr quite markedly from race to race. 

(б) Characters which serve to differentiate and provide suggestive arrangements 
of racial types belonging to any single family of races, but which are practically 
valueless for the purpose of classifying the different families of rkces. Such are, 
notably, the cephalic index and stature, the ranges for these two being almost as 
great for European races, for example, as for all races in the world. 

(c) Characters which are practically constant for races belonging to any single 
family of races, but which provide suggestive orders when the different families are 
compared. Such are, notably, skin colour, the nasal index and the nasal angle 
or other measurements of prognathism. Characters of this kind alone are 
capable of approximately grading all races in the world in order of their 
" primitiveness 

Fig, 1 suggests forcibly that both the rhinal and simotic indices belong to the 
last of these classes. The interracial correlation between them for male means was 

* See coxnmentB on this point by O. M. Morant in AnnaU of Eugenics, Vol. n. (1927), pp. 884--S86, 
where it is o<HAoliided that the na^ index and nasal angle are the best fitted of the nsaal cranial 
oharaoters to serve the purpose mentioned. 
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found to be + *868, and it is clear that the orders in which the two considered 
singly will arrange the races are very similar. African negro types have the most 
depressed nasal bones, then the Oriental races, which are remarkably similar to one 
another in this respect, follow and lead on to the American, Oceanic and Egyptian 
groups which are not distinguished from one another; the three Indian series all 
have more prominent nasal bones, and finally come the European types with the 
most prominent to be found in the world as far as our evidence can tell. This 
character of nasal prominence evidently tends to be fairly constant for races 
belonging to the same family — such as the European, Oriental or African negro 
groups — while it makes some very clear inter- group distinctions. Anyone un- 
accustomed to dealing with quantitative anthropological characters in this way 
may fail to appreciate the significance of the diagram we are considering. The 
vast majority of the measurements of size or shape usually provided fail entirely 
to supply any suggestive arrangements, when considered singly or in pairs, in the 
case of a saniple drawn from all parts of the world. The cephalic index or stature, 
for example, will give an apparently meaningless jumble for such a sample of racial 
types. But the rhinal and simotic indices appear to be as capable of making inter- 
group distinctions as any other craniological characters known. The only other 
ones which can compare with them in this respect are the nasal index and the 
nasal angle or other measurements of prognathism. These last two are known to 
be highly correlated interracially with one another*, and it is probable that both 
are highly correlated with the rhinal and simotic indices. But the measurements 
of nasal prominence seem to give rather more suggestive orders than either the 
nasal index or angle f. The rhinal subtense was found to be rather an unsatisfactory 
measurement, since the tips of the nasal bones are so often broken, and it is some- 
times difficult to decide whether they are defective or not. Since the resulting index 
has now also been shown to be highly correlated with the simotic index wo do not 
recommend its further use. 

The order in which the mean frontal indices arrange the racial types can be 
appreciated from Fig. 2. This is still a suggestive one, though it has evidently 
not the significance of those given by the rhinal and simotic indices. The Indian, 
European and Oriental groups are kept quite distinct and the African negroes 
occupy a restricted range between the last two. It is interesting to note that the 
Indian series all fall at one extreme of the distribution, while all belonging to the 
second Asiatic group— the Oriental — are at the other extreme. The primitive 
Oceanic and African negro series occupy intermediate positions and several of them 
are not differentiated by this character from European types. It is evident that 
the frontal index can give no indication whatever of “primitiveness.** The position 
with regard to the premaxillary index is similar to that found in the case of most 
anthropological characters. It has been shown above that a small fraction of the 
total range may be taken to indicate a significant difference, so the index is as 
capable of differentiating races as most measurements. But it fails entirely to 

* Morant found a ooefBoient of +*747 between the nasal index and nasal angle, loc. eiu p. 336. 

t Of. our Fig. 1 with the tables of nasal indices and angles given by Morant, loc* cit. pp. 335 and 336. 
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arrange them in an order which can be supposed to aid classification. No two of 
the principal families of races are distinguished and the range for African negroes 
is almost as great as for all races in the world. The premaxillary index is seen to 
be the least valuable of the four we are considering for purposes of inter-group 
comparisons and, like the others, it does not provide any interesting intra-group 
arrangements. It thus falls into class (a) defined above. What interest there is in 
the arrangement shown in Fig. 2 is given to it by the frontal index alone. 

Fig. 3. shows the interracial correlation of the two most suggestive indices — 
the frontal and simotic. The coefiicient between them for male types was found to 
be + *699. Four of the principal families of races are seen to occupy discrete areas 
with somewhat of a jumble of Oceanic, American and Egyptian types falling 
between them. It may be doubted whether any other pair of craniological characters 
that have hitherto been investigated can effect a more interesting arrangement 
than this. The compactness of the points representing the Oriental series and 
their wide separation from the Indian group are particularly interesting facts. It 
has been shown by coefficients of racial likeness that when all the more important 
of the usual craniometric characters are considered together no sharp line of 
division can be drawn between these two Asiatic families of races, since the Nepalese 
type closely resembles that of Hindus of Bengal, on the one hand, and Tibetans of 
the A type on the other, while the last has close affinities with several Oriental 
types The relationships suggested by Fig. 3 alone are entirely different from 
these; the Tibetans A are as widely separated from the Indians as any other 
Oriental series, and, though the NepaleSe point does diverge slightly in the direc- 
tion of the Indians, it might well be considered a true member of the Oriental 
group. The frontal and simotic indices thus provide a means of distinguishing the 
two Asiatic families of races in the clearest possible manner, although a considerable 
number of other measurements fail to make a sharp division between them. This 
example warns us not to attempt to base any scheme of racial classification on the 
evidence of the two indices oIotm. They clearly provide valuable indications for the 
purpose in view — perhaps as valuable as those which can be given by any pair of 
characters known — but racial relationships can only be estimated by taking into 
account the evidence provided by a considerable number of characters which may 
not be highly correlated interracially with one another. It would be a gross mistake 
to assume that the New British are closely allied to any Oriental people merely 
because its point falls well inside the restricted area covered by all the Oriental 
races in Fig. 8, though mistakes of that kind are not uncommonly made. 

Fig. 4 shows the interracial correlation of the premaxillary and simotic 
indices and it is obviously of far less interest than Fig. 3. The fact that the 
African Negro, Oriental and European groups are separated is seen to be due 
almost entitely to the separation made between them by the simotic indices. The 
premaxillary index may be supposed to give a measure of sub-nasal prognathism 

* See T. L. Woo and G. M. Morant: Preliminary Glassification of Asiatic Baces Based on 

Cranial Measurements.” Bicmetrika^ Vol. xxiv. (1982), pp. 108 — 184. 
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and the location of the Tasmanian and Australian series at the extreme end of the 
range would hence have been anticipated, but it is surprising to find that both 
Teita Negroes and Bushmen have lower means than all the European series available. 
This index does not appear to be of much value for purposes of racial classification 
and hence its further use cannot be advocated. 

Finally, we may consider racial dilBFerences of the absolute measurements from 
which the four indices are derived. The rhinal subtense and chord may be omitted, 
since they can be given for considerably fewer series than can the other measure- 
ments, and the premaxillary subtense is not of special interest. The breadth {OB) 
associated with that subtense is included, however, since it is a measurement which 
has been given for far more series than the new ones taken for the purpose of this 
paper. The ranges for different groups of races given in Table XI are found from 
•the data given in Table I. The frontal subtense (Sub. 10 F), for the data available, is 
seen to make an absolute distinction — ^i.e. to. show ranges which do not overlap — 
between the African Negro and Oriental, African Negro and Indian, Oriental and 
European, Oriental and Indian, and Oceanic and Indian groups, while precisely 
the same distinctions and no others are made by the mean frontal indices (see 
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Fig, 2), But the frontal breadth {lOW) is only able to distinguish the African 
Negro and Indian groups. The simotic subtense makes absolute distinctions 
between the African Negro and European, African Negro and Indian, Oriental and 
European, Oriental and Indian, and Oceanic and European groups, while the mean 
simotic indices make all these distinctions and also one between the African Negro 
and Oceanic groups as well (see Fig. 3). But the simotic chord is not able to 
distinguish any of the groups. These rough comparisons suggest forcibly that the 
frontal and simotic indices are valuable racial criteria by virtue of differences 
between the subtenses, but not between the chords involved. The cjuse is different 
for the premaxillary characters, which were not valuable racial criteria, since the 
index makes no distinctions between any of the groups (see Fig. 2), but the 
breadth {OB) differentiates the Oriental group from both the European and Indian 
(see Table XI). 

TABLE XI. 


Itanges of Male Mean Absolute Measurements {all based on Fifteen or more Crania 

for diffei'ent Groups of Races*. 


Racial Oroups 

Sub. lOr 

ss 

10 w 

SC 

on 

African Nogrot 
Orientelt 
Oceanic 
Eiu'opean 

Indian § 

17-1— 18-6 (8) 

16- 1— 16-5 (14) 
16-0— 18-8 (16) 

17- 7-19'3 (19) 

18- 9— 20-2 (7) 

2*2— 2-9 (8) 
2-4— 3-4 (14) 

2- 7— 4-1 (16) 
4-6— 4-9 (18) 

3- 7— 6-0 (7) 

98-6— 103-0 (8) 
94-3- 99-5 (14) 
97-3— 101-8(16) 
96-6—100-0 (19) 
93-2 - 97-6 (7) 

8*5- - 9‘5 (8) 
7*8- 9*6(14) 
6*5— 9-.3 (16) 
8-6-10-3 (18) 
8-5— 9-8 (7) 

93-9— 98-5 (7) 
97-4 -101-5 (12) 
89-8—102-6 (15) 
91-7- 97-2(18) 
93-0 - 96-9 (6) 


* The Amerioan series were omitted since very few are available, as are some others, such as the 
Egyptian series, which cannot be placed in any of the groups included. The numbers in brackets are 
the numbers of series from which the extremes were deduced. 

t Excluding the Bushman series. X Excluding the Andamanese but including the Celebes series. 
§ Including the Afghan series. 

8. Conclusions. The transverse “flatness” of the facial skeleton has long been 
recognised to be a valuable criterion for the purpose of aiding the discrimination 
and classification of the races of modern man. This research was undertaken with 
the object of examining it by quantitative methods on an adequate number of crania. 
Four pairs ofabsolute measurements were taken, whenever possible, on each specimen 
giving four indices which express a “median” subtense as a percentage of a corre- 
sponding transverse breadth. One of these indices — the simotic — harl been used 
previously and the others are termed the frontal, rhinal and premaxillary indices. 
All the subtenses were found with a pair of co-ordinate calipers made for the purpose. 
The material measured (preserved in various English and one Dutch museum) 
consists of 4266 male and 1630 female specimens divided into 83 series which 
represent all the principal groups of races of modern man. An analysis of the 
statistical constants leads to the following conclusions: 

(i) Five of the eight absolute measurements show sex ratios of the usual order, 
but for the simotic chord the ratios are small and for the simotic and rhinal sub- 
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tenses they are particularly large. The simotic and rhinal indices hence show marked 
sexual differences between means, while the premaxillary index shows slight sexual 
differentiation and the frontal none at all. The nasal bones are, on the average, 
more protruding in the male than in the female of the same race, but the pre- 
maxillary region tends to be less protruding in the male. 

(ii) In the case of the indices male variation shows a distinct tendency to be 
greater than female, but for absolute measurements— judging by coefficients of 
variation — female variation is either greater than male, or else there is sexual 
equality in variability. 

(iii) There is no evidence that the variabilities of the characters examined 
differentiate “primitive*' and “advanced" races. 

(iv) The intraracial correlations of the absolute measurements and indices are 
decidedly lower than would have been anticipated. 

(v) The interracial variabilities tend to be decidedly smaller than the intra- 
racial variabilities. 

(vi) The interracial correlations of the indices are clearly differentiated from, and 
they tend to be decidedly higher than, the corresponding intraracial correlations. 
The correlations of the two classes in the case of the absolute measurements show 
many marked differences. 

(vii) All four indices show significant differences between the majority of the 
means that are available, so they are well-marked racial characters. 

(viii) While showing no marked differences between races belonging to the same 
family, or group, of races, the rhinal and simotic indices — which are highly correlated 
interracially — appear as capable of making inter-group distinctions as any other 
crauiological characters that have been examined (see Fig. 1). 

(ix) The frontal index also shows small intra-group differences, and it makes 
several clear inter-group distinctions, though these are not so well-defined as those 
given by the rhinal and simotic indices (see Fig. 2). 

(x) The premaxillary index fails to make distinctions between the different 
groups of races and it does not provide any intra-group arrangements to which 
significance can be attached (see Fig. 2). 

(xi) There would be little advantage in determining the rhinal and premaxillary 
indices for larger numbers of skulls, but the simotic and frontal indices are valuable 
characters which should be recorded in the routine descriptions of racial series of 
crania. The arrangement provided by the last two (see Fig. 3) is as interesting as 
that given by any other pair of cranial measurements. Some distinctions are made 
by the simotic and frontal indices which are not effected by any other cranial 
characters that have been investigated. 

(xii) It is shown that the simotic and frontal indices are valuable racial criteria 
by virtue of racial differences between the subtenses — but not between the chords — 
fbem which they are formed. 
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(1) On certain Measures of Dependence between Statistical Variables. 

By J. F. STEFFENSEN, Copenhagen. 

1. In a lecture delivered at “ Institut Henri-Poincar^ ” and published in the Annales of 
that Institute (1933, pp. 319 — 331) I have suggested a modification of Karl Pearson^s Mean 
Square Contingency. The object of the modification was to present the measure in such a form 
that it remains applicable also when the number of distinct values which the statistical variables 
can assume becomes infinite. It has been pointed out to me recently by Mrs Pollaczek that 
the measure in the form I had proposed does not always, as I had somewhat incautiously 
asserted, assume the value 1 in the case of complete dependence between the variables. A slight 
modification suffices, however, to meet this objection, and the measure is thus reduced to its 
original form which I communicated to Professor Cramer at the beginning of 1930 without 
publishing it. In the present Note I intend to establish the measure from first principles in its 
correct form, and thereafter to propose a new measure which presents certain advantages over 
the other. 

2. With a view to comparisons with the lecture, it is preferable to retain the same notation, 
and as this differs somewhat from notations employed by other authors, I shall begin by explaining 
the symbols preferred. 

Let there be a compound event depending on two statistical variables x and y of which x must 
assume one of the distinct values 

> ^ 2 ) ^3 » • • • » 

and y one of the distinct values •••» 

each with a certain non- vanishing probability, the sum of the probabilities being unity for each 
sequence of values. The number of values may be finite or not, but it is assumed to exceed one 
in each sequence, as otherwise x or y would not bo a statistical variable. 

The probability that x assumes the value Xi and y the value yy is denoted by pij. The 
probability that x assumes the value Xi irrespective of what value y assumes is obtained by 
summing with respect to all j, A summation of this natiu*e is denoted by replacing the letter 
with respect to which the summation is performed by an asterisk. We thus have 

Pi^^2pij and similarly 

We also note 

if i J 

It was assumed that and p^j cannot vanish ; they are also smaller than unity, because 
there are more than one possible values for each of the variables. We have, therefore, 

0<p<, <1, 0<p,y<l (1), 

for all values off and y. 

The probability that y assumes the value yy leAen it w known that x assumes the value Xi is 
denoted by p(fly. We thus have 


and similarly 




( 2 ), 

,(3). 
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The extreme case where x and y are eompUtely independent of each other is characterised by 
the relation 

.... ... . . Pv=Pi»P»J ( 4 ), 

valid for all % andy. 


The other extreme case occurs if one of the statistical variables is a function of the other. In 
this case, each value of x is always associated with the same value of y, and we may therefore, 
without loss of generality, associate Xi with ^4. The condition of complete dependence may then 
be written 

?«=?<•“/>*•; for (6)- 


3 . Affcer these preliminaries, we may proceed to the measure. It is denoted by ^ and defined 
by the relation 

( 6 ), 


where 


( 7 ). 

^ ' 


We propose to show that possesses the following properties : 

(I) is always comprised between 0 and 1. 

(II) vanishes if the variables are completely independent and only in that case. 

(III) assumes the value 1 in the case of complete dependence, and only in that case. 


As regards the property (I), we observe that is an arithmetical mean, with ^lositive or zero 
coefficients, of the quantities 0j/. It therefore suffices to prove that for all values 

of i andj. 

Now, in the cases where p^ > write <^4^ in the form 


ft, Pti^Pie>P*S 

(1 -P*i) >*i (I -Pi*) 

^PaS Pi», we have Pii-Pi»P*i SPi » (1 -p#/). 

SO that the first factor in (8) cannot exceed unity. 


( 8 ). 


Further, as p^,- g p^j, we have 

Pii-Pi*p*i &p*i (1 -Pi*), 

so that the second factor in (8) cannot exceed unity. We therefore have < 1, if wPiaf’ai* 
Considering, next, the cases where we write in the form 


(j, 9 PietPmi-’Pa 
^ pi*p*i 'i'^-Pi*){^-p*i) 


,( 9 ). 


Here, the first factor obviously cannot exceed unity. As regards the second factor, we begin 
by observing that 

Pi*-Pij^i-p*j, 

because the right-hand side is obtained by summation of the left-hand side with respect to i. We 
have therefore 

Pi*P*i -Pc( S 1 - Pi» -p*i ^Pi*P*i 
or Pi*P*i-PnS(l-Pi*)(l-Pti), 

SO that the second factor in ( 9 ) cannot exceed unity. 

We th^fore have </>^ 1 also if ^PietPmi > hence, in all cases. 

Proceeding to the property (II), it is obvious that ^ vanishes if Pa^^pn^p^i for all values of 
i andy, that is, if the variables are completely independent. 
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In order to prove the converse proposition, we assume that vanishes, and have to show that 
then values of i and^‘. We begin by proving that if ^2=;0, no can vanish*. 

Let us for a moment assume that, for instance, ; this assumption leads to a contradiction 
if ^*5=0. We have, in fact, 

and as the term (pr» p^^a) 

is negative, because there must be at least one positive term in the sum. Let, for instance, 

the term 

{Pnm-PnmPutm) 

be positive. In that case does not vanish, and contains therefore the iX)8itive term 
Pnm^nm^ Therefore V'® >0; but we had assumed and we have thus arrived at a contradiction. 

As no Pa can vanish, if ^**=0, it follows fi*om (6) that all vanish if that is, we have 
Pa^Pi^p^j for all values of i andy. 

Turning, finally, our attention to the property (III), we first have to prove that if the 
dependence is complete, then i/r**=l. Now, making use of (6), (6) reduces to 

Conversely, let us assume that ^*=1, that is 

As and as < 1, this relation cannot hold, unless </)y2=al for all values of i and j for 

H 

which Pa does not vanish. Now, if pa > 0, we cannot at the same time have pa and 

(f)a^= 1, as the first factor in (9) is less than unity. We therefore have pa > Pi^p^j^ and as each 
of the factors in (8) must equal unity, if we have that is, yy occurs 

certainly, if Xi occurs. 

These considerations show that if ^*■■1, then there is complete dependence between the 
variables. 


4. In order to approximate to ^ by means of a given experience, we replace the probabilities 
by the corresponding relative frequencies. Let ffa absolute frequency of the combination 

{Xiy yy), and let us write 




BO that N is the total number of observations. If Sk denotes the approximation to obtained in 
this way, we find by (6) and (7) 


^3- i V 


( 10 ). 


For the reasons explained in the lecture, no attempt has been made to estimate the mean 
error of this expression. 


6. The calculation of ^ by (10), although not prohibitive, is more laborious than desirable, 
and I have therefore endeavoured to establish another measure which leads to simpler calcula- 
tions. The new measure which I shall denote by to is defined as 


f {pa -Pi ^) + S PiitPm 


ai), 


* I owe this observation to Mr N. P. Bertelsen with whom I have discussed various points in this 
paper. 
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where 2 denotes summation with respect to all i and^*, 2 summation with respect to all % and j for 
which pif > and 2 summation with respect to the remaining % and jy that is, the values 

for which PtjSpn^Pmj* 

It can be proved that a> possesses the same three fundamental properties (I), (II) and (III) 
as yft. Before proceeding to the proof, it is useful to point out that (o may be written in various 
other forms. For the sake of argumentation it is prefei*able to write 


i(Pii-Pi»p*i)+l(Pi»P0j-Pv) noN 

i{Pu-Pij*)+?PntP»j 

Further, as 

the aggregate of positive terms in this sum must cancel the aggregate of negative ones ; hence 
(11) may be written 

(13). 

If, in this Expression, we eliminate S by the relation 2=S+S and observe that Sp<«;’«i=l> 
we obtain 

a =2 ^( Pa-Pf Pmi) __ ( 14 ) 

2(P«-P<*p*i) + 1-2V 


The convergence of all the sums is obvious, as 

^\Pii-Pi*Pmi\<^Pn+^Pi»P»i“^, 

S (P(j—Pij^) + 'SpntPitj < ^Pti+^PiaPms-^t 

and 

2pi/< 2jt?y=l. 

As regards the proof of the first property, or (I), we observe that pij ^p^ji so that 

Pi^ ^PimP*i' follows that each term in the nominator of (12) cannot exceed the corresponding 
term in the denominator, so that 0 < « ^ 1. 

The second property (II) is obvious, as (11) shows that a> vanishes if Pij—Pi^p^itj for all values 
of t andy, and only then. 


In order to prove the third property (III), we must first show that (i) = l if there is complete 
dependence between .r and y. Now in that case we have, according to (5), pij^O if i 4=^, and 
the corresponding terms which belong to 2 in (12) become equal in nominator and denominator. 
If, on the other hand, we have and the corresponding terms which belong to 

2 in (12) become equal to {pa-pif) both in nominator and denominator of (12). Hence «= 1, if 
the dependence is complete. 


We finally have to prove that if w**!, then the dependence is complete. But, observing that 
all the terms in the sums in (12) are positive or zero, and that each term in the nominator cannot 
exceed the corresponding term in the denominator, it becomes clear that, if a>s= I, then each term 
in the nominator must be equal to the corresponding term in the denominator. Hence, we have 
either pij^O or else pif»^pi^p^f\ but on multiplying (2) and (3) with each other it is seen that 
we can only have 


PiJ^Pim’“P*j' 

The dependence is, therefore, complete. 


6. In order to approximate to 6> by means of a given experience, we replace, as in paragraph 4, 
*the probabilities by the corresponding relative frequencies. The simplest formula to employ for 
the numerical work is (14). If O denotes the approximation to «i> obtained in this way, we find 

“ %NHn- 

where I means summation with respect to all values of t andy for which NH^ > HtaHat. 



Miscellanea 255 

It is seen that the calculation of a by (15) is considerably easier than the calculation of S? by 

( 10 ). 

7. In order to apply the measures ^ and a> to continuous probabilities, we choose a constant 
interval h for and a corresponding interval h for y, and put 

J(h 

fih+h m+Jc 

J ih Jjk 

where the asterisk means integration over the whole range. Inserting these values in (6) and (11), 
it is seen that the values of and 6> depend on the values chosen for h and k. This dependence 
is very pronounced in the case of less so in the case of ©, so that 6> is also in this respect 
preferable to 

An entirely satisfactory measure in the case of continuous probabilities has not yet been found, 
as far as I am aware. The measures proposed by H. Cramer* and by Mrs Pollaczekt are subject 
to inconveniences to which these authors themselves draw attention. 


(ii) Remarks on Profeasor StefTenaen’a Measure of Contingency. 

EDITORIAL. 


Let us consider a bivariate contingency table in which individuals are in the ij internal 
cell, and for which m,-. individuals fall in the ith cell of one marginal total and m.y in the yth 
cell of the other marginal total. 


Let 

Consider the expression 






”Hi{ 

f mf.m.A 

”tii- ^ J 

2 

1 



1 1 



(i). 


Then from (i) it is possible to show that, if 


(a) mijmMnii.ni.jlJif for all values of i and y, then the two variates are inde|>endent and 
^*=0, and conversely if the variates are independent ; 


(b) the two variates are such that if a value of one occurs in the tth 
marginal cell, the corresponding value of the second will always fall into the yth marginal cell, 
and the value of will be 1, and conversely if the value of be unity, then the above relation 
holds ; 

(c) the value of always lies between 0 and 1. 

Now let us write and pi."=mi./M and — then (i) becomes 




Pi-Pi 


(ii)- 


(ii) is clearly in form identical with Professor Steflfensen’s value. 

Wo may define ptj as the chance of drawing an individual out of the yth cell and and 
p.y as the chances of drawing individuals from tth andyth marginal cells, when an individual 
must be returned, before a second drawing, to the cell from which it has been extracted. 


* Skandinavisk Aktuarietidakriftt Vol. vix. (1924), p. 231. 
t ZeitBchrift fikr angewandte Mathematik^ Vol. 13 (1933), p. 122. 
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Now there eeems in this method of approaching the subject no restriction on the number of 
cells or on the smallness or largeness of the or it seems allowable to pass to differentials. 

Suppose then we have a frequency surface of ar, y variates, where 

* 

and for the distributions of x and y alone, i.e. marginal total curves, 


We can take 


(«, y) dxdy. 


j «(. = Mft (ai) dx, »».,■= Jfjfs (y) dy, 


and accordingly 


dx^dy^fi {X, y) (/, (x, y) -ft (x)f 3 (y))» 

/« (»)/3 (y) (1 -/a (*) dx) (1 -/a (y) dy) 


in the limit. 


The expression in curled brackets will be finite and accordingly the integral, owing to the 
presence of da^dy^ instead of dxdy^ will vanish, however close or loose the bond between x 
and y. 

The mean square contingency as I define it is given by 








Pi-P-i 




and remains finite when we pass to the limit. My coefficient of mean square contingency, (72, is 
given by 




/ZET 

V 


and this always lies between 0 and 



where n is the number of cells occupied if there 


be only one occupied cell in each row and in each column of the table. Only when n is indefinitely 
large, does range from 0 to unity, for example in cases of continuous distribution. So far from 
considering this a disadvantage of CS*, I hold it an essential property of a contingency coefficient; 
for as long as the cells are not indefinitely small, it is possible to arrange the individuals in them 
so as to increase the contingency. I cannot therefore hold that in choosing in the form (i) 
instead of (? 2 , we should gain any advantage from the fact that its upper limit is unity. I do 
not think a good coefficient of contingency ought to be unity until we introduce the conception 
of continuity, namely every y having attached to it a definite so that y is a continuous function 
of X. The fact that Professor Steffensen’s is necessarily always zero when we pass to con- 
tinuity, suggests that it will take a very low value in cases where wo should expect a high value 
of the variate relationship. Indeed, the presence of the factor in the numerator of (i), or of 
Pif in Professor Steffensen’s expression, means there ican be no contribution to ^ from the ijth 
cell when m^., ta.y, or p,j are finite but pij is zero. This seems a serious disadvantage in 
practical working, for if mu and «n.y are considerable, and yet triij zeio, we should expect a con- 
siderable addition to the contingency, which is not provided by the Steffensen 



Miscellanea 


267 


IUu8tr<iHon9, 

(1) Consider the contingency Table 1. based on the 28 occupied cells is equal to -12833. 
based on the 100 cells which might be occupied with these marginal probabilities is equal 


to 2*983,333 and the Coefficient of Mean 


Square Contingency 


‘ V l +(/>2 


-•86542. 


TABLE I. 


12 

12 2 

12 1 - 

12 1-- 

....121--- 

...121.... 

••121 

•12 1 

2 2 1 

2 1 


3 
5 

4 
4 
4 
4 
4 

4 

5 
3 


4444444444 


40 


Surely a high degree of relationship might be anticipated from such a table ; but gives it 
a comparatively low place. 

(2) Now let us introduce more rows of 1, 2, 1 so that instead of 10 fours in the horizontal 
marginal total we have 15. Table II shows the distribution. Here — • 1 38,003 and — 4*858,333, 
giving a Coefficient of Mean Square Contingency '91066. Thus both 

have risen, but yj/^ remains low and C 2 is very high. The latter is in accordance with what we 
should expect, if this were a correlation table for continuous variates. 


TABLE II. 










. 

. 

. 

. 

. 

1 

2 









. 

. 

. 

. 

1 

2 

2 









. 

. 

. 

1 

2 

1 










. 

• 

1 

2 

1 











. 

1 

2 

1 












1 

2 

1 












1 

2 

1 












1 

2 

1 











. 

1 

2 

1 

. 











1 

2 

1 

. 

. 










1 

2 

1 

. 

. 

. 









1 

2 

1 

• 

• 

• 

• 


• 






•12 1 - 
2 2 1 -- 
2 1 ... 


3 
5 

4 
4 
4 
4 
4 
4 
4 
4 
4 
4 

4 

5 
3 


444444444444444 


60 


(3) We will now test what happens if we increase the contents of the central cell in the rows. 
Table III gives such a distribution. Here Steffensen’s rises with a leap to *600,940 while my 
Coefficient of Mean Square Contingency Ci‘=-9374. This result is not very informative. It 
indicates that yfr^ is very sensitive to increase in the central probabilities, which we pushed up 
from jftf to and to decrease in the other probabilities which we have reduced from ^ to 
Biometrika xzvi 17 
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TABLE III. 










. 

. 

• • 1 

1 







. 

• 

• 1 8 

9 







• 

• 

1 8 1 

JO 







• 

1 

8 1 • 

10 







1 

8 

1 • • 

10 






1 

8 

1 


10 





1 

8 

1 



10 




1 

8 

1 




10 



1 

8 

1 





10 


1 

8 

1 






10 

• 1 

8 

1 

• 






10 

1 8 

1 

• 

• 



• ' 



10 

8 1 

• 

• 

• 






9 

1 • 

• 

* 

• 






1 

10 10 10 10 10 10 10 10 10 10 10 10 

120 


But it does not in itself render obvious whether a rise from *1380 to *5009 is a more reasonable 
change than one from *9107 to *9374. 

We will consider these changes on another series of tables. 

(4) Consider Table IV. Here a priori I should anticipate a^very considerable degree of 
relationship. Steffbnseu’s ^2*= *20139. Tho Mean Square Contingency, «2 and Cj— *81650. 
Thus the is small and the very considerable. 


TABLE IV. 




5 

•5 

... .5 .5 1 

1 

• • *5 *5 • ! 

I 

. .5 .5 . . i 

1 

*5 *5 • • • 

1 

*5 .... 

•5 

11111 

.5 


(5) We will now increase the number of rows of *5, *5 until we have 99 of them with a '5 as 
tho first and last row. Accordingly there will he 101 rows and 100 columns. Again I should 
anticipate that such a table must make a high degree of relationship. = *24760, while C2 — ‘98094, 
My opinion is that gives a far too low measure of the degree of relationship of the two 
variates, and its values are not well distributed throughout tho range 0 to 1. 

TABLE V. 



*5 


1 


1 

*6, *5 in 99 rows 

. 

altogether 

. 


1 

•5 *6 •••••• • 

1 


*5 

1 1 1 • • • 1 1 1 

100 
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(6) Let us now see what happens when we increase the scatter. We will take four -S’s to a 
row. Table VI suggests a high degree of relationship, if it were based on a continuous variation. 


TABLE VI. 







. 



. 

. 

. 

•5 

.5 




• 



• 

• 

•5 

•6 

1 




• 



• 

•6 

*6 

*6 

1*5 




• 



•6 

*5 

•5 

•6 

2 




• 


•6 

•6 

•5 

*6 


2 




• 

•5 

•5 

•6 

*5 



2 




*5 

*5 

•5 

•6 




2 



•5 

*6 

*5 

•6 





2 


*5 

*6 

*6 

*5 






2 

•5 

•6 

•5 

*5 

• 






2 

*6 

*6 

•5 

• 

• 






1*5 

*5 

•5 

• 

• 

• 






1 

•6 

• 

• 

• 

• 






•5 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

20 


StefFensen*s sinks to 04770, while my <^2*=2‘25, giving as Coefficient of Mean Square 
Contingency Ca= *83206. We shall find that this drop down of the as we get lower and lower 
probabilities is the influence of the pij term in the numerator, and that, if we reach continuous 
variates, the influence of the approach of to dxdj/ and zero would be more and more 

conspicuotis. 

(7) Table VII shows a still greater increase in the scatter. We should anticipate lower 
values of and C 2 , but still there is a very considerable degree of relationship between the two 
variates. We find *01916 and <^*=1*5, giving a value *77460 for C 2 . 



TABLE VII. 




•6 



1 



1*5 



2 


• • • • • *6 *6 *6 *5 *6 

2*5 


• • • • ’5 ’5 *5 *5 '6 *6 

3 


• • • *5 *5 *5 *5 *6 *5 • 

3 


• • *5 *6 *5 *6 *6 *5 • • 

3 


• *6 *6 *5 *5 *5 *6 • • • 

3 


•6 *6 *6 *6 *6 *5 • • • • 

3 


*6 *6 *6 *6 *5 

2*6 


•6 *6 *6 *6 

2 


•6 *6 *5 

1*5 


*6 *6 • v 

1 



•6 


3 3 3 3 3 3 3 3 3 3 

30 


It is clear that the two methods differ completely in the positions in their respective scales, 
both running from 0 to 1, which are taken by the same table. It certainly seems as if the 
distributions dealt with in Tables I to VII ought to show high relationships between the variates, 
but actually judged by they give in all cases, but Table III, remarkably low values. We 

17—2 
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attribute this in the first place to the presence of the factor pif in the numerator, which as we 
have shown at the b^inning of this note tends to make ^ vanish when the number of 
probabilities is large and their individual values are small ♦, except in the case of perfect 
contingency, when the value of seems suddenly to spring to unity. I do not therefore think 
that the vadues of can be very satisfactorily distributed through the range 0 to 1, since tables 
which under ordinary circumstances would be assumed to mark a high degree of relationship are 
nearly all crowded into the first quarter of the scale. Beside the advantage of (/>^ in this respect, 
and its approatch to a finite limit when we pass to continuous variates ; the coefficient of mean 
square contingency for an increasing number of cells passes into the correlation coefficient, on the 
hypothesis of normal distribution, and may even before that stage be fairly satisfactorily corrected 
for grouping, 

* One other case was worked out with an extremely small scatter in the arrays, but with 2000 
values p^j differing from zero. Its form is indicated in Table VIII in the form of probabilities. The 
reader has to imagine this a contingency table of 1,001,000 cells with a narrow diagonal strip of only 



TABLE Vlir. 



Ytfcu 



20^0 

Tcpxy 


, • • * 

Txnny 


• • • 999 such rows 



* ’ ’ 2X^50 

• 











2i5(T(r 


TxfciT Tl/lfO TxAfXT * : * * 1(^X5 To\)5 WffXT 

1 

1 


2000 cells occupied, and think of this in terms of linear correlation! The correlation would be almost 
perfect. Steffensen’s x//^ for this table is *24975, and (72= *99900, an almost perfect relationship. 


(ill) Spearman’s General Factor Again. 

By burton H. CAMP. 

In recent paper + Piaggio has considered again questions having to do with the uniqueness 
of Spearman’s general factor g, and has held that this uniqueness does not follow from the 
usual hypotheses and has produced further illustrations of cases where “almost uniqueness,” 
as I called it in my Biometrika paper does exist, Spearman’s reply, adjoined to Piaggio’s, 
apparently admits Piaggio’s mathematics, and parenthetically mine, but asserts that our 
objections are not wholly relevant. It is tedious to drag out a controversy after the scientific 
evidence is once agreed on and published where everyone may examine it for himself, but 
I cannot but ask a brief space in order to point out as tersely as possible and without ac^aoent 
forbidding-looking mathematics two quite definite errors which it seems to mo Spearman has 
made in his reply. 

First, he says that the kind of indetorminateness that g has is not of the same sort as y, 
and z have in the equation of the plane, 

t Britieh Journal of Psychology^ Vol. xxiv. July 1938, pp. 88—105. 

{ Vol. XXIV. November 1982, pp. 418—427. 
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I think, on the contrary, that both Piag^o (p. 96, last line) and I (p. 424, Section 5) have shown 
explicitly that the indeterminateness of g is of exactly this type. For we have shown that the 
indeterminate factor {hi in Piaggio’s notation, t in mine) cannot be determinate because it need 
satisfy only JT-f 1 equations and it is itself a set of unknowns, and N is greater than A'+l. 
Similarly, Spearman’s y, z cannot be determinate because they need to satisfy only one 
equation and they are themselves a set of 3 unknowns, and 3 is greater than 1. It seems to me 
imiKissible to i-ecognise a difference in type between these two ciises. It might be asserted that 
if Nj the number of individuals tested, is small, the range of indeterminateness is limited by 
the numerical possibilities, because the standard deviation of hi is fixed, but these limits are 
exceedingly broad, and they increase indefinitely as JV' is increased* Therefore such a claim 
could have no meaning from the psychological standpoint, for it cannot be true that the question 
whether individual Smith possesses a certain mental quality depends in some mathematical or 
occult way on how many Joneses are dragged in to be tested with him. 

Secondly, Spearman says that the arbitrary term {la) in the formula for g represents the 
“ inexactitude ” of one’s determination of g^ not a multiple nature in g itself. The error that he 
appears to mo to bo making here cannot be described so simply, but, I think, it is very im- 
portant, especially as it is also implicit in the remarks of several other authors. It has been 
shown that, for the given set of ^—1 tests and N individuals, there exists not one set of A^s 
but an arbitrarily large group of such sets. Spearman api^ears to think that, because the 
variability of g within each of these sets is limited, it follows that the variability of a ^ from set 
to set for each fixed individual is also limited. This is not true, except in those extreme cases 
when crii=0, exactly. Unfortunately Piaggio’s language also encourages one to fall into this 
error, for in discussing his illustrative examples he implies that g can be shown to be practically 
unique if 0 *^^ for each set is negligibly small. 

But it is easy to select a group of sets of irt’s in which the variability within each set is as 
small as he indicates but for which the variability from set to set for any individual chosen 
arbitrarily in advance is very, very large. It is clearly, however, this last variability which 
must be proved to be small if it is to be shown in this manner that each individual has a 
characteristic g. 

The gist of the matter is really contained in the mathematician’s notion of “order of choice.” 
If, before looking at Smith’s scores on the tests, one may choose a number at random (subject 
only to the broad limitations mentioned before), and can then demonstrate that this number 
can be assigned as Smith’s g^ as well as any other number, and in perfect harmony with all 
the other hypotheses, then it is meaningless to assort that Smith hcLS a g. In the numerical 
illustration at the close of my Biometrika paper, two such Smiths were exhibited (individuals 

II and 12). 

It is not, of course, contended that a unique general factor does not, in truth, exist, but that 
its existence does not follow from Spearman’s hypotheses. Moreover, it would seem inherently 
impossible that it could follow from his hypotheses, for into them he has introduced only group 
averages, of means, or^s, and r’s. Out of them, therefore, whatever the mathematics, one could 
expect to obtain nothing more significant than characteristics of the group as a whole, and 
indeed this much, to repeat a statement ip my other paper, has actually been esttiblished in the 
“almost unique” cases. 

* it is numerically impossible to choose 8 numbers for which the total range of variation is 
greater than or 50 numbers for which it is greater than 10<r. 
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(iv) Note on the Recurrenoe Formulae for the Moments 
of the Point Binomial. 

By a. a. KRISHNASWAMI AYYANGAR, Mysore University, Mysore, S. India. 

§ 1. It is the object of this note to indicate that the recurrence formulae for the moments of the 
point binomial (jo+j)” about the mean nq can be most simply obtained by a little ingenious 

transformation of the term in the series for p. the «th moment. This trans- 

formation ex})lain8 why the recurrence formulae for incomplete moments are as easy to derive 
as those for complete moments, which are particular cases of the former. 

We may write ^ 

ijt-nqyp^^^q*(^^*^nq{t-\-n- 1 . G-l) {t nq'f’'^ q^ 

[since /)+^"*l] (!)• 

Let v/* 2 (t-‘7iqyp'’^’'*q*^^. 

Then 

1 f=n /w— 1\ /n\ 

1 -n - 1 . (<-l) 

i-e- (2)» 

where J+J *^i^d v'^~^ is the «th incomplete moment defined for the binomial 

(p+5)*“'* Putting p=0, we get the recurrenjee formula for complete moments 

+ (3). 

The formulae (2) and (3) are believed to be new. 

Application: 

For brevity we write v, and i//' for p/ and Putting «»1 in (2), we have 

vi = (vo"-ro)ng, i.e. i'o"==vo+~ (4). 

But 

j.e. (6). 

CompaHug (4) and (5), we get 

jc (6). 

* This resolt, for which we have given here a simple proof, is due to Ragnar Frisoh. Sde Seandi- 
navUk Aetuarietidikrift (1924), No. 8, p. 161, quoted in BiometHka, Vol. xvn. (1925) p. 170. 
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Hence yi"= I'l (p — !)/»»? (7). 

Similarly by setting 3, ... in (2) we calculate in succession 
V2 —I'lCp-w+l + 

n f - p + 1 1 + ■'oP? (« - 1) 

=• {(P - . S')* +p^ (2n - 1 )} + i»o npg (p-g)* 

^ Kp - 1) [(p - 1 - ng)^+pg . 2n-8]+pg (/>-?)(«-!)} ’ 

+»'o(«-l)M (/>-?) 

"4 - xi [(p - «+i . ?)* + ^? (« - 1 ) (p - «+i ■g)+pg(p-g)(3n-i)] 

+ yo [npg (l+3pg.n~ 2)] 

n.nH nn nn 


In the above expressions, the coefficients of vq are the complete moment coefficients and follow 
the recurrence-relation (3) ; and it must be possible to discover a recurrence relation for the 
coefficients of v\ also (see the following section). 

§ 2. We will now give a simple proof of Pearson^s recurrence formula t, which enables us 
also to write down immediately the corresponding recurrence formula for incomplete moments 
given by Bagnar Frisch J. 

We transform /)**”* in two different ways : 


(1) pt (t-nqYp^-^q^ , 

(2) pt(t-nqy'-^p^^*q* = 

t-l — nq) 
since 


.*. p{{t-nqy+nq (t-7iqy''^}p^"'*q* G~ l) ^ 

(9). 

t=^n / tCk 

S ^ (”)|- {nqp-q.f'^nq) 


=p 
f'ssn 


S |(<' (”) • (nqp-q.f -nq) 


+(p-»S')*“>p»~<’+*S^~' ”j)(nsp-s.p- 1— »s) 

i.o. p{&+7iqE*'"^) vqs* ( i^+ !)•“ ^ (nqpvo - qvi) + I'l (p — nqY ' ^ 

i.©. {(l-{‘JSfy'’^ — JS^'’^}(nqppo'^qvi)’=vg’--vi(p'^nqy^^ (10), 

If we put here p=0, then and we get Pearson^s formula. 


* These results were given previously by Bagnar Frisch, 
f Biometrika (1924), Yol. xvi. p. 160. 
t Ibid. (1926), Vol. xvn. p. 171. 
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From (8) we see that v, is of the form viX.+ t'oMf) where Xo*0 and Xx = l. Using this 
expression in (10) and equating the coefi&cients of vj, wo get the recurrence relation for X,, viz. 

+ {inqph - ?Xi) « X, - (p - » (11), 

which was not obvious from the other formula (2). 

(▼) A Note on the Incomplete Moments of the Hypergeometrtcal Series. 

By a. a. KRISHNASWAMI AYYANGAR, Maharajah’s College, Mysore, South India. 

1. The aim of this note is to indicate an extrem^y simple and elementary method, applicable 
alike to complete and to incomplete moments, of deriving the recurrence formula* due to 
Karl Pearson for the moments of the hypergeometrical series defined by 

^ + qn(qn--l) "j 

7t(w- i),,.(«~r + 1) L ^1 i.2 * (pn-r+ i) (p»-r+2) ” *J‘ 

Here the coefficient of .r*, which we may denote by for brevity, is the probability of drawing t 
individuals without some mark in a sample of r individuals selected at random from a population n 
containing pn marked and qn unmarked individuals. The mean of the samples is evidently rq. 

The incomplete moment of the 6th order about the mean is defined by 

2. The following identities are self-evident ; 

(i) t(p7i‘-r-^t)=n(t-rq) + {r^ t) {qn - 1) ; 

(ii) {r - 1) {qn - ^) = (< - rq^ -Ci{t-‘ rq)-^C 2 , 

where ci=^nq + r{p-q) and C 2 =^rpq {n -r) ; 

(iii) i (pn-r+0 <t>{t)^{r — t'-l) {qii - 1 - 1 ) <j> {t 1 ), 

Multiplying both sides of (iii) by (/-rg')*”! and summing for values of t from p to r, we have 
using (i) and (ii), 

2 (j) (0 (/ -- r^)»~i {n {t - rq) + (« - rqf -Ci{t- rq) + cj 

t-p 

= 2 <l}{t’-l){t-rqy^^ {r-^t -1) {qn- t-l) 

t=p 

r~i 

« 2 <l>{t'){f —rq + iy'~^{r-f){qn-t^\ where ^'=<-1, 

f =sp-l 

ft^p 

+<f>(p-l). (p (r - p-f 1) (g^n - p -H 1). 

Introducing the operator E to denote the operation 

we write the above result in the form 

1 (i^j - Cl Pi + <?2 ro) = ( 1 + Ey^^ (>^2 - + C2 Po) + (p - ^2')*“' p {pn - r + p) ^ (p), 

i.e. {(1 + Ey-^^ - E*^^} (pj - Cl Pi +CaPo)=«v,- (p - rqy-^p {pn - r +p) (p). 


Biometrika^ Vol. xvi. (1924) p. 159. 
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Put 


i.e. 




1 , nvi’=p(pn-r+p)<l)(p), 

... 


.( 1 ). 


Hence, we may write the recurrence formula for incomplete moments in the form 

{(1 + 1} (yjj - Cl vi + C2 Vo) *= -nip-- rqy-^ vi (2). 

This shows that we may put 

where ^i=Mo=l+> 

in (2) and equate the coefficients of vi and vo and obtain recurrence formulae separately for 
Xf and pu. 

In fact, the recurrence formula thus obtained for /x, is the same as Pearson’s for complete 
moments, while that for X* is 

{(l + ^)*~i--jS^*-i}(X2-*CiXi + C2Xo)-7i{X,^(p-r(?)-'n (3). 

Put «=2, X2-Ci=nX2“n (p-ry), 

i.e. (4). 

n- 1 '' ^ 

Put ^ = 3, (1 (X2"“CiXi*4"<^2^)“2^3~h(l ~ 2ci) X2 4*(2<J2 *“ <^’i)~wX3 — u ip — r^)***. 

Therefore in - 2) X3 « n (p — rqy^ + ( 1 - 2ci) + 2c2 - Ci , 

^3- ( — _ iy^ -— 2) [«* {(/> -"r-^My+pq (2r - 1)) 

- n {((j - r + 1 ; 5')*+(p - . 9) {2»' - 1 ) (/? - (/) 

-\-pq (2/'*- 2r~ l)-}-r} + 2r2 (1 - (5). 

When p--0, it follows from (1) that vj^O and obviously vo=l) so that v«=Ph, which satisfies 
Pearson^s recurrence formula. 


(vl) On Simometers and their Handling. 

By K. PEARSON. 

The original purpose of the simometer was to measure the flatness of the nasal bridge by the 
ratio of its subtense to the choi*d. For this purpose we may take either the simotic or the rhinal 
index, or indeed both. But for the purposes of this note we are not concerned with what terminals 
may bo chosen for our fundamental chord ; we are concerned only with w'hat is the definition of 
our “subtense.” Probably to most mathematicians the subtense is the portion of the perpendicular 
bisector of the chord intercepted between the choi*d and the arc. It was from this conception of 
a subtense that Newton proceeded to his definition of curvature. If the arc while still an arc of 
continuous curvature be not symmetrical about the chordal bisector but skew to it, then the line 
from the point of chordal bisection to the point of contact of the tangent parallel to the chord 
has been considered — as in the cases of parabola and ellipse — as the subtense. 

Now in the case of the nasal bridge when the two sides of the nose are not mirror images the 
one of the other, the length measured as “subtense,” either by the simometer of Mt^rejkowsky 
or by the co-ordinate calipers of Woo (see pp. 197 — 98 of this issue), is not the mathematical sub- 
tense as just defined. What, however, is of more importance, the two instruments do not, or 
should not, give the same result, and even the same instrument will give different results according 

* This is a generalisation of Frisch's result given in Biometrikat Vol. xvii. (1925) p. 170 (18). 
t These values have to be used only after the operator E has had its effect. 
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to the manner in which its use is prescribed. Both Mdrejkowsky’s and Woo’s simometers possess 
two degrees of freedom for the measuring tip of the mid-arm. We will consider their geometrical 
aspects separately. 

Let ah be the chord and afdh the arc of which the subtense is to be measured. Then when 
the tips of the curved outer arras of M^rejkowsky’s siraometer are placed on a and 5 there is 
a fixed point g of the instrument at equal distances from a and 6. Through g a line passes (actually 
a rod), the end of which, d (the tip of the rod or raid-leg), can be adjusted to any point of the area 
agh by a turn round g and a forward motion of the tip d produced by a screw reading to ^ mm. 
If gd be taken to hi^ect the angle agh^ then Mdrejkowsky’s will enable us to read off the subtense 
ccf, that is the length of the line through the bisection of aft, perpendicular to aft, and reaching 
to the ciu*ve. This requires two readings of the instrument, first to measure gd directly, and 
second to measure gc ; the latter can only be obtained by retaining the outer legs at the distance 
aft, removing the siraometer from the nasal bridge and, without rotating bringing d down to c 
so that the lips of the three tips of the legs all touch a plane. 

If the tip d be not kept to the perpendicular bisector cp, but directed to some point h on the 
arc, then M^rejkowsky’s siraometer measures fti, which has no pretence to be a subtense, and may 
be greater than the maximum distance fe of the arc from the chord. The true maximum subtense 
will only be given by this instrument when the nose is symmetrical and care is taken that the 
mid-leg bisects the angle agh. This siraometer provides no means of ascertaining directly the 
point /of the arc most remote from aft, and if the tip of the mid-leg be brought to / the subtense /f 



Fig. 1. ag-gb, eg is a perpendicular bisector of aft, /is highest point of arc a/5, 
and ft is an arbitrary point between / aiid d. 

might in a voiy skew nasal bridge be such that/ did not even fall inside aft ! Further, we have 
seen that / cannot be ascertained from this instrument. What the siraometer can achieve is the 
ascertainment of the minimum distance from oft of the trace of the nasal bridge on the plane 
perpendicular to and bisecting the chord aft. 

We now turn to Dr Woo’s siraometer or his co-ordinate calipers*. 

It has three legs perpendicular to a bar, of which the second (gf) and third (mb) can be shifted 
along the bar and the second or mid-leg moved also perpendicular to the bar : all three legs and the 
bar may be discussed geometrically as coplanar lines. Fixing the external la and mb with their 

* This name does not seem veiy well chosen. 
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tips at a and 6, the mid-leg, ^w/, has two degrees of freedom, and there is no difficulty in bringing 
it into the position / which enables the maximum subtense of the chord ab to be read off*. By 
turning the instrument round ab and reading ofif a number of maximum subtenses like e/, we can 
find their minimum, which is probably the quantity of most value to the anthropologist. But 
unfortunately Dr Woo does not appear to have used his siraoraeter in this manner, any more than 
the later workers in the Biometric Laboratory have used M^rejkowsky’s simometer with the 
mid-leg bisecting the angle between the chords of the external logs. The procedure in both cases 
has been apparently to draw on the nasal bridge a line supposed to represent the niisal bridge. 



Fig. 2. c is mid-point of al-hm^ f is highest point of asymmetrical arc a//>, 
efng is perpendicular to aby /' is an arbitrary point, f e' is perpendicular to 
ahy ^ is a point on efn produced, and Im is produced beyond m to some 
distance. 

and this seems to have been done without any reference to the chord ah. Its obvious purpose 
is to got rid of one of the two degrees of freedom, which both instruments possess when working 
in a definite plane. But if we pay no regal’d to the chord a6, / may well be at f instead of the 
jx)int at maximum distance from ab, and accordingly Dr Woo’s simometer would measure /'<?', 
not fe. Even with a nasal bridge which without regard to sutures had ^lerfect mirror symmetry, 
both simometers would fail to give the maximum subtense if a and b were not images one of the 
other in the mirror plane of that nasal bridge, and wo aimed our mid-leg tip at the point where 
the arc met the mirror plane. 

To sum up : Both instruments seem to have been used in a manner which, at any rate 
theoretically, invalidates their purpose, if that i)urj)ose he to find the minimum subtense (i)er- 
pendicular to ab) of all the maximum subtenses of sections of the luml bridge by planes 
through ab*. 

Woo’s instrument could give the required result, but with more laljH^ur than is necessary 
to obtain a doubtful result from an arbitrary median nasal ridge. Merejkowsky’s simometer 
could never give in asymmetrical nasal bridges (including the asymmetry of a and 6 as a part of 
the nasal) the minimum of the maximum subtenses, but if wo start by defining the median nasal 
ridge to be the trace on the nasal bridge of the plane perpendicularly bisecting ab, it will give the 
minimum subtense in this plane by simply causing the mid-leg to bisect the angle at y. No 
system which does not define the median nasal ridge with reference to oft can it seems to me 
be really satisfactory. 

* Optically we may suppose the eye placed at a great or infinite distance along the line ab produced. 
Such an eye would see the nasal bridge as a plane curve (although all the points of the curve might not 
be coplanar), and the point on this curve nearest to the line ah would give the required subtense. 
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The optical conception could be carried out excellently with the cranial co-ordinatograph*. 
Place the skull by aid of it with ah perpendicular to the drawing board, and trace with the knife 
edge projector the contour of the na^ bridge ; the minimum distance from the plan of the line ah 
to this contour would be the subtense sought. This frees us from any arbitrary choice of a median 
ridge for the nasal bridge or from the supposition that the maximum subtenses of all the 
sections through the ohord lie in one plane, the trace of which can be determined by personal 
appreciation. 

I am inclined to believe that the simometer of M^rejkowsky, with its choice of the plane of 
bisection of the chord as plane for measuring the subtense, is at least as accurate as Dr Woo’s 
calipers applied to an arbitrary median ridge which pays no attention to the chord. What the 
latter method would achieve if used as a three-degi*ee of freedom instrument to determine the 
minimum of the maximum subtenses it is difficjilt to say without experimenting. What 
theoretically seems to me erroneous is the determination of a nasal ridge without direct reference 
to the chord ah. That the two instruments do not lead to widely, although they do to signifi- 
cantly different results is consoling to the craniologist, if not to the theorist. There are certainly 
some erratic differences in the tables on p. 200, which require clearing up. 

It may not be out of place to recall here a method I introduced in 1911 for determining the 
flatness of the nasal bridge. A fine celluloid tai)e or even a thi-ead may be used to measure 
the shortest arcual or geodesic distance from the termjnals of the chord ah across the nasal 
bridge. A steel tape is unsuitable. The chord ah is also measured. A very suitable measure for 
the flatness of the nose is then 

= 100 (arc - chord) /arc. 

This is adequate without any determination of the subtense. 

But, if we desire to find the subtense, it is needful to choose a curve sufficiently elastic to 
represent the nasal bridge. The circle was no use, the parabola somewhat better, but finally, after 
drawing a good many nasal bridge sections, I concluded that the catenary gave the best result. 
If then 

o « 1 00 subtense / chord, 

it is needful to compute a for each value of Tables to find a given were calculated by H. E. 
Soper and Dr Julia Bellt. 

It must be admitted at once that like M($rejkowsky’s simometer this method starts with the 
assumption of a symmetrical nasal bridge. But if the nasal bridge be skew, the increased length 
of arc will to some extent compensate in an increased subtense, which compensation is lacking in 
the case of the simometer. 

It would, I think, be of actual practical value, especially as the racial value of the si mo tic 
index is becoming more generally acknowledged, to take a series of, say, one hundred skulls, and 
measure the chord ah, the arc a/h and the minimum of the maximum subtenses, using 

(a) The cranial co-ordinatograph to give “the true value” ; 

(h) M^rejkowsky’s simometer with the mid-leg as bisector} ; 

(c) Woo’s simometer, with no attempt at personal appreciation of a median nasal ridge, and 

(d) The catenary method. 

Such an experiment would enable us, with due regard to accuracy of result, to the time and 
to the labour involved, to select the practically best method and to discard the others. 

* dee Biometrihat Vol. xxv. pp. 217—253. 

f Published originally in Biometrika, Vol. vni. pp. 316, 318 and Vol. ix. pp. 401—2; reissued 
TabUifor BtatUtidam and Biometricians, Part i. pp. Ivi— Ivii, 62—64. 

It would not be difficult to devise a mechanically less crude instrument of the M^rejkdweky type 
than the present one. 
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BIOMETRIKA 

THE WILKINSON HEAD OF OLIVER CROMWELL 
AND ITS RELATIONSHIP TO BUSTS, MASKS AND 
PAINTED PORTRAITS. 

By KARL PEARSON, F.R.S. and G. M. MORANT, D.Sc. 

1. Introductory, 

So much has been written about this Head, and the controversy has been so 
keen, that it might appear that there was nothing to be said on the topic which 
had not been said already. In other words that the authenticity of the Head must 
be ever left in that state of doubt in which historians and critics have enveloped it. 
Yet when one has studied the innumerable notes, letters, and newspaper articles 
one finds only a mass of contradictory opinions, repetition of various absurd myths 
about Cromwell’s body, not one single trustworthy measurement or fitting of the 
head to any form of portrait; in fact the whole of the century of discussion is vox 
et praeterea nihil. Had the authors of the present paper merely wished to contribute 
surmises, criticisms of earlier surmises, vague statements that the Head was in their 
opinion like or unlike Cromwcirs portraits, there would have been no excuse for 
this monograph. The essential difference between this and earlier discussions of the 
subject is (a) that the authors have no bias for or against the authenticity; (6) that 
they trust solely to measurements on the Head, and to its good or bad fit to portraits; 
and (c) what has been essential to their investigation, that two great privileges have 
been granted to them by the owner. Canon Horace Wilkinson, (i) to retain the Head 
adequately long in order to cany on the comparison with busts, masks and portraits, 
and (ii) to state freely what conclusions they have reached as a result of their 
investigations. 

It is not possible to express suflBcient gratitude to Canon Wilkinson not only for 
permission to take skiagrams and photographs of the Head in positions corresponding 
to the portraits, but for the great trust he has placed in the writers by allowing the 
Head to be in their custody for the time necessary to carry on a very laborious in- 
vestigation, and also for his indulgence in prolonging that period as new data for 
comparison came unexpectedly to light. 

The fact is that the Cromwell portrait material seems unlimited *, and even 
some of the best authenticated portraits appear to differ as much from one another 
as they do from the Head. Again in the case of the well-known portraits by Cooper, 
we have come across four or five independent miniatures claimed to be by that 

* Thus Notes and Ovaries, Series I, Vol. v. 1852 mentions some ten miniatures of GromweU, 
nearly all ascribed to Cooper, and only we think in a single oase — that of tbe Sir Joshua Beynolds- 
Lord Crewe miniature — identical with one of the various Cooper miniatures reproduced in this memoir I 
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master, and no one seems hitherto to have settled which is the original, which arc 
replicas by Cooper himself, and which may be copies by contemporary or later hands. 
What we have indicated of the pictures is, if anything, truer of the busts, while the 
death-masks, the life-mask, and the wax-masks form a bewildering medley of dis- 
cordances. We may safely surmise that it would not be feasible for the same skull 
to have formed the framework of all these most varied distributions of external 
organs and flesh ! 

2. Remarks on the Fit of Photographs to the actual Skull of a Subject. 

We are in the position to fit an actual skull to the photograph of its former 
owner. In this case the body of an Egyptian criminal after electrocution was 
brought into the dissecting room at Cairo, and a photograph was taken of the head. 
The skull was afterwards preserved, and it thus became possible to compare the 
two. We owe this remarkable opportunity to the courtesy of Dr D. E. Derry. Now 
it is true that a skiagram may give some idea of the skull inside the living flesh, 
but that is hardly the problem with which we have to deal on the present occasion. 
We have a portrait, in this case a photograph, without any statement as to scale. 
We have a skull actual scale. We have first to photograph the skull in the exact 
attitude of the subject of the photograph and then alter the scale of one or the 
other until a reasonable fit is obtained. The task is an arduous one and a con- 
siderable number of skull photographs and reductions may be needful, before a 
moderately satisfactory fit can be achieved. 

Plate I shows the photograph of the criminal and a selected photograph of his 
skull (not the one actually fitted to the head). Plate II provides the superposition 
of traced drawings of the photographs of subject and of his skull, the latter having 
been placed in like aspect and modified in scale to fit the former. We can hardly hope 
for anything better than, or indeed as good as this when we attempt to fit a skull to 
an artist’s portrait, even if that portrait is certainly that of the former owner of the 
skull. It is desirable that the reader should pay special attention to one or two points 
in Plate II. The flesh of the chin projects considerably below the lower border of the 
mandible, some 6*5 mm. on the sketch, corresponding to 9 5 — 10 rnm. in life size. 
Without allowance for this the lowest point of the chin in a portrait is not a suitable 
point to base comparative measurements on. Further the reader will note from the 
sketch of the skull how much the fleshy borders of the cheeks in a full or nearly full 
face portrait protrude beyond the cranial boundaries, here those of the condyles. 
The best portions for comparison seem to be the nasal bridge, the orbits, the nose 
itself and the teeth, indicating the lip line. The best points on the mandible are 
probably those midway between the mandibular angle and the gnathion^, for here 
the flesh appears to approach most closely to the border of the mandible. 

But great as are really the practical difliculties of fitting skulls to portraits, we 
find new problems arising when we have not the simple skull, but an embalmed 
head; in this case the skin may be drawn tight down to the cranial bones in places, 
the skin over the orbits falls in and the eyelids more or less close, while the lips 

* Lowest point on lower mandibular border in ** mid-sagittal plane.” 
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and nostrils may be grievously distorted. If the reader will examine the photograph 
of the embalmed head of Jeremy Bentham — the “Auto-Icon” — in Vol. iii of this 
Journal (p. 393), he will be conscious of some of the effects of embalming, and the 
rough outline of the embalmed head superposed on Bentham’s portrait {Ibid, 
Vol. xviii. p. 256) will indicate how much the flesh draws in as a result of embalm- 
ment. The embalmed head will continue to diverge widely from a portrait at the 
chin and cheeks. Now one of the most noteworthy features of the Head which forms 
the subject of this study is the very thin coating of the dry leather-like flesh over 
the skull. It may well be doubted if the flesh on the cranium has at a maximum 
more than a third of its natural thickness. These points must be clearly borne in 
mind, and the reader must not expect that the sole task of the present writers has 
been to place the Head against the portrait and say whether they do or do not 
correspond. An embalmed head is not like a life-mask ; some of its measurements, 
not all, should correspond with those of a life-size portrait, but the selection must 
be carefully made. Nothing could differ in appearance more from the portrait of a 
man than his embalmed head, and we would lay no stress whatever on the opinions 
expressed by artists of however great a reputation* that this Head is or is not 
Cromwells. 


SECTION I. 

3. History of the Wilkinson Heady and some Evidence from the Head itself 

The Head, practically in the same state as it is now, has certainly been known 
to exist since 1787, and with a very high degree of probability since 1710. If the 
Head is a forgery — and it would certainly be a surprisingly clever one — the prepara- 
tion of it must have taken place considerably before 1787 or even 1773 and with 

* We feel unable to be influenced by the statements that Flaxman and Reynolds were firmly con- 
vinced the Head was that of Cromwell, or that such historians as Samuel B. Gardiner or Frederick 
Harrison, however safe as critics, are in this case reliable judRes of mere appearances. Nor can we give 
any more credit to the contrary judgment of Carlyle; 

There does not seem the slightest sound basis for any of the pretended Heads of Oliver. The one at 
present in vogue was visited the other day by a friend of mine : it has hair, flesh and beard, a written 
Jiistory bearing evidence that it was procured for 100 1. (I think of bad debt) about 50 years ago: — it 
now appears to have once had resinous unguents, or embalming substances in it, and to have stood on 
a spike : — likely enough the head of some decapitated man of distinction : But by the size of the face, 
by the very width of the jaw bone were there no other proof, it has not any claim to be Oliver’s head. 
A professional sculptor, about a year ago, gave me the same report of it; “a very much smaller face 
than Oliver’s, quite another face.” The story told, of a high wind, a sentinel, etc. is identical with 
what your old neighbour heard, long since, of the Oliver Head in the shape of a Scull. In short the 
whole affair ap'pears to be fraudulent moonshine, an element not pleasant even to glance into, especially 
in a case like Oliver’s. 

1 remain always 

Yours with sincere thanks, 

T. Carlylk. 

6 Cheyne Bow, Chelsea. 21st Feb. 1849. 

(From Notes and Queries y Series X, Vol. xi. p. 453.) 

The impetuosity of judgment in Carlyle is well illustrated by this letter in which he speaks of a head 
which he had not seen, still less investigated, as “fraudulent moonshine.” He does not even trouble to 
ask himself what other “ man of distinction” was “likely enough” to have had his skull-cap removed 
before embalmment, to have been decapitated after embalmment, and then to have had his head placed 
on a spiked oak pole ! 
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high probability before 1710. The evidence against its being forged may increase 
the puzzle of determining how the Head came into existence if it be not Oliver’s, 
but clearly cannot be accepted as positive evidence that it is Oliver’s. 

Let us note one or two particulars as to the Head. First it has been embalmed, 
there is no questioning this. How has it been embalmed? There is a little pamphlet 
printed by Thomas Hardy, London, 1639, entitled: The Charitable Physitian 
shewing the manner to Emhalme a dead Corps, By Philbert Quibert Esquire, 
Doctor Regent in the Faculty of Physicke at Parli. Translated into English. 
By I. W. 

Ten years after the publication of this book, 1649, Charles I was executed. His 
body was embalmed and buried with small ceremony by a few friends in St George’s 
Chapel at Windsor*. Now the little pamphlet to which we have referred is clearly 
part of a larger work, for it is paged 143 to 173, and of these pages only 143 — 150 
are concerned with “The manner to Embalme a dead Corps.” The rest deals with 
preserves, balmes, oyntments, etc. We are not concerned here with the rules as to 
the extraction of various organs, or of the blood. There is no “Corps” to test how 
closely the special rules of this treatise were followed in this case. But we come 
on p. 144 to the following paragraph : 

The head or Cranium shall bo sawed in two, as you doe in an Anatomie, and the brainos and 
parts shall be put into the vcsscll with the bowells, together with the blood that hath been drawne 
out of the three bellies ; that is the head, brest, and belly inferiour, and put them altogether in a 
barrell, and hoopo it round, to be buried or put into the ground, but if they desire to carry them 
far, or to keep them you may embalme them as followeth. 

Two points are to be noted in this direction. The removal of the cap of the skull 
in order to take out the brain must have been a common feature of l7th century 
embalmment. Further, there is a bairel oi ejecta to be disposed off. 

Wo may cite still further evidence. 

M. Dionis, “ Chief Chirurgeon to the late Dauphiness and to present Dutchess 
of Burgundy, writes in his Course of Chirurgical Operations^ dennonstrated in the 
Royal Garden at Paiis, and translated into English, London, 1710, a very full 
account of embalmment, especially in the case of royal personages. We must first 
note that in those days the “three venters or cavities” refer to the brain case, the 
breast and the belly. Dionis then describes how the operator (who must be a 
surgeon, not an apothecary!) is to lay the ejecta into the Leaden Barrel A with 
layers of powder: 

Stratum super stratum^ till he has laid into the Barrel all the parts which were contained in 
Head, Breast and Belly, except the Heart, which he separates, and puts to soak in Spirit of Wine, 
till he has finished the whole Body, when he embalms that in particular. ...The three Venters or 
Cavities being thus evacuated, we are to wash them with Spirit of Wine, which is in the Bottle Cy 
before we fill them up, which done, we begin with the Head, filling up the Skull with powder and 

* Wood's Athenae OxorUerues, Second Edition, 1721, . Vol. ii. Col. 708, or, better, Sir Thomas 
Herbert's Memoirs of the Last Two Years of the Reign of Charles I, 1815. 

t Such barrels are mentioned in the Treasurer’s accounts for the embalmment of the body of Henry 
Stewart, Lord Damley; see HUmeirikay Vol. xx®. p. 87. 
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tow mixed together ; and having got in as much as it will contain, wo put it again into its place ; 
and before we sow the Hairy Scalp over it, we put betwixt them some of the finer or Balsamic 
Powder which is in the Vessel D [p. 493], 

Although these references to the contents of the head are suflScient to indicate 
that the skull-cap was taken off and sewn on again after filling the brain-box, it 
will be said there is no statement as to the manner of taking the cap off. But there 
is no statement either of how to open the “breast'* or “belly.” The reason is 
perfectly clear, it lies in the fact that the preceding section, pp. 483 — 490, is 
entitled: Opening of a Dead Corps, and describes how to open the Head, Breast 
and the Belly. The instruments for taking off the skull-cap, the frame or fret saw, C, 
the levator D, which follows in the track of the saw and the pincer-like instrument E 
are fully described by the plate, and in the text we find their uses. 

There can be no doubt that in Europe in the 17th and early 18th centuries the 
removal of the skull-cap was usual in all major and particularly in royal embalm- 
ments. The heart was specially enclosed in a heart-shaped leaden case, sealed by 
the plumber, and placed by the surgeon on the top of the coffin. The disposal of the 
leaden vessel containing the embalmed ejecta is not discussed beyond the statement 
that it must be sealed by the plumber. 

The Head we are about to study has had its skull-cap removed “as you doe in 
an Anatomie.” It has been raised as an objection to the Wilkinson Head that the 
head of Charles I did not have its skull-cap removed* and therefore that the 
removal of the skull-cap was not the customary method of removing the brain in 
those daysf. 

The case of Charles Ts embalmment is, however, exceptional, and is not likely 
to have followed the usual routine. Halford J tells us that when Charles’ coffin was 
opened in 1813, the head was found separated from the body by a very clean cut 
through the middle of the fourth cervical vertebra. The hair, after being cleaned, 
was of a “beautiful dark brown colour” (p. 9), and the beard a redder brown than 


* CharleB I’s remains were embalmed and the following account is given in Anthony Wood’s Atheme 
Oxoniemes, Second Edition, 1721, Vol. n. Col. 703: 

Mr Herbert during this time was at the door leading to the scaffold much lamenting, and the 
Bishop coming from the scaffold with the Royal Corps, which was immediately coffin’d and covered with 
a velvet pall, he. and Mr Herbert went with it to the back-stairs to have it embalm’d; and Mr Herbert, 
after the body bad been deposited, meeting with the Lord Fairfax the General, that person asked him 
Ho'ib the* King dtdt whereupon Herbert being somewhat astonished at that question, told him the King 
was beheaded, at which he seemed much surpriz’d: see more in the said General Fairfax in the Fasti 
following, among the creations of Doctors of Civil Law, under the year 1649. [Where there is nothing 
further to our point.] The Royal Corps being embalmed and well coffin’d, and all afterwards wrapt up 
in lead and covered with a new velvet pall, it* was removed to S. James’s where was great pressing by all 
sorts of people to see the King, a doleful spectacle, but few had leave to enter or behold it. 

A rather lengthy account follows of the removal to Windsor and the burial of the coffin in the Royal 
Chapel of St George on February 9th, 1649. See also Sir Thomas Herbert’s own account in Memoirs of 
the Last Two Years of the Reign of Charles I, London, 1816. 

t NoUs and QueHes, Vol. 160, pp. 210—212, 818—319, 363—364, 407—408, 444—446, and Vol. 161, 
pp. 12—13, 47—60, 119—120, 164—166, 194. 

t Sir Henry Halford, M.D. : An Account of what appeared on opening the Cojffin of King Charles I, 
London, 1818. 
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the hair* One eye remained and lasted a few minutes after being exposed to the 
air, but the likeness to the portraits of Charles was unmistakable. It will be clear 
from this that the brain had not been extracted by the foramen magnum, or by 
removal of the skull-cap. On the other hand “the cartilage of the nose was gone'’ 
(p. 8), and in a not very lengthy or scientific examination it may have been that 
the possibility that the brain had been extracted through the nose was overlooked. 
Halford remarks: 

I am aware that some of the softer parts of the human body, and particularly the brain, 
undergo in the course of time, a decomposition and will melt. A liquid therefore might be found 
after long interment, where solids only had been buried: but the weight of the head, in this 
instance, gave no suspicion that the brain had lost its substance; and no moisture appeared in 
any other part of the coffin as far as we could see [the coffin was only opened at the top] excepting 
at the back part of the head and neck [ftn. p. 9]. 

The whole head was covered with an unctuous substance and much liquid which 
“gave a greenish red tinge to paper and to linen.” The spectators thought the 
liquid “in which the head rested” might be blood. This seems unlikely as the 
decapitation alone*, to say nothing of the embalmers’ practice, would be unlikely 
to leave enough blood in the head for the latter “to rest” in it as a liquid after 
some 165 years. It is more probable that the liquid was largely a preservative, 
spirits of wine and unguents, possibly stained by hair pigment, and prevented from 
evaporating by the enclosure in a sealed lead coffin. As for the weight of the head, 
we may note that when the brain was removed the brain-box was usually stuffed with 
tow and unguents so that weight would hardly be a test of non-removal. Nasal 
withdrawal of the brain as a possibility does not seem to have occurred to Halford, 
or he would have mentioned it. 

However, whether Charles' brain was removed or not does not really concern us; 
the circumstances of his embalmment were exceptional, and cannot be cited as 
evidence against the process followed by the embalmcr of the Wilkinson Head. The 
fair comparison is one between James I's and Cromwell's embalmments. 

In the case of the Wilkinson Head the foramen magnum is closed as in Charles' 
case by vertebrae and the spike which pierces the Head has been forced between the 
two branches of the mandible; it passes anteriorly to the foramen, and protrudes 
through the right parietal. There are needle holes round the leather-like skin which 
indicate that the skull-cap had once been stitched on again. The Wilkinson Head 
is not a head which has been at the time of embalming separate from the body. 
The skull-cap has been replaced and stitched on ; although the sawing off of the 
cap has been somewhat crudely carried out. The threads which once re-united the 
skull and its cap have long perished, probably by age and weathering, or may have 
been broken by the force with which the spike was thrust through the cranium f. 

* NamerouB persons before the embalmment dipped their kerchiefs in the blood as mementos of the 
slaughtered monarch. 

t The force was so great that besides breaking out the square piece of the skuU-oap, through which 
the spike passes, it has fractured the cap from the spike hole to its right border : see our Plate XXXVI (d). 
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Before we continue our remarks we would observe that it is conceivable that 
the disposal of the barrel of ejecta may have led to the various stories of Cromweirs 
body being sunk in the Thames, buried near London or even carried down into the 
country. To bury his heart on the field of Naseby would have had sentimental value ! 
But whatever may have been done with the ejecta, it is quite clear that none of the 
stories to which we have referred has any sufficient basis whatever, we have only the 
wild rumours circulated by the Puritfins after the desecration of his body. Now is 
the removal of the skull-cap any argument against the Head being that of Cromwell ? 
Is it an argument against or in favour of an eighteenth-century fraud? Let us look 
first into the history of Cromwell s embalmment. 

Cromwell died at 3 p.m. on September 3, 1G58. There appear to have been two 
functions, an autopsy and an embalmment, but the matter is not clear. One of 
Cromwell’s physicians, George Bate, published in London, 1661*, London, 1663 and in 
Amsterdam, 1663 a work entitled Elenchus rnotumn riuperorum in Anglia, In the 
Pars secunda, London,1663 p. 417, Amsterdam p. 273, under the date of September 3, 
1658, we have after the statement of Cromwell’s death the following paragraph: 

Dissecto cadavore, in Animalihm partibus vasa corcbri justo pleniora vidcbantur ; in Vitalihus 
pulmones aliquantisper inflammati; sed in Naturalihus fonst mali comparuit; Lime, lic^t ^ui 
adH 2 )ectum siino, intiis tamen tabo instar aniurcae referto. Corpus etsi exenteratiim, aromate 
I’epletum, ceratisque soxtuplicibus involutnna, loculo primiim plumbeo, dein ligneo fortiquo 
includorotur, obstacula tamen uni versa perrumpento fermento, totas pcrflavit aedes adc5 tetrd 
mephiti, ut ante solennes exsequias terrae mandari nccessarium fucritj . 

This description of wluit happened at the autopsy by no means accords with an 
(daborate embalmment, such txs the Wilkinson Head appears to have been sub- 
jected to. We think it probable that what occurred on September 3 as described by 
Bate was really only the autopsy and a preliminary attempt to encoffin the corpse. 
The more so as Merciiriiis Politicus of September 4 — the day after the autopsy — 
states: 

This afternoon the Physicians and (Jhirurgians appointed by Order of the (Council to embowel 
and ernbalme the Body of his late Highne.ss and fill the same with sweet odours performeii their 
duty. 

It seems scarcely possible that, Cromwell dying at three o’clock in the afternoon, 

* Of the London edition of 1661 (? 1660), we have only seen the Parsi pnma, and are uncertain if 
the Pars secunda ever appeared. Howarth in The Head of Oliver Crovuvell (p. 8, lxviii. p. 218; see 
footnote p. 279) says he will give the words in Bate's own Latin. We think he must have meant in his, 
Howarth *8, own Latin ! 

t There is a sidenote ; Liene prae caeteris partibus dissecti cadaveris mal^ afiecto. 

X An English translation of Bate's Elenchus by A. Lovell appeared in London, 1685. On p. 236 of 
the Second Part we read : 

His Body being opened ; in the Animal parts the Vessels of the Brain seemed to be overcharged ; in 
the Vitals the Lungs a little infiamed; but in the Natural, the source of the distemper appeared; the 
Spleen, though sound to the Eye, being filled with matter like to the Lees of Oyl. Nor was that Incon- 
gruous to the Disease that for a long time he had been subject unto, seeing that for at least thirty years 
he had at times heavily complained of Hypochondriacal indispositions. Though his Bowels were taken 
out, and his Body filled with Spices, wrapped in a fourfold [stc] Cereoloath, but put first into a Coffin 
of Lead, and then into a Wo^en one, yet it purged and wrought through all, so that there was a 
necessity of interring it before the Solemnity of his Funerals. 
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the Lords of the Council could give their order for embalmment, that the fitting 
herbs, oils, etc., could be collected and necessary preparation made for a regular 
embalmment immediately following the autopsy Indeed Mercurius Politicus states 
that the order was given and the embalmment took place on the day after the 
death. The autopsy following the death immediately may have been due to a 
suspicion of poison. Now the autopsy says that the vessels of the brain were 
overcharged, and to have observed this would almost certainly have required the 
brain to be exposed, in other words there is small doubt that Cromwells skull-cap 
was sawn off. But there is another fact which confirms this surmise; Cromwells 
brain-weight appears in the anatomical text-books in association with those of 
Cuvier, Byron and others, but of a scarcely possible magnitude, namely 6^ pounds. 
It is true we do not know what pound the measurer was using, but if we take 12 ozs. 
to the lb. and 28'349 grammes to the oz. Cromweirs brain would have weighed over 
2126 grammes. Perhaps the fluid with which it was overcharged was weighed also. 
Anyhow there appears small doubt that the brain was weighed and this would 
involve the removal of the skull-cap. It is curious that in the account of the autopsy 
no mention is made of Cromweirs brain-weight, although the condition of the brain 
is reported. Up to 1912 the anatomists dealing with the weight of Cromwell's 
brain had been unable to trace the history of the statement back beyond the year 
1702, when the work Anabaptisticum et Enthusidsticum Pantheon, und geistliches 
Riisthaus wider die alien Quaker und neuen Frey~Geister appeared, and describes 
briefly the autopsy of Cromwell with the words: 

die Eiugeweido ziemlich wohl bestellet, die Lel)er aber angesteckt, und das Gehirn sechs und ein 
viertheil Pf. schwor befunden worden [S. 12 of 40th section] f. 

* Howarth {loc. ciu p. 8) also quotes the account of the autopsy given in Bate’s Elenchus, but he 
confuses the Lords of the Council order for the embalmment of September 4th with the autopsy of 
September 3rd. He actually states that we have an account of the performance of the order in the work 
of Dr George Bate, M.D., whom be rightly states was Cromwell’s own physician and wrongly assumes 
to be an unimpeachable authority. Bate he states gives us what Bate himself calls ’’the account of the 
embalming of the body.” We can find no such words employed in any of the editions of Bate, and the 
use of the words between quotation marks is the more remarkable as Bate wrote in Latin I As for 
Bate being an ” unimpeachable authority,” we may cite what Norman Moore says of him in D.N,B,, 
namely that his work contains nothing ” to make its author respected among contemporary politicians 
or valuable to subsequent historians.” We have made some search to find the actual order of the 
Council, but although the index for the volume of the Privy Council for 1658 is in existence in the 
Record Office, the volume itself which would give the names of ’’the Physicians and Chirurgians 
appointed” is missing. We should, had it been found, have discovered whether Bate was concerned with 
the embalmment. In reply to certain questions made at the Bodleian Library, the keeper of the Western 
MSS. informs us that in the Bawlinson MS. which contains extracts from the Privy Council proceedings 
there are no extracts firom the year 1658. The handwriting of the MS. is of the 17th centdry and the 
last extracts are of date 1670, so that it would appear that the volume was missing at that date. In the 
Third Report of the HUtorical Manuscripte CommUeion, p. 198, we find in the possession of the Marquess 
of Bath at Longleat, Go. Wilts, ’’Folio. Journal of the Council of Richard Cromwell from 3 Sept. 1668 
to 22 March, 1659.” The very thing we have been searching for ! It may have come to Longleat with 
Whitelock’s papers. Unfortunately Lord Bath has been unable to find this most important historical 
document. It would have been invaluable not only for oUr present purposes, but for the light it would 
throw on the Second Protectorate. 

t The section has a separate title, ’’Der verschmitzte Weltmann und scheinheilige Tyranh Oliver 
Cromwell, u.s.w.” 
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From this work the statement passes into the Neues Magazin fur Aerzte, Bd. iv, 
S. 670, Anecdotes, 1782, from whence it was taken by Soemmering, who doubted 
its trustworthy character, in which he was followed by Rudolph Wagner and other 
anatomists. Now the Anabaptisticum et Enthusiaaticum Pantheon is a work which 
makes no appeal to original sources of information; it is distinctly a Sammelwerk, 
and the senior author of this paper, dealing with Crom well’s Head in 1912, asked 
Dr Julia Bell to push the statement farther back if possible. After much arduous 
search she was successful in carrying the statement back at least 35 years to a work 
published in 1667. The date to be given to the information may even be nine years 
earlier. In Merians Theatrum Europaeum, Bd. viii, 1658 — 60, S. 970, we read: 

Unterdessen machten sich die Anatomisteii an den Vor.stori)enen Protector Oliviers cntseelten 
Corper, und befanden die Interiora, oder das Eingeweid, zieinlich wol bestellt, aber die Leber 
angesteckt und in Haupt ein Gehirn von seeks und einen vicrthel Pfunds * 

Bd. Vlll of this glorified newspaper was published in Frankfurt in 1667. Again 
it would appear as if somewhere a fuller account of the autopsy had been published 
than in Bate s Amsterdam Elenchus of 1663. The search for an earlier English 
account of Cromweirs brain-weight, although much literature has been examined, 
has so far been without success. Still having regard to the statement of the Elenchus 
as to the vessels of the brain being overcharged, and to this early announcement of 
Cromweirs brain-weight, as well as to another fact, namely that in certain of the 
death-masks the face appears with a bandage across the forehead, we can hardly 
doubt that Cromwell’s skull-cap was taken off at the autopsyf. Now there is no 
mention as far as we can find of the brain- weighing in any English publication; if 
therefore the Wilkinson Head were a fraud, in what manner did the contrivers 
manage to ascertain that a free skull-cap, with thread holes where the cap had been 
re-attached to the skull, would be needful to give the semblance of truth to the 
fraud? They must have obtained — not be it noted a skull — but a fresh head for 
embalming, and would almost certainly have proceeded with more art than by 
crude axe-blows to separate the head from its body. 

There is another point also about the decapitation; it may be said almost with 
certainty that the Head was separated from the body after embalmment. In 
other words the forgers — if such existed — must have embalmed a large portion, if 
not the whole of the fresh corpse, and then proceeded to chop off the head with an axe 
in the crudest possible manner; the first blows of the axe did not strike the verte- 
bral column and failed of their object; later blows several centimetres lower finally 
severed the vertebral column leaving four vertebrae attached to the skull. There 
was before 1799 no published record of the Tyburn treatment of Cromwell’s corpse 
stating that the executioner made a failure in his first blows, so that the assumed 

* It is noteworthy that in the Medico-Chirurgical Review of 1825 (p. 164) we read in a note on the 
Dissection of Lord Byron, **the oerebrnm and cerebellum weighed six medicinal pounds.*’ In neither 
case do we know exactly what these pounds stand for. Some readers may concur in believing Byron to 
have had a diseased or ** overcharged” brain. 

t The description of Cromwell’s brain and its weighing are conclusive arguments against the 
Oxford and other reputed skulls of Cromwell where the skulboap has not been removed. 
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forgers would have no reason whatever for mimicking such a procedure, even if they 
did take an axe to assist the decapitation. The evidence that we have not a head 
which has been embalmed after decapitation lies in the fact that the false blow of 
the axe cuts the embalmed skin and leaves embalmed skin on either side*, which 
before embalming would have shrunk back on either side. It looks as if a wedge 
of embalmed flesh had been cut out by the blows. There is another point to be 
regarded; the Head, though still smelling of the preservatives, shows evidence of long 
weathering; the hair is very sparse, pressed flat to the scalp. To judge by the effigies 
(see our Plates VII and VIII), Cromwell had long hair at the time of his death, and 
to judge by his pictures it was originally brown. Forgers would almost certainly 
have endeavoured to imitate this. The hair on the Wilkinson Head is macroscopically 
of a pale yellowish, reddish hue. 

Microscopically Dr G. M. Duncan reports that the pigment in the hair is well preserved ; 
there is a good central core of pigment which is slightly irregular in parts, but of a dark brownish 
black colour. The sheath of the hair contains numerous small pigment granules, and seems to 
have a diffuse reddish or dark yellow tint. From comparison with other hair, it boro most 
I'esemblance to a rather dark brown hair with a reddish tint in it. Too much stress cannot bo 
laid on any deduction as to the exact original colour, but it would seem to have boon a fairly 
dark hair. 

Forgers must indeed have been clever to reproduce such hair, even if they had been 
acquainted with the manner in which hair may change its character with exposure. 

4. Story of the Head as possessed by Samuel Russell. 

Apart from the incredible skill and historical knowledge which must have been 
involved in producing such a counterfeit f, we may ask whether anything in the 
history of the Head justifies the hypothesis that it was a fraudulent production. 
Curiously enough there are two men associated with the history of the Head, who 
were persons of singular mechanical and artistic power, but we may reasonably doubt 
whether they had the historical knowledge requisite to carry out the fraud. The 
first of these men was James Cox, who was a jeweller of the City of London living 
in Shoe Lane. He was undoubtedly a skilful artificer, and produced numerous gold 
or gilded ornaments bedecked with jewels, genuine or artificial, in a truly baroque 
(if not jazz) style. He is said to have possessed a “museum,” but it is not clear that 
this contained curiosities like the Wilkinson Head. He appears to have sold these 
gaudy and gigantic gewgaws to Eastern potentates, but in 1773 in a time of depression, 
when he was overstocked with them, he obtained an act of parliament to allow him 
to dispose of over fifty of them by a lottery. The values he put on his gigantic 
gewgaws ran from £5000 downwards. To boom his lottery he published in 1774 a 
work entitled: “A descriptive inventory of the pieces of mechanism and jewellery, 
compriz’d in the schedule annexed to an Act of Parliament for enabling Mr J. C. to 
dispose of his museum by way of lottery” (4° London). 

* Actually the Saintbill Manuscript shows that the executioner took eight blows of the axe to cleave 
through the sixfold cerecloth and neck of Cromwell. See p. 814 below. 

t There is a further question of what it would profit the forgers to produce it. Du Puy, most 
probably the first owner, fixed its value at some sixty guineas ; the time and labour required to create 
the artefact would hardly be compensated by that sum. 
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The descriptive inventory shows nothing in this “museum” by way of natural 
curiosities, we find only clockmakers’ and jewellers* * * § work of giant size. There is 
nothing to suggest in this inventory that his “museum” ever included natural and 
other curiosities such as the “museums” or “cabinets” of gentlemen of the century 
1650 — 1750 contained. Now Cox must have been a very good artificer, but he does 
not seem to have purchased our embalmed Head until thirteen years after the sale 
of his “museum” of gewgaws. If we are to believe Cox forged the Head, then he 
also must have forged the deed by which Samuel Russell transferred it to him. 
This has every appearance of genuineness, and its authenticity was in 191 1 attested 
by the authorities of the British Museum, Manuscript Department*. 

There is a further point which tells much against any idea of fraud. What could 
induce the forgers, if they existed, to destroy the lips, break down the nose, and 
shake out the teeth, for, excepting two molars, these have been lost since death ? 
All these characters would have been of service, if properly treated, to give greater 
resemblance to Cromwell. They are in our case, however, quite compatible with a 
head which has been subjected to very hard usage. 

There is a second person connected with the Head, who appears to us to have 
had some of the ability needful for a successful attempt to produce such a head. 
This person was Mr John Cranch (1751 — 1821) (see Plate III). Cranch had some 
historical and antiquarian knowledgef ; he was also an artist. He had a very good 
opinion of himself, and was capable of a good deal of advertisement. After the Head 
passed from the possession of James Cox to the three men who pro})osed to make of it a 
paying exhibition, it was Cranch who drew up the advertisement of the Head for the 
show made of it at No. 5 Mead Court, Old Bond Street, in 1799. lie also prepared the 
narrative concerning it, with an engraving representing the Head, recognizably like 
what it is to-day (see Plate IV)J. But Cranch came so late into the history of the 
Head that at most he could have done little but colour its history. It was Cranch 
who first published the tradition that this Head of Cromwell, blown off* the end of 
Westminster Hall, came into the possession of a member of the Russell family from 
whom it descended to Samuel Russell the elder who sold it to Cox. Cranch’s account 
of the Head is published in the Narrative relating to the Real Einhalmed Head of 
Oliver Cromwell, now exhibiting in Mead Court, in Old Bond Street, 1799. Cranch 
does not state where he heard the tradition ; it differs somewhat from that provided 
by Mr Josiah Henry Wilkinson§, and it is at certain points close to the 1720 tale 
about Cromwells reputed skull formerly in the Ashmolean at Oxford. It differs again 
from that provided by Dr Elliston. It is worth while comparing the three accounts. 

* Sir Henry H. Howarth, “The Embalmed Head of Oliver Cromwell,” Royal Archaeological 
Institute, 1911, p. 12 (Vol. liXViii. p. 242). We qaoto this paper in the first case from the offprint, where 
the text is otherwise arranged than in the journal, and has received the last corrections of the author. 

t See for example his letter to J. T. Smith published in the latter's Antiquities of the City of 
Westminster, p. 267, 1807. 

X This engraving is reversed, so that what is the left side in the actual Head has become the right in 
the sketch. The reader must bear this in mind when comparing Granch's sketch with our photographs 
of the Head. 

§ In a paper preserved by Canon Wilkinson, the present owner of the Head, and published by the 
Royal Archaeological Institute before Howarth's paper (loc. cit,). 



280 


The Cromwdl Head 


We will take the last-mentioned first, because it antedates by at least twelve years 
the appearance of the showmen and their agent Cranch on the scene. 

(i) Dr Ellistons Narrative*. There seems no reason for questioning this account. 
It runs : 

“ Some years since a comedian went to Sidney Sussex College, Cambridge, and produced to the 
Master of the College Dr Ellison the head of Oliver Cromwell, which he conceived the Master 
might be disposed to purchase as Oliver was of that (College. The account he gave of his having 
this head in his possession was : Oliver after being buried in more than regal stile was taken up 
at the restoration and his head with those of Bradshaw and Ireton were cut off and fixed on spikes 
in Palace yard, and the bodies gibbetted at Tyburn. After the heads had been spiked some time, 
a high wind one night broke the pole of that on which Oliver’s was fixed. A soldier going by early 
in the morning took it up with the broken spike in it, and carried it home. The head being 
missed and it being imagined to have been taken away by some of Oliver’s party, a considerable 
reward was offered for the discovery of the person who had it in his possession : this frightened 
the soldier, and made him conceal the circumstance of his having any knowledge of it ; at his 
death it remained with his family. The comedian married the grand daughter of this soldier ,and 
as Dr Ellison humourously observed had Oliver’s head to her portion. 

Dr Ellison imagining it might create some prejudice against him to have ^bought the head 
declined treating with the man for it. Some time after it fell into the hands of Cox, who had the 
famous mechanical exhibition and jewellery Museum at Spring Gardens, and who is supposed 
at this period to have it in his possession. 

When Cox was known to have it, the great number of persons who intruded themselves upon 
him for permission to see it occasioned him to change his residence, and keep his removal a secret, 
and he will now show it only to persons who go with particular recommendations from friends. 

Some time after Dr Ellison’s interview with the comedian he happened to dine with Dr Powell 
the master of St John’s when a Mr G. Astby, a follow and president of St John’s was present, 
and who po^ssing a vein of ridicule Dr Ellison scarcely cared to mention the incident in his 
presence, but it was however introduced as a topic of conversation. Mr Astby talked of it in his 
usual strain of treatment of all subjects which he thought he could render absurd, when Dr Powell 
observed he remembered hearing bis father say the head of Oliver Cromwell was in i)ossession of 
a person whose name he then mentioned, as well also as the street, and part of the town where it 
was to be seen, but the name and place Dr Ellison does not remember, but he added that 
Dr Powell’s observations confirmed the relation given by the comedian. 

Now Dr William Elliston (not Ellison) was Master of Sidney Sussex, 1760 to 
1807, and William Samuel Powell Master of St John’s from 1765 to 1775. It is 

* Howarth (loc, cit, p. 17, lxviil p. 247) attributes this account to Mark North (stc), the author 
ol The Proteetoral Howe of Cromwell^ writing in 1799. We have sought in vain for any publication of 
Mark Noble of this date. There is little doubt that Howarth got the statement from a manuscript addition 
to Mr Wilkinson’s copy of Granch’s Narrative. This addition is entitled, **Head of Oliver Cromwell,” 
and runs as we have reproduced it. It ends with the following words : 

This was lent me, with permission to copy, by the Rev. Thomas Weeks Dalby, vicar of West Farleigh 
in Kent, and of Ohippenham in Wiltshire. He received it from a clergyman in Cambridge. 

Mask Noble. 

1799. 

This is important from another aspect, as it indicates that Noble in 1799 thought '*the pickled head 
displayed for a shew ” {The Proteetoral Howe, Vol. i. p. 291) after all might be worth inquiring into. 

The statement bears much evidence of being authentic, and reads like a letter to a newspaper. 
Whether it was copied by Cranch after 1799 on to his copy of the Narrative, which seems unlikely, or 
by Mr Josiah H. Wilkinson, on to the Narrative^ which seems more probable, we cannot say. It is 
reproduced in Notee and Qtteriee, Series I, Vol. xn. July— December 1865, p. 76, from the Additional 
Manweript 6806, fol. 84, British Museum, dated April 18, 1818. 
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clear therefore that the comedian’s interview with Dr Elliston could not have been 
later than 1775 and possibly earlier. The narrative does not say that the comedian 
was Samuel Russell, but it does state that the comedian had obtained the Head by 
marriage. There is no reference to any connection with the Cromwell family. The 
comedian was clearly impecunious in or before 1775, and it is noteworthy that among 
the papers delivered to Mr Josiah H. Wilkinson by Cox was a statement that 
Richard Southgate the numismatist, who became an assistant librarian to the 
British Museum in 1784, had studied the skull in 1775, and then said : “Gentlemen, 
you may be assured this is the real head of Oliver Cromwell.” At the same time we 
have a paper from John Kirk, the medallist, who is stated to have died in or about 
1778, which reads : 

The he€wl shown to mo for Oliver Cromweirs, I vorily believe to be his real head, as I have 
carefully examined it with the coin ; and think the outline of the face exactly corresponds with 
it so far as remains. The nostril, which is still to be seen, incliiies downwards, as it does in the 
coin ; the cheekbone seems to be as it is engraved ; and the colour of tlie hair is the same as [in] 
one well copied from an original painting by Cooper in his time. 

Bedford Street, Co vent Garden, 1775. John Kirk. 

Now these statements are not reproduced to strengthen the evidence for the 
Head being Cromwell’s. We believe, and shall indicate the ground of our belief 
later, that but little can be learnt from the medals and coins. The statements are 
provided to indicate that the comedian was exhibiting the Head five years before he 
comes into touch with Cox, and twelve before Crunch appears on the scene*. The 
Elliston episode is indicative of the comedian’s desire to sell twelve years before 
he sold to Cox, and the opinions of Southgate and Kirk were probably collected to 
strengthen his position with possible customers. But why did the impecunious 
comedian — who can hardly have been other than Samuel Russell of Keppel Street, 
the vendor of the Head to (Jox — seek out the Master of Sidney Sussex and offer to 
sell the Head to him ? Would a strolling actor of drunken habits know of Sidney 
Sussex being Oliver Cromwell’s College? We think there is a closer link between 
Elliston and Russell than this. Once upon a time there was a farmer at Cadgrave 
near Orford on the south-east coast of Suffolk. He had two sons, one of whom 
became Master of Sidney Sussex, and the other a watchmaker in Bloomsbury. 
Robert Elliston the watchmaker was a man of sorry habits, and his son Robert 
William Elliston, born in 1774, was educated by his Cambridge uncle and spent 
much of his holidays in Cambridge. At nineteen he ran away from home and 
started a stage career at Bath. He became an actor of much repute, if like his 
father of drunken and ill-regulated habits. At the same time we find another actor 

* In Notes and Queries, Series I, Vol. xi. Jan.— JCine 1856, p. 496, we find a writer vaguely citing 

newspaper cutting September 1786,” which runs as follows ; **The curious head of Cromwell, which 
Sir Joshua Reynolds has had the good fortune to procure, is to be shown to his Majesty [George III]. 
How much would Charles the First have valued the man who would have brought him Cromwell’s head.” 
If, this was the Wilkinson Head, it was in Sir Joshua’s possession the year before Bussell sold it to Cox. 
The possession may have been only a temporary deposit by Bussell. It is noteworthy that the paragraph 
speaks of the head, not the skull, of Cromwell. Sir Joshua was interested in Cromwelliana (his wife 
was connected with the Cromwells), and the Marquis of Crewe’s miniature of Cromwell was once owned 
by the great painter. This newspaper paragraph is the only printed evidence we have come across that 
Reynolds accepted the genuineness of the Wilkinson Head. 
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of fame, Samuel Thomas Russell, born in or about 1769. The latter is in touch 
with Elliston, and indeed is manager to him, when he is lessee of the Surrey Theatre. 
Now we are not concerned here with these young men, who were children at the 
time when the events we are describing occurred. But the father of Samuel 
Thomas Russell was a certain Samuel Russell, an impecunious “country comedian,” 
i.e. a man who went about playing in provincial towns. Wc are told that Samuel 
Thomas first played at Margate, where his father, who was in the company, had 
done so well in the part of Jerry Sneak in Foote's Mayor of Oarratt that the 
Prince of Wales recommended him to King of Drury Lane, who it is said engaged 
his son by a trick instead. It is extremely likely that their common habits 
brought Samuel Russell and Robert Elliston together, and what more likely than 
that Elliston would advise Russell to apply to his brother at Sidney Sussex in the 
first place and, knowing of Cox and possibly employed by him, to turn to Cox in 
the second place when the comedian wished to sell the Head ? However this may 
be, it is clear that the Elliston narrative carries the Wilkinson Head back to 1776* 
at least, and out of the possibility of fraud on the part of either of those ingenious 
men, Cox or Cranch, 

We will now turn to Cranch s account in the work already cited. 

(ii) Mr John Cranch* 8 Narrative, 

The tradition respecting the head of Oliver Cromwell is, that l:)oing on a stormy night, in the 
latter end of the reign of Charles, or James the Second, blown off from the top of Westminster 
Hall, it was taken up by one of those many persons whom the flagitious conduct of these 
monarchs had by that time converted to a less unfavourable opinion of Cromwell. By this 
IKjrson it was soon after presented to one of the Kussell family ; and in the possession of one 
branch of ' that family, it remained many years, until the last possessor of it, of that name 
(Mr Samuel Russell) sold it to James Cox, esquire [sic], formerly proprietor of the celebrated 
museum which bore his name. The head was first seen by Mr Cox about the year 1780, when 
exhibited, as well as he recollects not far from Claremarkett. On that occasion Mr Cox first 
became acquainted with Russell, who then possessed the head as his projierty ; and who being 
in indigent circumstances, requested Mr Cox, to assist him with money for his support ; which 
partly from humanity, and partly (he confesses) with a view to the acquisition, sometime or 
other, of so groat a curiosity, Mr Cox from time to time did, till the 30 April 1787 ; when, in 
consideration of £100, which hjid been advanced, and a considerable sum then paid down, 
Russell, by a legal deed J transferred the head to Mr Cox. That gentleman having since retired 
from business and from town, has lately sold it to the present proprietors. 

* We may say 1773, if we credit the Additional MS. 6806, that Sir Joseph Banks had refused to see 
the Head 40 years earlier, i.e. earlier than 1813. Cranch came to London probably about 1770. 

t The watchmaker Elliston had moved from Orange Street, Bed Lion Square, to Charles Street, 
Long Acre, not very far from Clare Market. Bussell is also said to have exhibited the Head in Butcher’s 
Bow, a block of houses once running from the east end of St Clement Danes in front of the present Courts 
of Justice, and dividing the Strand into two narrow passages. Butcher’s Bow is close to Clare Market. 

X The deed of assignment, which appears in due order and genuine, is in the possession of 
Canon Wilkinson, and is given below : 

Deed of Assignment of Oliver CromwelVs Head to James Cox from Samuel Russell. 

KNOW ALL MEN by these Presents That I Samuel Bussell of Keppel Street in the Parish of Saint 
Saviours in the County of Surry — as well for and in Consideration of the sum of One Hundred one 
Pounds heretofore advanced to me by James Cox of Shoe Lane in the City of London Jeweller as for 
and in Consideration of the further Sum of Seventeen Pounds making together the Sum of One Hundred 
and eighteen Pounds to me in Hand paid by the said James Cox at and before the Sealing and delivery 
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Mr Cox, whose laudable attention to curious subjects is well known, says that having acquired 
a legal title to the head, though at the oxi)ense of so much money and of seven years* patience 
in waiting for Russell to make up his mind to part with it (which he did at last with infinite 
reluctance) he, from that time, purposely concealed it, even from his own family, in order to 
prevent the trouble of those incessant applications which he conceived would be made for a sight 
of it, in case it should be publicly known that he possessed so extraordinary and intei-esting 
a curiosity. And so very tenacious was he of this resolution that he oven denied the request of 
the late Mr Alderman Wilkes with whom he was well acquainted, and who being at the Glolie 
Tavern in Fleet Street, with a i)arty of friends, sent a deputation to Mr Cox, oxpi*ossly for that 
purpose. 

It may be noted that one of the ears is wanting ; and that there have been some other slight 
mutilations. This is accounted for by another of the family traditions which is that when the 
Protectoris relations and admirers wore occasionally admitted to see the head, they took those 
opportunities to pilfer such small parts as could best be come at, or were least likely to Ijo 
missed. The ear is said to have been ttiken away by one of the Russells of Fordham. 

The Russell Family of Cambridgeshire, appears to have been allied to that of Cromwell by no 
less than throe distinct marriages, within the space of twenty years, viz. : 

1«^. The marriage of the Protector Oliver’s youngest daughter Frances, the widow of Rob. 
Rich with Colonel Sir John Russell, Bart, of Chippenham, distinguished for his gallantry at the 
battle of Marston Moor. 

2nd, The marriage of the Protector Oliver’s son, the great and good Henry Cromwell, (deputy 
of Ireland) with Elizabeth the sister of the said Sir John Russell, and 

Srd, The man*iago of Elizabeth, the daughter of the said Henry Cromwell, with William 
Russell, escpiiro, of Fordham, by whom she had .seven sons and six daughters, and after having 
nearly ruined her fortunes by extravagant expences, died in London, 1711. 

From this last mentioned alliance, Samuel Russell is said to have been descended. At the 
time of his treaty with Mr Cox ho resided in Keppel Street, Southwark ; was afterward servant 
to a broker ; and since thought to be living near Spital Fields ; but in an obscurity which has 
hitherto eluded every endeavour to find him out. The greatest probability is that he is dead* 

of these Presents. (The Receipt of which said several Sums of Money I the said Samuel Russell do 
hereby acknowledge and thereof and therefrom and of and from the same respectively and every part 
thereof do acquit release and discharge the said James Cox his Executors and Administrators for ever 
by these Presents) — Have bargained and Sold released granted and confirmed and by these Presents Do 
Bargain and Sell release grant and confirm unto the said James Cox All that Scull or Head supposed to 
be the Scull or Head of Oliver Cromwell To have and to hold the said Scull or Head unto and to the 
only Use and Behoof of the said James Cox his Executors Administrators and Assigns absolutely for 
ever free from and without any interruption or Disturbance whatsoever of from or by me the said 
Samuel Russell or any other Person or Persons whomsoever And I the said Samuel Russell for myself 
my Executors and Administrators do by these Presents Covenant and promise that 1 the said Samuel 
Russell shall and will Warrant and for ever Defend the said Scull or Head unto the said James Cox his 
Executors Administrators and Assigns against me the said Samuel Russell my Executors and Adminis- 
trators and against all and every other Person and Persons whomsoever, And I the said Samuel Russell 
have put the said James Cox in full Possession of the said Scull or Head by delivering him the same at 
the time of the Sealing add delivery hereof In Witness whereof I the said Samuel Russell bath hereunto 
set my Hand and Seal the Thirtyeth day of April in the Tear of our Lord one thousand se\6n hundred 
and eighty seven. 

Sealed and Delivered and Livery a.nd Seisin of the 
said Scull or Head given to the said James Cox by 
the said Samuel Russell delivering Seizin thereof 
to the said James Cox in the Presence of 
T Maoniao. 

* Mr Josiah H. Wilkinson appears at a later date to have met Cranoh in Bath, whom he describes 
as an old gentleman, who superintended the exhibition of the Head in Bond Street, and from him heard 
several particulars as to the Head, one at least is of importance. It runs: 

He knew Samuel Russell and had seen him perform on Govent Garden Theatre, and he believed 
that, he was as often drunk as sober. — He appeared once before the house in Bond Street, where the 


‘ Saml. Russell. 
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The history of the head from the period when it was first deposited with the Bussell family, 
to the time of its coming into the possession of Samuel Bussell is not, for the present, attempted 
to be more particularly given. It has been hinted that, by some concealment, or other indirect 
practise, the title of some of Samuel RusselPs predecessors to the property of this head, was not 
quite regular. The remoteness of such a transaction would render it wholly immaterial whether 
this report were true or false, on any other account than this ; that it is certainly no mean 
evidence of the authenticity and value of a thing, that it is worth the risque of stealing or 
fraudulently concealing it. 

Now this Narrative prepared by Oranch with the view of advertising the Head 
at the time of its exhibition in Bond Street as a profitable show • must be read 
with caution. Cranch wished to make the most of the history of the Head as 
evidence for its genuineness. There is no reference here to the soldier who is said 
to have picked up the Head, nor to the marriage of the granddaughter to the 
comedian. It is, however, hinted that the Head had been acquired by illegal 
means, and had come into the possession of the Russell family, where “it remained 
for many years” until it descended to the impecunious Samuel. 

Cranch goes so far as reciting the three Cromwell-Russell marriages of the 
Protector Oliver’s time. Clearly the second link, that in which Henry Cromwell 
married Elizabeth Russell, is not to the point as the descendants would be Crom- 
well in name. 

The first link, that of the Protector’s daughter Frances Cromwell, with Sir John 
Russell, 3rd Bart, of Chippenham, offered some possibility, but we have drawn up a 
full pedigree of these Russells on the basis of information given by Mark Noble f 
and James WaylenJ, and there appears to have been no opportunity for a 
descendant of Lady Frances Russell, n6e Cromwell, to have acquired the Head 
and handed it down to Samuel. The name and the baronetcy came to an end 
with Sir George Russell, the 10th Bart., who died childless in 1804. He was the 
grandson of Charles Russell, who married the heiress of Chequers and carried 
the Russell Cromwelliana to that famous house, where they are still to be seen. 
With the death of Sir George the Russell estates descended to Greenhills and 
Franklands, connected with Frances Cromwell through the female line. Had the 
Head come into the hands of the Chippenham Russells there is little doubt that 
it would never have been made a show of, and would to-day be at Chequers. 

The third Russell marriage was that of Elizabeth Cromwell, daughter of Henry 
Cromwell, to William Russell, a grandson of Sir William Russell, 1st Bart. This 

Head was exhibited, and drew a mob round him by declaring that the embalm’d head of his great 
ancestor was his property, and that he had been ** juggled out of it” by Cox, who had taken advantage 
of his poverty, had arrested him, and had clandestinely got the head from him, when he, Bussell, was 
in a state of inebriation. The mob threatened to pull the house down. Memorandum of J. H. W. in 
Canon Horace Wilkinson’s possession. 

At some time therefore Cranch had found Bussell. 

* The show seems to have been a failure, for the explanation given for the papers concerning the 
Head, even the Bussell-Cox deed, remaining in the hands of Cranch and his descendants is that the 
showmen who purchased the skull from Cox had never' paid Oranch for his labours in regard to the 
Narrative and the Head Court exhibition! 

t The Protectoral House of Cromwell^ 8rd Edition, 1787, Vol. n. pp. 408 — 417, 449 — 458. 

t The House of Cromwell, New Edition, 1897, pp. 48 — 52, 127-*- 146. 
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branch of the family was very unfortunate ; possibly the fact that Henry Cromwell 
remained for many years in exile and impecunious added to the misfortunes of his 
daughter. Elizabeth Cromweirs husband, William Russell, lived extravagantly 
and, dying in 1701, left his widow, who appears to have been also a spendthrift, 
his debts and eleven out of fourteen * children. Some time after she with her children 
fled from the debts and the Fordham estate secretly by night to London. The family 
pedigree is given on p. 286. Considering her children, the eldest son Obrianf William, 
b. 1684, would be 17 years old when his father died, and grown up when his 
mother fled to London. ^ Noble says he was brought up to no profession. Of him, 
all we know is recorded in the words “ fate unknown.” It is improbable that he 
led a settled married life, or something would have been known of him. Still we 
cannot say that he was not the grandfather of Samuel Russell. The second son 
Henry died at sea, as did the fourth son William, presumably both young and 
without offspring. The third son John died between six and seven years of age ; 
the sixth son Edward died as an infant. We are left with two sons: Francis, 
b. 1691 — 2, who became a hosier in London, and Thomas, b. 1695, who was 
apprenticed to Francis, and died unmarried. 

Now of Francis only one son, Thomas, b. 1724, is recorded, but we are not told 
that he had no other offspring. This Thomas had two children: William, who died 
abroad unmarried, and Rebecca (d. 1832), who married and had offspring by her second 
husband William Dyer, with which offspring — as not bearing the name of Russell — 
we are not concerned. Thus if Samuel Russell was a descendant of the Russells 
of Fordham and at the same time of Cromwellian descent, he must either have 
sprung from the Obrian William Russell of ‘‘ unknown fate,” or from some other 
child of Francis the hosier than Thomas. There is one other possibility. Of the 
seven daughters of Elizabeth (Cromwell) Russell, several of whom married and 
of whom some died in extreme poverty, one may have had an illegitimate son who 
took his mother s name. We may briefly consider these daughters. 

(i) Elizabeth, b. 1683, married Robert D'Aye of Soham, who died in the work- 
house; they had offspring, (ii) Frances, b. 1686, and (iii) Jane, b. 1687 — 8, died 
of small-pox when their mother came to London, (iv) Mary 1st, b. 1689 — 90, 
died as an infant, (v) Mary 2nd, b. 1690 — 1, married Martin Wilkins of Soham, 
and had two children who died as infants, (vi) Margaret had intercourse with her 
brother-in-law Wilkins, by whom she had an illegitimate daughter Elizabeth. 

* Noble says 13 children but appears to record the names of 7 sons and 7 daughters. Granch says 
6 daughters. 

t We have spelt this name as it occurs in the r^rds, and at first sight the name in an English 
family and its spelling seem very unusual. On investigation, however, the origin of the name is clear. 
Sarah, daughter of Sir Francis Bussell of Chippenham and widow of General Reynolds, was the second 
wife of Henry O’Brien, 7th Earl of Thomond, being married in 1660. This Sarah would therefore be 
sister of Elizabeth Bussell and aunt of Elizabeth Cromwell (daughter of Henry Oromwell), great-aunt 
of the latter’s eldest son, to whom doubtless she was godmother, giving her married name to her 
godchild. It is possible that some trace of Obrian William Bussell might be found in the records of the 
Earls of Thomond. Sarah had four children of whom three married into distinguished English 
families. 

Biometrika xxvi 


19 



286 


The Cromwdl Head 



d.iS32 -• WilliMTi 


Karl Pearson and G. M. Morant 


287 


This daughter was married to a Mr Peachey by whom she had offspring. Lastly, 
(vii) a daughter unnamed who married a Mr Nelson of Mildcnhall and also had 
offspring. There seems no evidence here of any of these sisters having an illegfti- 
mate son to bear the name of Russell. It is, of course, possible there may have 
been an unrecorded case, but if there were, it is unlikely that the Head would 
have come into his possession*. 

We have thus been wholly unable to trace any connection between Samuel 
Russell and the Russells of Fordham, grandchildren of Oliver Cromwell. If such 
connection existed the evidence for it depends solely on Cranch's statements, 
particularly that contained in the footnote on our p. 288. Cranch was especially 
desirous of linking up the Head with the Russells of Fordham in order to emphasise 
its genuineness at the Bond Street show. Hughes and Cranch tried to get more 
information from Cox, but the latter only replied in generalities. All Cox vouch- 
safed was that the Head “ was blow'd down & picked up by a Republican & that 
in his family it was preserved & kept from the knoledge of the Public & has remaind 
so nearly to the present time.** 

Cranch in a letter of January 16, 1799, to T. M. Hughes writes : 

At all eveiitn, we must, if pus.sible, find out Russell, and get wbat we can from him--* 
[)rimarily & principally, his relationship to Mark Noble’s Russells ; and then, all that he chuses 
to disclose of the history of the descent of the suljecL A plausible course of derivatimi must be 
made out ; and though that derivation in some instances may not have been perfectly consonant 
to the laws of meum and yet it may equally avail for our purpose— be equally curious and 
interesting, and go equally to the point of the authenticity of the subject itself to shew that it got 
into the hands of some of the former owners by some indirect adventure. [Letter in the 
po8ses.sion of Canon Wilkinson.] 

It is clear that Cranch was only seeking for a “ plausible,” not neccsstirily an 
accurate “ derivation.” 

Further we must admit that Cranch’s story is not consistent with Ellistons 
report of what the comedian told him, namely, that he had got the Head through 
marriage with the granddaughter of the soldier who picked it up. According to 
Cranch it was picked up by a person, who owing to the conduct of Charles II and 
James II thought better of Cromwell than was customary, and this person presented 
it to a member of the Russell family through whom it descended to the impecunious 
Samuel. With the pedigree before us, we ask which member of the Russell family; 
and if, as we fqel pretty confident, the Head was in possession of Du Puy in 1710, 
then we ask how did Samuel Russell get possession of it? By 1711 Elizabeth 
Cromwell was dead, and her husband, William Russell, had died ten years before. 
Her scattered and impecunious offspring were hardly in a position to buy a head 
which Du Puy valued at 60 guineas I We think Cranch’s tale invented for the purposes 
of the exhibition, and that he possibly knew the real story is indicated by his remarks 
that whether it was originally obtained illegally was immaterial to the then owner- 
ship. Luckily while Cranch was clearly not a person whose words could be implicitly 

* Our information is based on Noble, op. ciu 8rd Edition, Yol. ii. pp. 440—458. Waylen (foe. cit.) 
has if anything less information than Noble. 
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trusted* there is too much good evidence of the existence of the Head when Cranch 
was a youth f, and to all accounts before he came in touch with it, to believe he 
fabricated the Head and all the documents concerned with it as well as his Narrative 
of its history. 

We now turn to the third account of how the Head came into the possession of 
Samuel Bussell. This is due to Mr Josiah Henry Wilkinson, who purchased the 
Head from the husband of the daughter of the last of the three proprietors, 
who had obtained the Head for £230 from Cox for the purposes of exhibition. 
Mr Wilkinson obtained the Head about 1814 J and wrote his Narrative in 1827. 
He was able to come directly or by correspondence into touch with Cox, Hughes, 
Cranch and Noble and to hear more of the traditions concerning the source 
whence Russell obtained the Head than we can discover to-day. 

(iii) Mr Josiah Henry Wilkinson's Account o/1827§. 

The tradition respecting the Head of Oliver Cromwell is that being on a stormy night, in the 
latter end of the i-eign of James II, blown off from the top of Westminster Hall, it was taken up 
by a sentinel who was on his parade on the parapet ||, and at whose feet it fell, and who per- 
ceiving what it was, placed it under his cloak till he went homo ; there he hid it in the spacious 
chimney of his room without acquainting his wife or daughter of the circumstance. Having 
concealed it for two or three days before he saw the placards which ordered any one possessing it 
to take it to a certain office, he was afraid to divulge the secret, till on his deathbed he discovered 
it to his w’ifo and daughter. The latter being married, her husband looked out for the best 
market, and sold it to one of the Cambridgeshire Bussells, through which family it descended 
piivately, in the box in which it is now deposited, till it came into the possession of the late 
Samuel Bussell, who being an indifferent comic actor of dissolute habits, and very needy, 
exhibited it at a place near Clare Market. [Here ^follows an account of BusselPs sale of the Hoad 
to Cox.] ' 

The source of this third account IF of how Samuel Bussell obtained the Head we 
do not know. If it came from Russell himself, directly or through Cox or Cranch, 
it differs essentially from Busseirs tale to Elliston, wherein the skull came to him 
by marriage. It differs from Crunch’s narrative wherein the Head was picked up 

* He is described as an impecunious person of ** poetic** nature! 

t He was bom 1751, and would accordingly be about 22 when Samuel Bussell first tried to part with 
the Head. 

It would appear that in 1818 one of the purchasers from Cox was showing it occasionally in 
Fenohurch Street in the City, and in April of that year had offered it. for sale to William Bullock of 
the Museum in Piccadilly. Liverpool Papers, British Museum. Further it was offered to Mr B. G. 
Bussell, M.P. for Thirsk (1818 — 1831), somewhere about the same time, but was declined by him. A 
Mr Wilkinson of Fenohurch Street purchased in 1820 two copies of Caulfield’s High Court of Justice 
on Charles I. 

§ Manuscript in the possession of Canon Wilkinson. 

I) The words **on the parapet” occur in Mr Josiah Henry Wilkinson’s original manuscript, to which 
we have had access, but are omitted in the version of that account issued with Howarth’s paper 
(op, cit. p. 4, Yol. Lxviii. p. 284). 

.IF Thete is still another variant of the tale, which is provided in Notes and Gleanings^ yol, ii. p. 66, 
Bxeter, 1889« According to this version, a Mr F. Gale, lecturing before the Literary Society of Exeter, 
stated that a man, living in the suburbs of London, had once shown him the head of Oliver Cromwell, 
which had been exposed on Westminster Hall, and a sentry stationed to guard it. The Head was blown 
down in a dreadftil storm^and the sentry trying to recover it, a looker-on offered him a shilling to allow 
him to take it away; which was accepted! 
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by one of the many persons beginning to judge more highly of Cromwell, and 
presented by him to one of the Russell family. Both say it descended to Samuel 
Russell from that family. Cranch connects the Head with the Fordham Russells; 
Mr Wilkinson states merely the Cambridgeshire Russells, which would include those 
of Chippenham. None of the three accounts is consistent with the Head being in 
1710 in the possession of Du Puy. Even in 1685, it may be doubted whether the 
Fordham Russells would have been a “better market” than the Chippenham Russells, 
and it is difficult to believe that from the latter it could pass, apart from the rest 
of their Cromwelliana, to Samuel Russell. The Fordham Russells were scarcely in 
a position after 1710 to purchase the Head had Du Puy died and the curiosa of his 
Museum been dispersed. Finally we have no valid evidence that Samuel Russell 
the elder was a member of the Fordham Russell family. If we suppose that the 
Du Puy Head is not the Wilkinson Head but that the sentinel’s son-in-law sold 
the latter Head to Cromwell’s granddaughter Elizabeth or her husband, then we 
must suppose that when Elizabeth soon after 1701 fled by night in the “family 
coach” from Fordham and from her creditors to London, she carried the Head with 
her, and this leaves us with the difficult task of linking up Samuel Russell with 
one or other of her children. Such an account for his possession of the Head is 
diametrically opposed to what, according to Dr Elliston, the comedian told him, 
namely, that he had obtained the Head by marrying the sentinel’s granddaughter. 
Among such discordant accounts, we can only consider where the greater probability 
lies, and this seems to us to be that the sentinel’s son-in-law found his “best 
market” in Du Puy, a collector of curiosities; that later it came by some unexplained 
transactions into the hands of the comedian Samuel Russell, who gave various 
accounts of how he became possessed of it. Samuel may or may not have been a 
descendant of Cromwell; up to the present there is no verification of this statement, 
beyond the narrative of Cranch, which Mr Josiah H. Wilkinson probably followed. 

It seems to result fairly certainly that the Head was not faked by Cox or Cranch, 
who were men of ability; still less likely by Russell. To say that it was not faked 
does not prove it the genuine head of Cromwell. It might be an embalmed head 
of another — Ireton, for example, although improbably, as he was far less carefully 
embalmed than Cromwell*. 

6. The Du Puy Head of Cromwell, 

It is fitting* that we now turn to Du Puy’s relation to the Head of Oliver Crom- 
well. Du Puy must have been a person of considerable wealth and some importance 
in the city of London or its environs in the early years of the 18th century. Not- 
withstanding our endeavours we have so far been unable to come across notices of 
him, although his collection of curiosa must in 1710 have had widespread fame, if it 
attracted a visitor to London at that date to go and see it as one of the sights of 
that city. We do not despair of further information as to Du Puy being forthconiing, 
when a more thorough investigation of the records is made than has been possible 


See SainthilFs aooount on our p. 813. 
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in our case*. All we have discovered is that he died in the parish of St AnneX 
Westminster, in 1738, a bachelor and intestate. He is not in the alphabetical 
Directory,,. [for^ the Cities of London and Westminster and Borough of Southwark, 
1736. We reproduce what von Uffenbach tells us. Claudius Du Puywas by birth 
a French Swiss, and carried on the business of a calico-printer. Von UflFenbach 
reports him “ein besonders curioser Mann,*' but omits to tell us where he lived. 
He must, at any rate in 1710, have been a wealthy man for he had “vier Zimmer 
voller Curiositaten und meist Naturalien." It is clear that it was not a public show, 
but an enlarged private cabinet of curiosa, so common among the wealthy in the 
17th and 18th centuries, of which the “museum" of the Royal Society in its early 
days was a good example. The contents of Du Puy’s museum extended from hum- 
ming birds to marine animals, from idols to waxworks, from musical instruments to 
strange footwear. Von Uffenbach gives a fairly lengthy account of all these wonders. 

In the second room among coins and herbals we find a very important object: 

Auch zeigte iins Herr du Puy als eineH seiner curieusesten Sachon den Kopf von Cromwel, 
wie er mit der hdlzerneu Stange, so abgobrochen ist, herunter gefallen, wenn man anderst Herrn 
du Puy mit einem andern Todton-Kopfe nioht betrogen hat. Daiin niir komint es sehr ver- 
ddchtig vor, dass ein Holz darinnen steckt, und der Kopf darnit herunter gefallen seyn soli; 
indem man die Kopfe der Maleficanten nicht auf hdlzerne, sondern auf eiserne Zapfon oder 
Stacheln zu stecken pfleget. Jedoch Herr du Puy versicherto, d^lss er sechzig Guiiieen davor 
habon kOnnen. Mich wunderte, dass dcnen Engellanderu dieses monstrdso Haupt noch so lieb 
und Werth seyn khnnte ; jodoch es giebt dergleichon Kfipfe noch viele in Engelland als dieser 
war, und es sollten noch viele seyn, die damit eben so oben hinaua wollten. Bei diesem Kopfe 
des Cromwels war auch ein Kopf von einer Mun^ie, die mir liebcr hatte seyn sollen. 

This- visit of Zacharias Conrad von Uffenbach to Du Puy's collection took place 
on July Ist, I710f. Thus if the head of Cromwell reported to be in his keeping was 
the Head sold by Russell to Cox and seen by Southgate in 1775, we can carry back 
its history a further 65 years, if we cannot account for the transfer of it from Du 
Puy's museum to the care of the bibulous comedian Samuel Russell. No one can 
read von Uffenbach's description of the contents of Du Puy's four rooms of oddities 
without perceiving that he was a wealthy collector of curiosa, and he himself stated 
that this was one of the most curious things among his curiosa. He obviously 
valued it highly, for he assured von Uffenbach that he could sell it for sixty guineas, 

* There was a musician, Thomas Sanders Dupuis (1733—1796) whom the D.N.B, states was the son 
of John Dupuis, a member of a Huguenot family, who is said to have held some appointment at Court. 
Pepys in his Diary, August 5, 1667, writes: ** After done with the Duke of York, and coming out through 
his dressing room, I there spied Signor Francisco, tuning his gittar and Monsieur de Puy with him, 
who did make him play to me which he did most admirably — so well that I was mightily troubled that 
all that pains should have been taken upon so bad an instrument.” This appears to be the only 
reference to de Puy in the Diary. Wheatley in his index has : **Puy (Mons. de), servant to the Duke of 
York.” He is probably the same man whom Narcissus Luttrell (A Brief HUtorical Relation of State 
Affaire, September 1678 to April 1714, 1869) states to have been the Duke of York’s barber and who 
appears to have been connected with the plot against Sir Edmundsbury Godfrey (see Vol. i. pp. 86, 
90—91). We are unable to state whether there existed any connection between thia Monsieur de Puy, 
John Dupuis, who held some appointment at Court and von Uffenbach’s Du Puy. We have found many 
Du Puys, De Puys, and Dupuis in the lists of Huguenots in England, but no Claudiue Du Puy. 

t Mm'hwUrdige Reieen durch Niedereachsen, Holland und Engelland [1710]. Zweiter Theil, Frank- 
furt tt. Leipzig, 3. 622—629, especially S. 625. 
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and this is some evidence that he felt certain of its genuineness. We must note also 
that von UflFenbach terms it a Kopf, a Todten-Kopfey and a monstroses Haupt. It is 
almost impossible to believe von Uffenbach could use such expressions of a mere 
Sohddel\ a skull is not a monstrosity, but the Wilkinson Head of Cromwell to a man 
with small anthropological or historical instinct, who probably looked upon Cromwell 
as a mere rebel, and who noted its battered condition, might well appear a monstroses 
Haupt He would not be the first person to think it such ! 

Von Uffenbach expresses some doubt with regard to the genuineness of the 
Head, but upon a ground which is very satisfactory in the case of the present inquiry. 
He says a wooden staff* is stuck into the Head but that it was customary to place 
the heads of malefactors on an iron spike or stake. This is of much interest because 
it is on the broken end of a rounded pole\ it is true that an iron prong is attached 
by crude nails (see our Plates XXVII, XXXII and XXXIV) to this pole, but the 
pole is more conspicuous than the prong which is mostly concealed inside the brain- 
box, and the spike which pierces the skull-cap has largely rusted away. Now, where 
did von Uffenbach get his conception of the heads of malefactors being placed on 
iron stakes? 

On June 21st, some ten days previously, our traveller and his friends had visited 
London Bridge*: 

Nach dem gingon wir Londons-Bridgo, oder die Briicke iiber die Temse zu sehen. Wir waren 
schon wohl zwanzig Schritt auf solbiger fortgegangen, ohiie dass wir wussten, dass wir auf der 
Briicke waren, bis ich unsern Dolrnetscher fragte, ob wir dann bald an der Briicke waren ? Der 
es uns dann sagte, dass wir wirklich fast auf der Mitte der Temse waren. Man erkennet die 
Briicke daher nicht, weil sie auf beyden Seiten grosso iind ansehnliche Hauser hat, da unten 
lauter Boutiquen 8ind....Auf dieser Bnicke haben sonst die Kbpfe von den Parricides, wie Patin 
dans ses Voyages, p. 167 sagt, das ist Cromwells und seiner Anhiinger gosteckt, allein es ist 
davon nichts meher zu sehen, als die Eisen, darauf sie gesteckt gewesen. 

Cromweirs head was never on liondon Bridge, although those of some of the 
regicides may have been. It docs not follow that because there were iron prongs for 
the heads of malefactors on London Bridge, these would be used wherever their 
heads were displayed. Indeed it seems highly improbable. Grosley, visiting London 
about 1770, saw on Temple Bar the heads of three of the Pretender^s chief leaders, 
who had been captured in the Rebellion of 1745, and reports in his work Londres 
that they were on poles fifteen to twenty feet high set equally apart. It is hardly 
conceivable that these poles (‘‘perches”) could have been made of iron. Grosley*s 
account runs 6ts follows: 

Au centre de Londres m6me, la superstition a un monument qu’elle ne perd point de vue & 
qui intdresse tons los Ordres de TEtat. Ce sont trois perches, k la sommitd desquelles furent 
fichdes les tdtes de trois des principaux seigneurs qui en 1746 ayant suivi le parti du prdtendaut, 
furent pris les armes k la main & exdcutds comme criminels de haute trahison. Ces trois perches 
de quinze k vingt pieds de haut, sont plantdes, k distances dgales, sur le Temple-bar ; porte dans 
le goflt de I’ancienne poste de la confdrenco k Paris, & qui pare le vieux Londres du Strand. Les 
Anglois m’ont paru en gdndral persuadds que la chtlte de chacune de ces trois tdtes, doit dtre 
le signe & peut-6tre le signal de quelque rdvolution dans I’Etat. Ce prdjugd populaire s’est 
aocrdditd par la chtlte de la tdte du milieu qui, lors do la mort du dernier roi, s’est ddtachde de 
la perche qui la soutenoit. [Pierre Joan Grosley], LondreSy Lausanne, 1771, T. ii. pp. 9 — 10. 

♦ Ojp. cit, Bd. n. S. 490—491. 
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This extract is of much interest. Some of the heads were still up in 1770, thus 
such heads could remain in position for twenty-four years, but the head in the 
middle had fellen in 1760, that is after fourteen years, when George H died. It is 
accordingly quite possible that the heads of Cromwell, Bradshaw and Ireton would 
remain on Westminster Hall till 1686 or longer. Further, the fall of Cromweirs head 
at the time of James II*s flight may well have given rise, to the superstition of which 
Grosley speaks. When we come to consider the mounting of the regicides' heads 
on the south end of Westminster Hall, we must be careful to remember that there 
were low buildings on the west and south sides of that Hall, and that only a portion 
of these were public offices; they included the taverns popularly termed Heaven" 
and ^*Hell," which will be discussed in the following section. In the next place the 
Hall had gable ends with a pinnacle at the roof-ridge, and possibly, but improbably, 
small pinnacles at the terminals, which are, however, not shown on the prints : see 
our Plates XV, XVII, XVIII and XXII. Between the ridge-pinnacle and the 
terminals there seem to have been short stone knobs giving the appearance of a 
balustrade in Queen Elizabeth's day, but they do not appear in later prints. To the 
ridge-pinnacle we may assume the pole for the head of Bradshaw was attached, while 
the poles for those of Cromwell and Ireton would be fixed to the stone abutments, or 
the terminal pinnacles if there were such. To render the heads more visible from Old 
Palace Yard, St James's Park and the river, we may reasonably assume poles* of 
considerable length and strength were used. This would be better attained by solid 
oak posts (such as we find a piece of in the case of the Wilkinson Head) than by 
small sectioned iron rods. If it be asked, why was the southern gable of the Hall 
used in preference to the northern, we must recall the reason given for this choice, 
namely they were to be posted as nearly as possible above the place where in the 
Hall below the judges of the Court which condemned Charles I had satf. For this 
reason the head of Bradshaw, the president of the Court, was placed in the centre 
above where he had sat, with Cromwell on his right and Ireton on his left. Cf. 
the Dutch Print on Plate XIV. 

6. Evidence that the Head has remained unchanged for more than a century » 

It is, perhaps, worth while, if hardly necessary, to indicate that the Head has 
remained in practically the same condition as it was when exhibited 134 years ago 
in Mead Court. This is evidenced both by the picture of the Head painted by 
Cranch and the engraving he provided for his Narrative : see our Plates IV and V. A 
further sepia drawing of the Head occurs in a grangerised Pennant's Account of 
London of 1790 in the Print Room of the British Museum. The drawing may 
date from the last quarter of the 18th century. There is no other record of the 
skull-cap being tied on with tapes, and it is singular that they were not removed 
for the occasion: see our Plate VI. A description provided in a letter of Maria 
Edgeworth's of March 9, 1822, shows the Head at that date in practically the same 

* Their heads were set on jpoZe# on the top of Westminster Hall. Qt»ta Bntcmmm, WMrUm*$ 
Almanack, 168S (under 1668). 

t Howarth {Uk- eit, p. 10, Vol. lxviu. p. 340) is wholly in error as to the position of OromwelPs head 
on Westminster Hall. 
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Biometrika, Vol. XXVI, Parts III and IV 

Pearson and Morant ; The Cionnoell Ihad 



John Cranch’s oil painting of the Head. The painting 
is In the possession of Canon Horace Wilkinson. 
Painted in 1799 or thereabouts. 



Sepia drawing of the Wilkinson Head, from a grangerised copy of Pennant’s London, 
1790, in the Print Room, British Museum. Probably from the last quarter of 
the 18th century. 
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condition as to-day. To understand this letter we must point out that Maria 
Edgeworth was a friend of Mrs Ricardo, Mr Josiah H. Wilkinson’s sister Fanny, 
and that she has just been describing a breakfast party at Mr Ricardo’s house 
in London. At this party Mr Wilkinson, the first of .that name to own the Head, 
was a guest and he had brought it for examination. It can hardly be expected that 
Miss Edgeworth, writing down later from memory what Mr Wilkinson said, would 
be wholly accurate, but the picture of the Head is true enough. It runs as follows: 

But to go back to our breakfast and Mr Ricardo. — ^After the hist at which Capt. Beaufort 
was with us, wo saw — What do you think ? Oliver Cromwell’s head — not his picture— not his 
bust — nothing of stone or marble or plaister of Paris, but his real head, which is now in the 
possession of Mr Ricardo’s brother in law (Mr Wilkinson) — He told us a story of an hour long 
explaining how it came into his possession. This head as he well observed is the only head on 
record which has after death been subject to the extremes of horror and infamy — It having been 
first embalmed and laid in satin State — Then dragged out of the cofifin at the restoration — 
chopped from the body and stuck upon a pole before \sic\ Westminster Hall, where it stood 
twenty five years — Till one stormy night the pole broke and down fell the head at the centinels 
feet who stumbled over it in the dark twice, thinking it a stone, then cursed and picked it up 
and found it was a head. Its travels and adventures from the centinel through various hands 
would be too long to tell — it came in short into the Russell family and to one who was poor and 
in debt and who yet loved this head so dearly that he never would sell it to Coxe of the Museum 
till Coxe got him deep in his debt arrested and threw him into jail — Then and not till the last 
extremity he gave it up for Liberty — Mr Wilkinson its present possessor doats upon it— -a 
frightful skull it is— covered with its parched yellow skin like any other mummy and with its 
chesnut hair eyebrows and beard in glorious preservation — The head is still fastened to the 
inestimable broken bit of the original pole— all black and happily worm-eaten — By this bit of 
pole Mr and Mrs Ricardo and family by tiums held up the head opposite the window while we 
stood in the window and the happy possessor lectured upon it compasses in hand — There is 
not at first view it must be owned any groat likeness to picture or bust of Cromwell — but upon 
examination the proofs are satisfactory and agree perfectly with historic description — The nose 
is flattened as it should be when the body was laid on its face to have the head chopped off — 
There is a cut of the axe (as it should be) in the wrong place where the bungling executioner 
gave it before ho could get it off— One ear has been torn off as it should be— And the plaister of 
Paris cast which was taken from Cromwell’s face after death, being now produced all the 
measures of jaws and forehead agreed wonderfully and the likeness grew upon us every instant 
as we made proper allowances for want of flesh — muscles, ey6s, etc. To complete Mr W.’s felicity 
there is the mark of a famous wart of Olivera just above the left eye brow on the skull precisely 
as in the cast. But then Captain B. objected or was not quite convinced that the whole face was 
not half an inch too short. Poor Mr Wilkinson’s hand trembled so that I thought he never 
would have fixed either point of the compasses and he did brandish them about so afterwards 
when he was exemplifying that I ex^iected they would have been in Fanny’s eyes or my own and 
I backed and pulled back. Mrs Ricardo gave her staff to whom she listed— she could not bear 
the weight of Old Noll thro* the whole trial. Mr Ricardo gave up too when a bit of cotton- wool ♦ 
was dragged from the nostrils— (“Oh I cannot stand the cotton wool”). He delivered over the 
staff and wont to the fire to comfort himself dragging up the skirts of his coat as men do in 
troubles great. 

I was glad Captn Beaufort let the poor Mr Wilkinson off easy about the length of the face 
and we all joined in a chorus of conviction — He went off with his head and staff the happiest of 
connoisseurs — Moreover I suggested that for future convenience he might leave it fixed under 
a glass case — ^the broken staff to fit into a tube as candle in candle stick. — 

* The material is flax lint, not ootton-wool, which wonld have been suspioious. See p. 840 below. 
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How much time and paper it takes to tell anything in writing ! — Excuse tiresomeness ! 
inevitable when I have not time to make things properly short. — 

We owe a copy of this letter to the kindness of Professor H. E. Butler. 

We will conclude this section of our memoir by remarking that it seems to us 
impossible that the Wilkinson Head was a fake. The bibulous actor Samuel Bussell 
the Elder was not capable of preparing a head of this character; he was without all 
the knowledge of history and the art of embalming requisite for the purpose. The 
two men who might have some of the necessary ability — Cox and Cranch — come 
too late into the story. It is clear that Samuel Russell was trying to sell the Head 
as early as 1776, if not before that date. 

In our minds there is small doubt that the Wilkinson Head is the “monstrdses 
Haupt** upon a wooden staff in the possession of Du Puy, a collector of curiosay to 
whom anyone who had picked up the head of Cromwell would be likely to turn in 
order to sell it, possibly the more so as he was a foreigner, and not perhaps cognizant 
of any offence in the possession of it. How it passed from Du Puy to Samuel 
Russell, we cannot say. We have only Cox*s and Cranch^s statements that he was 
a descendant of the Fordham Russells, including Cranch s account of what Russell 
cried out in Mead Court when he was drunk. If we could show that Samuel Russell 
was descended from Elizabeth Russell, Henry Cromwells daughter, there would be 
some reason for its being in Samuel's possession. That extravagant lady might 
have purchased the Head from Du Puy in 1710 to 1711 or at a sale of his effects. 
But there is no light at present on any such relationship. We can only say that 
from 1710 to 1778 — 5 the Head, as far as we can ascertain, remained in obscurity*. 
Beyond the inherent superficial evidence in the attributes of the Head itself, which 
we shall shortly consider, we must ultimately turn to the evidence for or against 
it in the masks, busts and portraits of Cromwell to which later sections are devoted. 

Before we can deal with possible contradictions in the inherent characters of 
the Head itself, and what we know of Cromwell's head, we must study what is 
known of the latter, and briefly dismiss the numerous myths which have attached 
themselves to his remains. 


SECTION II. 

7. History of CromwelVs Remains, 

We may dismiss at once the various rumours and wild tales as to the disposal 
of Cromwell's body. There exists of course the possibility that the bodies of any or 
all of the three, Cromwell, Bradshaw and Ire ton, were dug up secretly from the 

* If Da Puy retained the Head until his death, v^hioh took place in 1738, then for 87 years only is 
the fate of the Head uncertain. He may not have done so, as he died intestate, and no' relative, bat a 
creditor, appears as administrator. The entry in the General Begister Office is as follows ; 

11th August, 1738. Dupuys, Claudius. On the eleventh day Administration of all and singnlar the 
Goods, Chattels, and Credits of Claudius Dapuys, late of the parish of St Anne, Westminster in the 
County of Middlesex, Bachelor deed, was granted to John de Normant, Principal Creditor of the said 
deed, he being first sworn duely to administer. 
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hole at Tyburn and secretly buried elsewhere*, but such possibility does not concern 
us, who have to deal solely with their heads. We must, however, turn for a moment 
to the disposal of the body of Charles 1. Cromwell with certain restrictions f as to any 
ceremonial allowed the friends of Charles to bury his body in St George's Chapel, 
Windsor. Here it was laid in the vault of Henry VIII. Now Barkstead and 
possibly other roundheads spread a report that the body of Charles I was inter- 
changed with that of Cromwell, and that it was the former that was hung at 
Tyburn. The vvhole tale is absurd. Sorbiere writing in 1663 mentions a like tale 
as spread among the common folk, but terms it ridiculous J. Pepys meeting with 
Jeremiah White writes on October 13, 1664: 

When I told him of what I had found writ in a French book of one Monsieur Sorbiere, tliat 
gives an account of his observations here in England ; among other things he siiys, that it is 
reported that Cromwell did, in his life time, transpose many of the bodies of the Kings of 
England from one grave to another, and by that means it is not known certainly whether the 
head that is now set up upon a post be that of Cromwell, or of one of the Kings ; Mr White 
tells me that he believes he never had so poor a low thought in him to trouble himself alxmt it. 

* The story of the Naseby Field burial attributed to the son of the regicide Barkstead {Ilarleian 
Miscellany f Vol. vii. p. 271, 1810) is idle, because it involves the concurrence of Cromwell himself. The 
burial of Cromwell’s body at Newburgh Priory, the seat of the Fauconbergs in Yorkshire, is more probable 
as Mary Cromwell was a much loved daughter of the Protector. The truth of the burial could only be 
verified if the mass of stone in an upper chamber at Newburgh Priory were opened and a headless 
embalmed body found there. In that case it should be easy to test whether the Wilkinson Head fitted 
the body. 

Philip Williams in his History of the Protector^s Remains speaks of friends staying at Newburgh 
Priory (near Easingwold, Yorks), the seat of Sir George Wombwell, being shown on an upper floor at 
the end of a long and gloomy passage, a low and very strong old door, close upon the floor. The hostess 
said it had never been opened since the day the Protector’s body went inside there. Her husband was a 
descendant of Viscount Fauconberg, the son-in-law of Oliver, and she said that the family had arranged 
that the body of Cromwell ** should be secretly conveyed here, and here it had remained since the day 
it was enclosed within that door.” It has been stated that Cromwell’s heart is also at Newburgh Priory 
{Notes and Queries^ Series X, Vol. xt. p. 462). Cf. Dionis’ account of embalming on our p. 272. 

t See Anthony k Wood’s Athenae Oxonienses^ 2nd Edition, 1721, Vol. ii. Col. 703. 

X M. Samuel de Sorbiere: Relation d"un Voyage en Angleterrey oU sont UmcMes plusieurs choseSf qui 
reyardent Vestat des Sciences^ et de la Religion^ et autres inatieres curieusesy 1664. The permission to print 
the work was given to “Samuel Sorbiere Histographe de Roy” on October 2, 1660, and the journey to 
England must have been in the same year. An English translation was published in 1709. P. 143 
speaks of the remains of the rebels which could be seen on London Bridge and on the towers of 
Westminster. Pp. 164 — 166 are those that concern us. We read: 

Mais oe (me je vis de plus remarquable, furent les superbes tombeaux de Richemont, de Bukingham, 
et de Henri VII qui vont au pair aveo les nostres de S. Denis, si mesme ils ne les surpassent. Je ne dis 
rien d’un bruit ridicule qui oourut k Londres; oomme si Cromwel avait donn4 ordre qu’on le mit 
secrettement dans quelqu’un de oes tombeaux. Ce que Ton s’est imaging sur la precaution qu’il apportoit 
de son vivant, lore qu’il avoit une vingtaine de lits en autant de chambres, afin qu’on ne soeut jamais oil 
il devoit oouoher. Mais oe queie touche ioy du corps du Protecteur qui a est^ mis au gibet, et sa teste 
plant^e Ik un poteau sur une tour Ik cost4 de la salle de Parlement, me fait souvenir d’une opinion qui 
court parmi le Peuple. II y en a plusieurs qui oroyent que la finesse de Cromwel est all4e ju^ues k faire 
ouvrir quelques tombes des Rois qui sont dans la chapelle de Westminster, et k prendre soin qu’on fist 
une transposition. 

It is interesting to note that Voltaire can hardly have known Sorbidre at first hand, because he 
describes what Sorbibre says as a dull scurrilous satire upon a nation of which the author knew nothing. 
Dr Welldon also could not have read what Sorbibre wrote. See The Nineteenth Century and After ^ 
Vol. Lvii. p. 943. Even what Sorbibre writes about Cromwell changing his room is only an exaggeration 
of what Clarendon reports : see his History of the Rebellion, Vol. iii. p. 604, 1704. 
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The rumour that Cromwell shuffled the royal bodies or that it was done by his 
relatives after his death, so that Charles I was hung in CromweU’s place at Tyburn 
is confuted not only by the realisation that it would be difficult to hang a beheaded 
man; but further by the fact that in 1813 the vault of Henry VIII in St George’s 
Chapel, Windsor, was opened up officially. In it was found a plain leaden coffin 
with the words ‘‘King Charles, 1648” upon a scroll of lead surrounding it*. The 
coffin was laid on top of those of Henry VIII and Jane Seymour. The head was 
seen severed from the body when the coffin was opened, and the features were still 
recognisably those of Charles. There can be no doubt that Charles had remained where 
he was buried. A small mahogany coffin, laid on the pall covering King Charles’, 
contained the body of an infant. This is known to have been a still-born child of 
Princess George of Denmark, afterwards Queen Annef. Thus the rumour referred 
to by Sorbi^re and probably originating in the younger Barkstead should be for 
ever dismissed. It was only the lowest of the roundheads who could thus have 
endeavoured to score off the rabble of the cavaliers who demanded the desecration 
of the tombs of the dead, by thus soiling the character of the leader whose spirit 
they could not appreciate. Cromwell allowed the friends of Charles to bury him 
quietly in the company of kings. He had no thought of desecrating tombs, or that 
others would be so small-minded as to do so either. He clearly thought that his 
body would rest with those of his daughter and friends; and the suggestion that 
before dying he made arrangements for his secret burial is merely an invention by 
which one rabble hoped to outwit a second by setting the report of an infamy of 
their own party against the definitely achieved infamy of their opponents. 

We ,must now turn to the actual funeral arrangements prepared for the 
Protector’s body, and in considering these we shall find it needful to consider briefly 
the last royal obsequies in England, namely those of James I. We must remind 
the reader of one or two important facts. Cromwell died at 3 p.m. on September 3, 
1658; immediately after this announcement in Bate’s Elenchv^ follow the words: 
“ Dissecto cadavere ” and the account of the autopsy. Then follow the words about dis- 
embowelling, filling the body with sweet herbs, wrapping it in sixfold cere-cloths, 
next placing it in a lead and outer wooden coffins, and finally the remark that 
decay had so far set in that it was found necessary to bury it before the state 
funeral. We have already seen that it was not till the day following the death, 
September 4, that the physicians and chirurgeons appointed by the Council 
embalmed the body of the Protector. We do not even know that Bate was one of 
these; he may have had no experience of embalming. We do not even know that 
he took part in the dissection. But what we are certain of is that proper embalming 
is a much longer process than that described in the words following the account of 
.the autopsy, so that a crude attempt may have been made at embalmment after the 

* * Called ibe ** Girdle or Giroamsoription of Capital Letters in Lead put about the Coffin.’’ Herbert 
gives a full aooount of the burial of Charles which tallies with what was seen on opening the vault in 
1818: see Memoir $ of the Last Two Years of the Reign of King Charles I. By Sir Thomas Herbert, 1815. 

t See An Account of what Appeared on Opening the Coffin of King Charles the First in the Vault of 
King Henry the Eighth in 8t George's Chapel at Windsor, on the First of April MDCCCXIIL By Sir 
Henry Halford, Bart., F.B.S. and F.A.S., London, 1818. (4to of 19 pages.) 
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autopsy, afterwards rectified. Thus Bate may be speaking of what he had merely 
heard reported; especially the known fact of an earlier burial, may have led him 
to account for it by the statement in the Elenchua*. Anyhow we shall see that 
what happened in Cromweirs case exactly followed the order of events in the 
obsequies of James If. To these we now turn. 

The account of James’s autopsy and funeral ceremonies will be found in the 
following work by John Nichols, F.S.A. : The Progresses ^ Processions and Magnificent 
Festivities of King James the First, London, 1828. On p. 1037 of Vol. iv we have the 
account of the autopsy and embalmment. King James died on March 27, 1625, 
aged 59, the age of Cromwell at death. He was disembowelled on March 29 and 
this was accompanied by an examination of his organs: 

his harte was found to be great but soft, his liver fresh as a younge man’s ; one of his kidneys 
very good, but the other shrunko so little as they could hardly find yt, wherein there was two 
stones; his lites and gall blacke, judged to proceed of melancolly ; the semyture of his head soe 
stronge as that they could hai*dly breake it open with a chissell and a sawo and so full of braynes 
as they could not uppon the openninge keep them from spillinge, a great raarke of his infinite 
judgement. His bowels were presently put into a leaden vessel and buryed ; his body embalmed. 

No one can read the account of Cromweirs autopsy without seeing in it the 
parallelism with that of James I. But what concerns us is that in the last account 
we have of the embalmment of an English sovereign we find the skull-cap was 
removed to take out the brain. Time, perhaps, did not permit of this in the case 
of Charles I, or the brain may have been removed through the nostrils. The rela- 
tive haste of the embalmment is possibly indicated by the head not being stitched 
again to the neck before that undertaking. Thus all the discussion as to the removal 
of the skull-cap in royal embalmments covering pages of Notes and Queries is purely 
idle. 

* Bate was writing after the Restoration, and when it seemed to please the cavalier wit to associate 
stench, whether of earthly or hellish origin, with Cromwell. Of the three roundhead leaders whose 
bodies were hung at Tyburn, Cromwell and Ireton (who had died in Ireland some weeks before his 
interment at Westminster) had been embalmed. Bradshaw was not embalmed and the effluvia at 
Tyburn was much more likely to have arisen from his body than from that of Cromwell. StiU a cavalier 
present attributed it to the latter, and met with the coarse but apt retort of a roundhead acquaintance 
given in the Somers Tracts: A cavalier who witnessed the exhibition of Cromwell’s body upon the 
gallows said to a roundhead acquaintance, “Methinks friend, thy old master stinks damnably.” **True,” 
answered the republican, **but you would have smelled worse had you been as near him when living as 
you are now.” 

Ja. Heath’s Flagellum, 2nd Edition, 1668— which is thoroughly untrustworthy for historical 
purposes— after grossly exaggerating Bate’s statement in the Elenchus, adds (p. 195) that Cromwell’s 
corpse ** raised such a noisome stink, that they were forced to bury him out of hand; but his name and 
memory stink worse.” He then suggests (p. 199) for this reason only, that an empty coffln must have 
been taken to Somerset House on September 20th, Cromwell having been of necessity buried earlier. 
His body was buried on October 27tb. All these tales seem traceable to the Elenchus and, as we have 
indicated, it is not really known whether Bate had anything to do with the actual and final embalm^ 
ment. What we do know is that it was possible to take a mask of Cromwell’s face some ten to fourteen 
days after his death. 

t This correspondence was noted very early in the Perfect Politician, 1680, p. 280. Ludlow’s 
statement (Ed. Firth, 1894, Vol. u. p. 47) that Mr Einnesley, Master of the Wardrobe, recommended 
taking as a model the obsequies of Philip II of Spain seems only made to oast a charge of popery against 
that gentleman and the Somerset House arrangements. 
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We return now to James: 

His Koyall corps was forthwith embalmed, and with all due rytes appertoyning thereunto 
and being soared and wrapped in lead, was put into a sumptuous coflyn, which was filled up 
with odour and spices within, and covered without with purple vclvett, the handles, nayles, and 
all other iron-worke about it being rychly hatched with gold ; and upon the King’s brest was 
fixed an inscription in a plate of gold “Depositum invictissimi Principis Jacobi Primi, Magnae 
Britanniae, Francae et Hiberniae Begis, qui....” 

Then follow the dates of his reign in Scotland and in England, his age and the years 
of his birth and death. 

The parallelism with the proceedings in Crom well's case is very close. We 
understand now why Serjeant Norfolk claimed as his fee for superintending the 
disinterment of Cromwell the corresponding plate on Cromwell’s breast, believing 
it to be of gold, but it was only of copper double gilt and it may well be that James’s 
was the same. Cromwell’s plate is still in existence*, and a copy of the original 
reproduction of it by Dr Cromwell Mortimer, Sec. R.S., is in the possession of one of 
the authors of the present paper and is reproduced again, with the stonemason’s 
receipt for digging up the bodies of Cromwell, Ire ton and Bradshaw, on Plates IX 
and XL 

James died on March 27 at Theobalds, and was taken oil the 29th to Denmark 
House (later Somerset House). The procession to Denmark House from Theobalds 
compares with that from Whitehall to Somerset House in Cromwell’s case. The 
hearse was drawn by six goodly black horses; it arrived by night with torches 
burning, accompanied by the King’s servants and the lords of the court. Now 
compare this with the following from the Mercurius Politicus, Sept. 20, 1658: 

This night, Sept. 20, the corps of his Highness was removed hence in a private manner, being 
attended only by his own servants, viz. The Lord Chamberlain and the Comptroller of his High- 
ness’s household, the Gentlemen of his Bod Chamber, the Gentlemen of the Household, the 
Gentlemen of the Life Guard, the guard of Halberdiers, and many other ofl&cers and servants 
of his Highness. Two Heralds or Officers of Arms went next before the body, which being 
placed on a hearse drawn by horses was conveyed to Somerset House, where it rests for 
some days more private, but afterwards will be exposed in state to public view. [The italics 
are ours.] 

There is no sound reason for believing that the actual body of the Protector 
was not taken on this September 20th to Somerset House. 

At Denmark House, precisely as in the case of Cromwell, four rooms seem to 
have been funereally decorated, i.e. hung with black cloth, black velvet, scutcheons, 
bannerets, tafFety, etc., etc. These rooms were the Bed Chamber, the Privy 
Chamber, the “Presens,” and the Guard Chamber. Nichols describes these hangings 
at length. Thus we read : 

. At Dentnark House the body was carried into the lobby beyond the Privie Chamber there, 
which was prepared for that purpose, and a frame of boards lyke a large bedd, so made that the 
coffin was set even with the worke, and then that was covered with a fyne holland sheet con- 
teyning forty ells, and a large pall of velvett blacke conteyning sixty nine yardes, which sheet 


* It is said to be now in the possession of Earl de Grey. 
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Plate IX 



Facsimile of Inscription on the gilded plate found on Cromwell’s breast when he was exhumed. 
Copy with statement by Dr Cromwell Mortimer in the possession of Karl Pearson. 
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was turned up about a yard and sewed to the velvett. Six goodly, large and high silver candle- 
sticks, which King Charles had bought when he was in Spaine, were placed about the Body and 
in them were put tapers of four foot in length of virgins* wax, which burned all night. A canopie 
was provided to hang over this bed ; the Chamber was hanged with black velvet, and a majestic 
scutcheon over the Kinge’s head wrought upon cloth of gold. Ymediately a representation of 
his majestie was layd upon the said pall, over the Body, in his robes of estate and Royall 
diadem, and so it oonteynewed untill the Funerall, all Kinge James his servants removing from 
White-hall to Denmarke House and Kinge Charles his servants from St James to White-hall, 
the service contynewed in all points as if his majestie had been ly veinge. 

As the body was taken to “ Denmarke House ” two days after the death, it was 
probably placed in the “lobby” while the “bedd” was being prepared. The state- 
ment that the effigy was placed over the body, probably means that the coffin 
was under the bed, although the words “a large bedd, so made that the coffin was 
set even with the worke ” are difficult of interpretation. Perhaps they only signify 
that the coffin was placed parallel to the sides of the “ bedd.” A glance at our 
Plate VII will indicate to the reader how Crom well's “effigies” was placed on the 
“ bedd,” doubtless with his coffin beneath it. The following description is taken 
from the Mercuritbs PoliticuSy October 14 — 21 : 

A particular and exact relation how Somerset House is prepared for the effigies*, or representa- 
tion of his late Highness, by particular order of the Lords of the Council, which was first showed 
publicly on Monday last. 

The first room the people enter, was formerly the Presence Chamber, which is hung com- 
pletely with black, and at the upper end a cloth of estate, with a chair of estate standing upon 
the Haut-place under the state. From thence you pass to a second large room, which was the 
Privy Chamber, all compleatly hung with black, and a cloth of estate at the upper end, having 
also a chair of estate upon the Haut-place, under the cloth of estate. The third room is a large 
withdrawing chamber, compleatly hung as the other with a black cloth, and a cloth of estate at 
the upper end, with a chair of estate as in the other rooms. All these three large rooms are 
completely furnished with escutcheons of his Highness's arms, crowned with the imperial crown, 
and upon the head of each cloth of estate is fixed a large majesty escutcheon fairly painted and 
gilt, upon taffity. The fourth room, where both the body and the effigies do lie compleatly hung 
with black velvet, the roof of the said room cieled also with velvet, and a large canopy or cloth 
of estate of black velvet fringed over the effigies ; the effigies itself apparelled in a rich suit of 
uncut velvet, being robed first in a kirtle robe of purple velvet, laced with a rich gold lace, and 
furred with ermins, upon the kirtle is the royal large robe of the like purple velvet laced, and 
furred with ermins, with rich strings, and tassels of gold ; his kirtle is girt with a rich embroidered 
belt, in which is a fair sword richly gilt, and hatched with gold, hanging by the side of the 
effigies; in the right hand is the golden scepter representing government; in his left hand is 
held the globe, representing principality; upon his head, the cap of regality of purple velvet, 
furred with ermins. Behmd the head is a rich chair of estate of cloth of gold tisvsued ; upon the 
cushion of the chair stands the imperial crown set with stones. The whole effigies lies upon a bed 
covered with a large pall of black velvet, under which is a fine Holland sheet upon six stools of 
cloth of gold tissued ; by the sides of the bed of state lies a rich suit of oompleat armour, repre- 
senting his command as General ; at the feet of the effigies stands his crest, as is usual in all 

* “ I made mention in my last of an effigies of wax made to represent his late Highnes. The qharge 
of wayters is great It is therefore not to continue above 14 days at the farthest. In the meantime 
black velvet is bought all London over to hang in Whitehall and Somerset House; and because men 
eannot mourn enough for the death of his Highnes, the stones and walls are taught to do it.” 
Newsletter, Sept. 16, 1668, Fifth Report, Historical MSS* Commission, Vol. m. p. 144\ 
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ancient monuments. This bed of state upon which the effigies so lies, is ascended unto by two 
ascents covered with the aforesaid pall of velvety and the whole work is incompassed about with 
rails covered with velvet ; at each corner is a square pillar or upright, covered with velvet ; upon 
the tops of them are four beasts supporters of the imperial arms, bearing banners or streamers 
crowned ; the pillars are decorated with trophies of military honor, carved and gilt The pedestals 
of the pillars have shields and crown gilt, which make the whole work noble and compleat ; within 
the raib stand eight great standards or candlesticks of silver, being almost five feet in height, 
with great tapers in them of virgin wax, three foot in length. Next to the candlesticks are set 
upright in sockets, the four great standards of his Highness’s arms, the guidons, the great 
banners, and banrolls, all of taffity richly gilt and painted : the cloth of estate hath a Majesty 
scutcheon fixed at the head, and upon the velvet hangings on each side of the effigies is a 
Majesty scutcheon, and the whole room fully and completely furnished with taffity scutcheons 
Much more might be enlarged of this solemn setting up, and shewing the effigies at present in 
Somerset ffo^ee^ where it is to remain in state until the funeral day, which is appointed to be on 
the 9. of November next. 

Now here is a perfectly clear statement that the body of Cromwell and his 
effigy were in the fourth room, when Mercurius Politicm for the week October 
14 — 21 appeared. The whole arrangement for Cromwell's l)dng-in-8tate is so 
similar to James's, even to the rooms occupied in the palace, that we may well 
assume that the coffin was under the “ bed” as on the earlier occasion. 

Heath in the Flagellum, giving the account in the Mercurius Politicus practi- 
cally verbatim, when he comes to the fourth room and the words where both the 
body, and the effigies do lie,” replaces them by “ where the effigies lies*.” He does 
this no doubt to support the cavalier doctrine that, as Cromwell stank in their 
nostrils allegorically, he must have done so physically and his body have been 
already putrescent at death. 

The Mercurius Politicus gives us mo clue as to when the coffin was removed 
from Somerset House and buried in Henry VII's Chapel at Westminster Abbey. 
But it was probably at the time when a standing effigy replaced that lying on the 
bed. We may note that there is no record of when James's body was actually 
interred. 

From James I's death on March 27 to his funeral procession on May 7 was 
almost exactly six weeks, and from Cromwell's death on September 3 to his 
funeral procession on November 23 was over eleven weeks. We know that Crom- 
well's funeral was at first announced for November 9f, somewhat over nine weeks 
from death, and afterwards postponed to the 23rd, but we do not know the reasons 
for this postponement. It may have been to allow time for the second part of the 

* Carrington, JIUtory of the Life and Death of His Serene Highness Oliver, late Lord Protector, 1659, 
0860 the words : , 

The fourth room, where both the corpse and effigies did lie, was completely hung with black velvet. 
The Dutch translation of Carrington (Amsterdam, 1659) runs almost verbatim : ** De vierde kamer 
in de weloke beyde het Lichaem en de af-beelding waren, was kostelijok met swart Floweel behangen.” 

t Newsletter of W. Smith to Mr John Langley : ** It is said the funeral will be solemnized on the 5th 
day of November next” (Oct. 9, 1658) and later the same to the same: **Hi8 Highness’s funeral is 
designed to be on the 9th of Novemb^” (Oct. 28, 1658). Fifth Report, Historical MSS. Commission, 
Yol. in*, pp. 92 and 98. 
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ceremonial at Somerset House, the standing-in-state*. We have not found any 
record of James I's eflBgy standing-in-state. Carrington, after describing the lying- 
in-state room, continues : 

After which, his late Highness’s effigies was several days shown in another room, standing 
upon an ascent, under a rich cloth of state, vested in royal robes, having a scepter in one hand, 
and a globe in the other, a crown on his head, his armour lying by him, at a distance, and the 
banners, banrolls, and standards being placed round about him, together with the other ensigns 
of honour. The whole room which was spacious, being adorned in a majestical manner, and 
several of his late Highness’s gentlemen attending about the effigies, bare-headed ; in which 
manner the effigies continued until the solemnisation of the funerals. 

On the day of the procession, after the guests had soon the standing effigy, the latter wtis laid 
“in an open chariot covered all over with black velvet” to be taken to the structure on which it 
was drawn to Westminster [see Prestwich’s Hespublica^ pp. 172 — 176]. 

While the room of the lying-in-state had been in darkness, except for the 
tapers in the silver candlesticks, and all draped in black, the room of the standing- 
in-state was brilliantly lighted. Ludlow — whom we have no occasion for always 
believing — thus describes the second display of the eflBgy : 

This scene of purgatory [i.e. that of the lying-in-state] continued till the first of November, 
which being the day preceding that commonly called All Souls, he was removed ink) the gi*eat 
hall of the said house and represented in effigie, standing on a bod of crimson velvet covered 
with a gown of the like coloured velvet, a scepter in his hand, and a crown on his head. That 
part of the hall wherein the bed stood was railed in, and the rails and ground within them 
covei'ed with crimson velvet. Four or five hundred candles set in flat shining candlasticka were 
so placed round near the roof of the hall, that the light they gave seemed like the rays of the 
sun ; by all which he w?ts represented to be now in a state of glory. This folly and profusion so 
far provoked the people that they threw dirt in the night on his escucheont that was placed 
over the great gate of Somerset-house. 

This account of Ludlow’s is at least confirmed in respect of the candles by the 
print which represents the standing-in-state (see our Plate VIII), where the row 
of candles is visible at the top of the print, as well as the great silver candlesticks 
on either side the effigy. Carrington merely says of the body of Cromwell, after 
his account of the funeral procession : 

The corpse having been some days before interred in Henry the Seventh’s chapel in a vault 
purposely prepared for the same, over which a costly monument is preparing. 

That the body of Cromwell was not taken to Westminster in the funeral 
procession seems as certain as that it was taken to Somerset House. In this 
respect Edward Burrough (1634 — 1662) may be cited, because he wrote a strong 
pamphlet against 'the funeral ceremony without the body. 

♦ Ludlow finds the whole ceremonial popish, the lying-in-state corresponding to the period during 
whicli the subject would be in purgatory, and the standing-in-state to the ascent into heaven. Whether 
the origin of this sacoession of lying and standing had a precedent from Catholic royal obsequies (say, 
those of Philip II of Spain), we cannot say, but we feel certain that such interpretation was not in the 
minds of those who organised Cromwell’s ceremonies, as Ludlow suggests. Ludlow is particularly bitter 
as to Mr Kinnesley, MastW of the Wardrobe, who he says “was suspected of being inclined to popery.” 
Kinnesley’s requests for “cloths of estate” wiU be found in the Calendar of State Papers j 1668 — 69, 
pp. 91, 181 — 182. P. 143 notes various requests for mourning suits. 

t This may have been the work of the cavaliers, or of the extreme puritans, scarcely of the “people” 
as a whole. 
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All this stir and costs and preparation for many weeks beforehand and such decking in 
mourning attire of great and noble men and all to accompany an image from one place to 
another.... Whereby people are deceived who might look upon it to be the burial of Oliver, 
Protector, when as it was but an image made by hands and decked and trimmed in a vain 
manner, as if it had been for some poppet play. Which if it had indeed been his bones they had 
accompanied to the grave in such a manner, that had been leas condemnable and I should not 
have had aught against it* 

Unfortunately neither Carrington nor the Quaker tells us the date at which 
Cromweirs body was removed from Somerset House to Henry VII's Chapel at 
Westminster. 

A letter of Lady Hobart s is reproduced in the Verney Memoirs, Ed. 1925, 
Vol. HI. pp. 422 — 425, but unfortunately without any date. She writes: “My 
lord protector s body was Bered last night at one o-clock very privittly and 'tis 
thought there will be [no] show at tall: the army dou bluster a letell: god send 
us pes for I dred a combuston.” A newsletter to Berwick states that Cromweirs 
“corpse was removed on Wednesday night from Somerset House and carried to 
Westminster and there interred in a vault in Henry the Seventh’s Chapel, a day 
will suddenly be appointed for celebrating the funeral, the charge wherof will not 
amount to above £80,000t.“ As the only statement here is that the private burial 
in Henry VII’s chapel took place on a Wednesday, this may have occurred on 
October 20th or 27th. Since Ludlow says the efBgy was erect on All Saints’ day, 
and on view, the later date is probable. It could not be on the 13th because the 
lying-in -state opened on Monday the 18th and we are told by Mercurius Politicus, 
October 14 — 21, not only that the effigy was “shewed publiquely on Monday last,” 
which w^ould be the 18th, but that in the fourth room “both the body and effigies 
do lie.” Probably October 24 — 30 was a blank week as far as the public were 
concerned, and the erect effigy was publicly exhibited from November 1st to the 
day of the funeral. In this case the Wednesday, Oct. 27, of that week would be 
the date of the interment of Cromwell’s body in Henry VH’s Chapel. Sir Roger 
Burgoyne is equally vague as to dates. Writing on Nov. 11 he says: 

We aro all a whist, no nowes stirring, but that the Old Protector is now gott upon his leggs 
againo in Somersett House, but when ho shall be translated to the rest of the Gods at West- 
minster I cannot tell. Pray do you come and see. ( Vemey Letters, Vol. in. p. 422.) 

All we can conclude is that when the lying-in-state ended the coffin was 
removed to Henry VII’s chapel at the Abbey and the standing-in-state began. 
There seems no reason to doubt Lady Hobart’s J statement that the body of 

* A Testimony against a great Idolatry committed: and a true Mourning of tJie Lord^s Servant — upon 
the occasion of that great stir about an image made and conveyed from one place to another, happening 
the 23 day of the ninth month. By E. B. 1^8. 

t Historical Manuscripts Commission. Calendar of the MSS. of the Corporation of Berwick’On-Tweed. 
Report on MSS. Vol. i. 1901, p. 19. The cost for black cloth alone at the funeral was £6,929 : see p. 12 
of Appendix (Part III) to the Eighth Report, Historical MSS. Commission, **A11 our courtiers are 
preparing for the greatest funeral that has been seen in England. Yesterday his Highness [Biohard] 
presented all the officers of the army with complete mourning.” Newsletter, Oot. 9, 1658, Ibid, Fifth 
Report^ Vol. iv. p, 98. 

X Lady Hobart was presumably the wife of Sir John Hobart the third baronet of that name, and 
therefore Mai^, the daughter of John Hampden the patriot, and first cousin once removed of the 
Protector, and second coosin of Biohard Cromwell, and thus her news is likely to be trustworthy. 
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Cromwell was buried “privittly” in the Abbey before the funeral procession. It 
is quite possible that this burial before the funeral procession was customary in 
the case of royalty. It is not unreasonable to suppose that James I’s body may 
have been interred privately before the public funeral. In reading the account of 
that funeral one is uncertain whether it is the body of James or his effigy of which 
the writer speaks. “It/* whichever it may have been, was removed by stages from 
the bed in the Bed-Chamber into the Privy Chamber, thence into the Presence 
and finally into the Hall. We see here the use of the four funereally decorated 
chambers as gradual stages to the hearse. Mr Chamberlain wrote of this hearse to 
Sir Dudley Carleton: “the herse likewise being the fairest and best fashioned that 
hath been seen, wherein Inigo Jones, the Surveyor did his part*.” The hearsef 
was a classical structure with eight pillars supporting a cupola, and eight sitting 
female figures on the column tops carrying banners. The cupola was bedecked with 
bannerets and there were also four draped female figures on separate pedestals. 
Under the cupola was the effigy lying on a bed with crown, orb and sceptre 
alongside. The hearse with the effigy was placed in the Chancel at the Abbey. We 
can find no statement of how long the hearse remained there. The procedure is 
exactly paralleled by that of Cromwells funeral, and we understand why the like 
contrivance in Crom well’s case was called a “machine,” “structure” or “monument.” 

We do not propose to compare the two processions at length. Nichols gives 
a full account of the mourners and followers, some 9000 in number. The procession 
started from Denmark House at 10a.nj., «and the last mourners only reached the 
Abbey at 4 p.m., so that it had struck 5 before all had entered. One fact may be 
mentioned which indicates that the families of two regicides were of court-standing. 
Of the twelve bannerols one was carried by Sir Oliver Cromwell — the Protector’s 
uncle and godfather — England impaling Woodville J — and John Bradshawe, Roug- 
croix Pursyvant-at-Arms, bore another. 

Cromwell’s procession seems to have been at least once if not twice postponed§. 
In the Calendar of State Papers 1658 — 59 we find on October 7|1 (1658) “His late 
Highness’s funeral to be on 9 Nov.” (p. 152) and on Nov. 16, “The funeral. day for 
his late Highness to be 23 Nov.*' (p, 184). The reason for the delay we do not 
know, it may have been under-estimate of the time necessary for the preparations. 
Besides the structures in the rooms at Somerset House, there appears to have been 
not only a magnificent hearse, but, unlike James I’s, the effigy was carried with the 
“hearse” to ^n independent structure in the Abbey chancel. The Mercurius 
Politicus under Nov. 23 gives an account of the procession. Wc learn how the effigy 
was carried on a hearse being vested in royal robes, a sceptre in one hand, a globe 

* Nichols, loo* oil, p. 1049. 

t Nichols gives a plate of the hearse. 

X Edward IV married Elizabeth, daughter of Richard Woodville, Earl Rivers. 

$ Mercuriuo Politicus^ Oct. 7 — 14, referring to the Council under date Oct. 12 writes : “Consideration 
was also had about the appointing a day for the funeral solemnities of the body of his late Highness. “ 
This note is omitted by Stace in the Cromwelliana. 

II Mercurius Politicus , Oct. 14 — 21. The effigy “is to remain in State until the funeral day, which is 
appointed to be on the 9 of November next.” 
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in the other, and a crown on the head, exactly as in the case of James I's effigy. The 
carriage on which the hearse was placed was drawn by six horses. All along the way 
from the Strand to Westminster the streets were railed, and behind the rails 
soldiers were placed. Then follows a long list of the persons of honour and dignity 
who attended: Judges, Ambassadors, Officers of State, chiefs of the Army and Navy, 
and so forth ^ ; on either side of the carriage were borne the bannerols, twelve in 
number, and the Horse of Honour in very rich equipage, led by the Master of 
the Horse.... 

The whole ceremony was managed with very great state to Westmimter ; many thousands of 
people being spectators. At the west gate of the Abbey church, the hearse with the effigies 
thereon was taken off the carriage by those ten gentlemen, who removed it before t, who passing 
on to enter the church, the canopy of stjvte was by the same persons borne over it again ; and in 
this magnificent manner they carried it up to the east end of the Abbey, and placed it in that 
noble structure J, which was raised there on purpose to receive it, where it is to remain for some 
time ex].)osed to public view. This is the last ceremony of honour, and less could not be performed 
to the memory of him, to whom posterity will j)ay (when envy is laid asleep) more honour than 
we are able to express §. 

* More important to us than the great officials in this immense cortege are the names below. 
Following the musicians” of the court and preceding ‘*His Highness’s Butlers” we have: 

Apothecaries, Mr IVebb, Mr Phelps, Mr William Baghurst. 

Chirurgions, Mr Fpthergail, Mr Trapham, Mr Harris. 

Later: Officers of the Mint, Mr Thomas Symond, chief graver.... 

Again : Surveyor of the Works, Mr Embree. 

Keeper of the Wardrobe at Whitehall, Mr Clement Kinnesley [Ludlow’s bite noire].... 

Chaplains at Whitehall, Mr White [see our p. 295], Mr Sterry [Peter, see our p. 816], Mr Hooke, 
Mr Howe [John, preacher of toleration], Mr Lookyer [Nicholas, Provost of Eton], Mr Peters [the notorious 
Hugh]. 

Secretaries of the French and Latin Tongues, Mr Dradon, Mr Marvel [the famous Andrew], Mr Sterry 
[probably Nathaniel], Mr John Milton, Mr Hartlibbo, sen. [the well-known Samuel]. [Can “Mr Dradon’* 
possibly be John Dryden, who started life as secretary to his cousin Sir Gilbert Pickering, Cromwell’s 
Chamberlain?] 

Doctors of Physic, Dr Clarke, Dr Goddard [Jonathan], Dr Projean, Dr Simootts, Dr Bates, Dr Glisson, 
Dr Batbhurst [John]. 

From the Lansdowne MSS. 96, No. 2, cited in the Appendix, Vol. ii. pp. 518 et seq. of the Diary of 
'Thomas Burton, edited by J. T. Butt, London, 1820. It will be seen that there was a plentiful choice of 
possible names to choose embalmers from ! 

+ From Somerset House to the carriage. 

t Heath in his Flagellum says that the “Picture,” i.e. the effigies, was placed at the East end of the 
Abbey “in a most magnificent structure built in the same form as one before had been on the like 
occasion for James, but much more stately,” p. 200. 

§ John Evelyn, who watched the procession pass, terms it superb, with its imperial banners, 
atohievements, heralds, guards, soldiers and innumerable mourners, and he was not an impartial 
witness I Largely owing to a dispute between the French and Spanish ambassadors for precedence, the 
procession did not reach the Abbey until after dusk. In a letter of M. de Bordeaux to Mazarin, we 
learn that: 

There was not a single candle in Westminster Abbey to give light to the company, and conduct the 
hearse into a sort of chapelle ardente which had been prepared; there were consequently neither 
prayers, nor sermon, nor funeral oration, and after the trumpets had sounded for a short time every one 
withdrew in no particular order. (Guizot’s Richard Cromwell, Vol. i. p. 268.) 

The Genoese ambassador writing home describes how the effigy was placed at the altar : 

. On a royal couch under an edifice made expressly after the fashion of a pavilion, which cost more 
than £4000 sterling, where it will remain three months exposed to public view, and thence will be taken 
on to another edifice in the chapel of King Henry VII, and will be placed over the monument, under 
which is laid the body of the deceased, just as has always been the custom at the obsequies of the 
Kings and Princes of this nation. See J. E. 0. Welldon, The Nineteenth Century and After ^ Vol. lvii. 
p. 925 (cited without reference to the source). 
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A few words must now be said as to these royal effigies. They were not crude 
work, but prepared by the best artists of the day. In the case of Cromwell, the wax 
face was moulded by Mr Thos. Sytnon, the designer of the Dunbar medal, and the 
most famous medallist of his day, and the body was carved in wood by Mr Phillips, 
carver to the House and surveyor*. The goodness of the wax masks of these 
effigies is of some importance for our present purpose, as they probably involved 
the taking of death-masks of the subject. Now we know that Cromwells skull-cap 
was removed, and accordingly they must have been taken before or after this 
removal. If after the removal, the cincture should be visible unless it had been 
covered by a bandage, or signs of it disguised by the moulder. If before the 
removal, the mask should show no traces of the cincture, and in such a case the 
mask should represent Cromwell more nearly as he died. There are thus possible 
three types of death-masks of Cromwell: 

(a) Before removal of the skull-cap. 

(b) After removal of the skull-cap, showing the cincture wrapped over by 
a cloth . 

(c) After removal of the skull-cap with the cincture worked out by the moulder 
or sculptor f. 

The disadvantage of type (a) is that the mask may be taken so soon after death 
that the face has not reached the peaceful state which is usually attained somewhat 
later. The disadvantage of (b) is that the forehead is to a considerable extent 
lost, and the face may appear rounder than it actually was in life. The disadvantage 
of (c) is that even with a skilful sculptor the true portraiture of the forehead may 
be partially or wholly disguised. The bearing of these remarks will be more 
obvious when we come to our section on the death-masks of Cromwell. There 
appear to have been two effigies of the Protector, although this does not necessarily 
follow from the accounts of the ceremonies. Possibly one was used for the lying- 
in-state and the other for the standing-in-state.. Unfortunately neither of these 
effigies has survived, for had either done so it would much have helped the present 
inquiry. The end of the effigies is marked by the following paragraphs in the 
public journals of 1660: 

Mercurius PuUicus (May 24 — 31) May 29. His Majesty was conducted to his Royal Palace at 
Whitehall^ and the solemnity of this day was concluded by an infinite number of bonfires. And 
among the rest in Westmiiuter^ a very costly one was made, where the effigies c)f the old Oliver 
Cromwell^ was s6t upon an high post, with the arms of the Commonwealth, which having been 
exposed there awhile to the public view, with torches lighted, that every one might take better 
notice of them, were burnt together. 

PMic IrUelfigencer June 18 to 25. This afternoon, June 14, there was exposed to view out of 
one of the windows of Whitehall^ formerly the lodging of Sir Henry Mildmay^ and now the jewel 

* The MS. of Samuel Sainthill states that the effigy was ** made to the life acoordiog to the best 
skill of the artist in that employed, viz. Mr Symon and a body of wood carved by Mr Phillips, carver to 
the House and surveyor.** Probably the above Thomas Symond the graver to the mint (ftn. p. 304). 

t We have been informed by a sculptor, who has frequently taken death-masks, that much working 
up of the mask when it has been taken is very usual, if not general. 
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office, the effigies (which was made and shewn with so much pomp at Somerset House) in wax of 
Oliver Cromwell^ lately so well known by the name of the Protector, with a cord about his neck, 
which was tied to one of the bars of the windows*. 

. We are not told what finally became of this effigy, but it is easy to imagine its 
fate in those days of riotous cavalier triumph f. It is possible that the effigy burnt 
at Westminster was one manufactured for the occasion, but it was more probably 
taken from Henry VII’s Chapel in the Abbey, since the writer uses the definite 
article ‘‘the” with effigies. The other effigy is directly associated with Somerset 
House. It is thus likely that there were two effigies, one for the lying-in-state and 
one for the standing-in-state. In the case of the lying-in -state the eyes would be 
closed, and the legs lying together, the arms clpse to the body. In the standing-in- 
state the eyes would be open, the legs apart, and the stiff arms outstretched 
holding sceptre and globe. In the lying-in-state the effigy wore “ the cap of regality 
of purple velvet, furred with ermins,” and in the standing-in-state the effigy wore 
“the imperial crown set with atones.” In either case it would have been feasible 
to use a death-mask with the cincture covered by a wrap, which would be hidden 
by “ the cap of regality” or “the imperial crown.” In the prints of the lying-in-state 
and the standing-in-state both come low on the forehead. If we have confidence 
in the Mercurius PoUticus (Nov. 18 — 25) it was the standing effigy that was taken 
to Westminster on the hearse, and not the recumbent figure; for we read: 

Somerset House Nov. 23. This l>eing the day appointed for tho solemn funeral J of the most 
serene and renowned Oliver Lord Protector ; and all things being ready prej^ared, the effigies of 
his Highness standing under a rich cloth of state, having been beheld by those persons of honor 
and quality which came to attend it, was afterwards removed, and placed on a hearse, richly 
adorned, and set forth with escutcheons and other ornaments, the effigies itself being vested with 
royal robes, a scepter in one hand, a globe in the other, and a crown on tho head. After it had 
been a while thus placed in the middle of the room, when the time came that it was to be removed 
into the carriage, it was carried on the hearse by ten of the gentlemen of his Highness forth into 
the court where a canopy of state, very rich, was lK)rne over it by six other gentlemen of his 
Highness till it was brought and placed on the carriage ; 

It would therefore seem probable that the standing effigy was carried to 
Westminster and afterwards burnt there, while the lying effigy brought at some 
time to Whitehall from Somerset House was hung from the window and broken up. 
Thus two post-mortem portraits of Cromwell perished. 

* Unfortunately Pepys was at Deal on May 29, and has no entry for June 14, so that we miss his 
characterisation of these occurrences. 

t The MS. of Samuel Sainthill says that after hanging from the Whitehall window, it like the 
magnificent hearse was broken in pieces; see Noble, Edn. 1787, Vol. i. p. 280 footnote. 

X Among the MSS. of Sir Edmund Lecbmere is preserved an invitation to attend the funeral 
addressed to ** Nicholas Lecbmere Esq. Attorney to the Duohy in your morning gown and hood.’* It 
runs in print, bearing a seal of arms, a lion rampant: 

Yon are desired to attend the funeral of the most serene and most renowned Olivxb, late Lord 
Protector, from Somerset House, on Tuesday, the 28rd of November instant, at eight of lihe clock in the 
morning at tha farthest, and to bring with you this ticket; and that by Friday next yon send to the 
Herald’s Office, near Pauls the names of your servants that are to attend, in mourning, without which 
they are not to be admitted; and also to take notice that no coaches are to pass on that day in the 
streets between Somerset Hou/m and Westminster. 

It is annotated; Beoeited 18th Nov. 1658, N. Leohmere. 
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With regard to the fate of the hearse or structure we possess certain accounts. 
This was to remain six months in position. A satirical tract of May 26, 1659, 
entitled Eighteen New Court Queries, asks: 

Whether the protector’s cradles standing in Westminster Abbey in the same place where the 
High Altar, or Communion Table, formerly stood is not the sotting up for one superstition where 
another superstition (as ’twas termed) was pulled down. And whether the effigies while it was 
there might not be called without any abuse of scripture the abomination of desolation in the 
Holy Place ? 

This was one day after Richard Cromwell^s abdication on May 25, 1659. Another 
tract entitled Twenty-seven Qiieries^ relating to the General Good of the three 
Nations, which mil neither please Mad-Men, nor displease Rational-Men, dated 
1659, appeared clearly after Richard's disappearance, as may be seen from Query XV. 
In Query VIII, there is reference to the Great Engine'' in Henry VII's Chapel. 
On June 7, 1659, the Weekly Post chronicles the taking down of the effigy, car, etc., 
and the sale of crown, sceptre, and other royal ornaments, after they had been 
broken up. The paragraph reads as if it referred to the “structure" in the chancel, 
not to the “engine" in Henry VIFs Chapel^. 

We have seen the remains of the Protector deposited in the vault of Henry VIPs 
Chapel in the Abbey; they rested in the same chapel with the remains of his much- 
loved daughter Mrs Claypole, and of his son-in-law Henry Ireton, the husband of 
Bridget Cromwell; in the neighbourhood were the remains of Bradshaw, the 
president of the High Court of Justice which condemned Charles I, formerly a close 
colleague of Cromwell f. 

Ireton died before Limerick on November 26, 1651, and his body reached 
Bristol on Dec. 17, where it was received with great ceremony. It was taken to 
London and lay-in-state in Somerset House, being finally buried in Henry VII's 
Chapel on Feb. 6, 1651 — 2, Such a long period before burial involved embalm- 
ment. That Ireton’s remains were embalmed is undoubted, although it was 
somewhat imperfectly carried out (see p. 313 below). The imperfection may not 
unreasonably be attributed to the fact that he is said to have died of the plague. 
Bradshaw died in London on the 22nd of November, 1659, and was given a state 
funeral some days later. His body was not embalmed. 

8. The Restoration and the Tyburn Affair. 

On May 25, 1660, Charles II landed in England. Ten days before, May 15, “The 
House ordered that John Bradshaw, deceased, late Serjeant-at-Law be one of those 

* There are several documents in the archives of Westminster Abbey dealing with the “Herse.” 
Thus: Petition of the watchers for payment; petition of the Surveyor to the Abbey to have the taking 
down of the Herse, and of the Officers of the Abbey for division of the proceeds of the sale of its parts. 
There is also a petition for payment for re-ereoting pews removed for Herse. HUtorical MSS, Commission 
Fourth Report, p. ISO. 

t The fact that Cromwell allowed the bodies of his favourite daughter, his son-in-law, and his 
former chaplain to be buried in the Abbey is good evidence that he had no suspicion that the royalists 
would be restored, or if restored would be capable of desecrating tombs. Such evidence is fatal to the 
rumours of secret primary burials. The fact that the Lords of Council allowed President Bradshaw to 
be buried in Westminster Abbey as late as November, 1659, indicates that a year after Oliver’s funeral 
there was still no fear that bodies buried in the Abbey were likely to be exhumed and foully handled. 
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that shall by Act of Parliament be attainted of high treason, for murthering of the 
late King’s Majesty. The same order was made concerning Oliver Cromwell, Henry 
Ireton and Thomas Pride, deceased” {Mer curias Publicus, May 10 — 17). The 
“House” was the so-called Convention meeting on April 26, 1660. Meanwhile the 
tide of cavalier riotousness rose rapidly and had even mastered the Convention 
before its dissolution on December 29, 1660. Among its last resolutions one is thus 
reported in the Mercurius Publicus (November 29 to December 6) Dec. 6: 

The Honorable House of Commons have dispatched the bill for preventing profane cursing 
and swearing. And while we speak of profanation, we cannot but acquaint you how the House 
in resentment of the honour of his Majesty and the nation have ordered, that the several bodies 
of Oliver Cromwdl, John Bradshaw, Henry Ireton and Thomas Pride bo taken out of their graves 
and drawn on an hurdle to Tyburn, where they ar^ to be hanged and then buried under the 
gallows ♦. 

The tone of the Journal does not here seem fully sympathetic to the pro- 
ceeding, but it soon changes : 

On Saturday (Oec. 8) the most honourable House of Peers concurred with the (Commons in 
the order for the digging up the carcasses of Oliver Cromwell, Henry Ireton, John Bradshaw 
and Thomas Pride, and carrying them on an hurdle to Tyburn, where they are to be first hanged 
up in their coffins, and then buried under the gallows.— Intel. Dec. 3 to 10. 

This day (Jan. 26) in pursuance of an order of Parliament, the carcasses of those two horrid 
regicides, Oliver Cromwell and Henry Ireton, were digged up out of their gravest, which (with 
those of John Bradshaw and Thomas Pride) are to be hanged up at Tyburn, and buried under 
the gallows. — Merc. Pub. Jan. 24 to .31. 

Jan. 30. (we need say no more but name the day of the month) was doubly observed, not only 
by a solemn fast, sermons and prayera at every parish church, for the precious blood of our late 
pious Sovereign King Charles the First, of ever glorious memory ; but also by public dragging 
those odious carcasses of Oliver Cromwell, Henry Ireton, and John Bradshaw, to Tyburn. 
On Monday night, Cromwell and Ireton, in two several carts, were drawn to Holborn from 
Westminster, where they were digged up on Saturday last, and the next morning Bradshaw. 
To-day they were drawn uiion sledges to Tyburn ; all the way (as before from Westminster) the 
universal outcry and curses of the people went along with them. When these throe carcasses were 
at Tyburn, they were pulled out of their coffins, and hanged at the several angles of that triple 
tree, where they hung till the sun was set ; after which, they were taken down, their heads cut 
off, and their loathsome trunks thrown into a deep hole under the gallows. The heads of those 
three notorious regicides, Oliver Cromwell, John Bradshaw, and Henry Ireton, are set upon 
poles on the top of Westminster Hall, by the common hangman ; Bradshaw is placed in the 
middle (over that part where that monstrous High Court of Justice sat) Cromwell and his 
son-in-law Ireton, on both sides of Bradshaw. — Merc. Pub. Jan. 31 to Feb. 7. 

There is a good deal that requires comment in these reports. It is clear, 
however, that what finally happened was that the coffins, not the uncoffined 

* The writer of this paragraph seems as doubtful as Mr Pepys of the wisdom of this act. * * December 4. 
This day the Parliament voted that the bodies of Oliver, Ireton, Bradshaw, ifto should be taken up 
out of their graves in the Abbey, and drawn to the gallows, and there hanged and buried under it ; 
which — ^methinks— do trouble me that a man of so great courage as he was, should have that dishonour, 
though otherwise he might deserve it enough.” Besides the bodies of Cromwell, Ireton and Bradshaw, 
those of Admiral Blake, Pym, Mrs Olaypole, and Dr Twisse were removed from the Abbey. The two 
latter found a resting place in St Margaret’s Churchyard, the two former were thrown into a pit outside 
the Abbey doors. It was thus England allowed the royalists to treat one of its greatest sea-generals. 

t For the mason’s receipt for opening the graves, see our Plate XI. 
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carcases, were drawn on sledges to Tyburn, where the bodies were ** pulled out of 
their coffins” and hanged on the triple gallows. But much discussion has occurred 
as to the wording of the orders by the Lords and the Commons as to the exhumation. 

It will be seen from the above that the '‘Honorable” House of Commons 
ordered the bodies of the regicides to be taken out of their graves, and drawn on 
a hurdle to Tyburn. The Historical Manuscripts Cornmission Appendix to 1th 
Report^ p. 137, has in the House of Lords Calendar, 1060,. December 16, Draft 
Order for the carcases of Cromwell, Ireton, Bradshaw and Pride to be taken up, 
drawn upon a hurdle to Tyburn, and there hanged up in their coffins for some time, 
and afterwards buried under the gallows. Whatever the Lords may have done to 
modify the Commons* Order, it was accepted by the Commons. 

The Calendar of State Papers, Domestic Series, Charles II, 1660 — 1661, has the 
following entries: 

Dec. 7, 1660. The Commons have ordered the carcasses of Cromwell, Bradshaw, Ireton and 
Pride to be taken up, drawn on sledges to Tyburn, hanged and buried under the gallows [p. 406]. 

Dec. 10, 1660. Order by the Lords and Commons in Parliament that the carcasses of Oliver 
Cromwell, Henry Ireton, John Bradshaw, and Thos. Pride, wherever buried, be taken up, drawn 
on a hurdle to Tyburn, hanged in their coffins for some time, and then buried \inder the gallows ; 
the Serjeant-at-Arms for Parliament is to see this performed by the common executioner, the 
Sheriffs of Middlesex, and Dean of Westminster to give the necessary directions therein [p. 408]. 

Cobbett*s Parliamentary History of England, 1808, Vol. iv. A.D. 1660 — 1668, 
p. 168, provides the following account of the order: 

Dec. 8, 1660. The Lords returned the Order sent up to them l>efore, for taking up the bodies 
of Cromwell etc. with a small addition to it, which was agreed to. The Order as enUired in both 
the Journals, stands thus, viz. : “Resolved, by the Lords and Commons assembled in parliament, 
That the carcasses of Oliver Cromwell, Henry Ireton, John Bradshaw, Tho. Pride, (whether 
buried in Westminster Abbey, or elsewhere) be, with all expedition, taken up, and drawn upon 
a hurdle to Tyburn, and there Ikanged xip in their coffins for some time ; and after that, buried 
under the said gallows ; and that James Norfolk, esq. serjeant at arms, do take care that this 
Order be put in effectual execution by the common executioner for the county of Middlesex ; and 
all such others, to whom it shall respectively api)ertaiu, who are required, in their several places, 
to conform to, and observe, this Order, with effect j and the sheriff of Middlesex is to give his 
assistance herein, as there shall be occasion ; and tho dean of Westminster is desired to give 
directions to his officers of the Abbey to be assistant in the execution of this Order*.” 

The italics are ours throughout these quotations. But the bodies were not 
hanged up in their coffins, but were drawn on sledges to Tyburn in their coffins and 
then taken but of their coffins and hanged on the triple gallows. Did the Sheriff 
of Middlesex exceed his orders, or has the common order of both Houses been 
wrongly read? 

* This is identical with slight changes in capitals, italics etc. with the Order as it appears in the 
Journals of the House of Lords (Dec. 10, 1660), Vol. xi. p. 204. A newsletter of Dec. 6, 1660, runs: 
**The House of Commons voted yesterday the carcasses of Cromwell, Ireton, Bradshaw and Pride to be 
forthwith taken up and drawn upon a hurdle to Tiburne, there hung in coffins a while, and then buried 
under the gallows. It is intended to be moved that the hangman pro tempore may forever hereafter [be] 
give[n] Cromwell’s arms; but that perhaps, being a wrong to others of the name better deserving, may 
not be granted.” HUU MSS» Commission Fifth Report, Vol. iv. p. 98. 
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The record is preserved in the Speaker’s Library at the House of Commons 
and is reproduced in our Plate X by the kind permission of the Speaker. 

Resolved 

That the cai*casses of Oliver Cromwell, Henry 
1 reton, John Bradshaw and Thomas Pride, whether 
buried in Westm' Abby or elsewhere be w^ all 
Expedition taken up and drawn upon a hurdle to 
in their coffins 

Tiburn and there bang’d up for some time and after that 
buryed under the said* gallows 

If the circumflex over the first “1” of gallows was in the original draft, then 
there can be no doubt that the Lords' amendment was to the effect that the 
hanging up was to be in their coffins. On the other hand it may be that the 
circumflex is a more recent addition *f. It does not, however, show in the repro- 
duction any diflPerence of ink. Failing the circumflex, the words “in their coffins" 
might possibly be inserted in the line above after “drawn." The Parliamentary 
Intelligencer (see above) introduced the Lords' amendment “in their coffins" after 
“hang'd up." It has been suggested that the Lords' addition had reference to 
the possibility that the “carcasses" were possibly not in a condition to be hungj; 
it is just as likely that it was to prevent the bodies being destroyed or disfigured 
before the final scene at Tyburn. Anyhow the Sheriff interpreted the order as 
meaning that the bodies not in their coffins were to be hung on the gallows. We 
can understand that the Calendar of State Papm*8 and Cobbett might misread 
the resolution but it is certain that The Parliamentary Intelligencer under 
December 8th, 1660, gave the resolution in the form “hanged up in their coffins.'* 

The ;jo-called Convention Parliament, which recalled Charles to England, and 
voted the exhumation on December 6th (modified by the Lords, December 8th), 
was dissolved on December 29th, and the new Parliament did not assemble till 
May 8th. A return may have been made of how the Order of Parliament viras 
carried out by Serjeant Norfolk and the Sheriff of Middlesex, but no trace of it 
has so far come to light. Nor is there any reference to the matter in the Journal 
of the Privy Council for January 1660 — 1. It is possible therefore that, Parliament 
not sitting at the time, the ribald and revengeful Cavalier spirit did not hesitate to 
exceed the Order of the Houses, which in itself was base-minded enough. We have 
not been able to find the Sheriff's papers or accounts at the Middlesex County Hall. 

The Mercuriua Publicus states that on January 30th the bodies were pulled out 
of their coffins at Tyburn, which would indicate that the coffins were taken to 
Tyburn, whether open or not we do not know. Possibly some preparation of the 
bodies was made at the Red Lion in Holbom or in Westminster Abbey before the 
taking to Holbom, with a view to the proceedings at Tyburn. 

* There ban been no previous mention of gaUows. 

.f The acting record was first reproduced in a very poor facsimile by Mr A. A. Taylor in Pearion*t 
Magazine^ January 1897, and he was of opinion that **in their coffins” should be inserted after ** drawn.” 
Such an opinion would hardly have been possible had he seen the circumfiex. Henoe either he judged 
from his facsimile, where no circumfiex is clearly visible, or it did not then exist. 

X This appeam to have been the view of the Speaker in 1897, who might easUy have settled the 
matter by pointing to the circumfiex. 
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While the Mercurins Pvhlicm only states that on “Monday night [Jan. 28th], 
Cromwell and Ireton in two several carts were drawn to Holborn from Westminster, 
where they were digged up on Saturday last [Jan. 26th], and the next morning 
Bradshaw [Jan. 29th],** White Kennett, although writing at a considerably later 
date, gives a more detailed account, which except in one particular seems to 
have verisimilitude*. After giving on his p. 326 the order of the Lords and 
Commons in the “hang*d up in their Coffins** form, he continues as follows on p. 327 : 

The Carcasses of Oliver C. and Henry Ireton... wore taken on Saturday Jan. 26, 1660 [1661, 
new style] and on the Monday night following [Jan. 2B] were drawn in two several Carts from 
Westminster to the Red Lyon in Holborn, where they continued all night. The Corps of 
Bradshaw buried in the Abbey Church Novem. 22 1659, was green and stank, therefore was not 
taken up 'till the Morning following [Jan. 29], and then was carried in a C>art to the Red Lyont, 
and the Day following, being the Day of the Royal Martyrdom [Jan. 30] they were drawn to 
Tyburn in three sledges, where they were pulPd out of their C.^offins and hang’d on the several 
Angles on the Gallows, where they hung ’till the next Day Sun-set [“next Day” is highly 

* A Register and Chronicle... ^ Vol. i. 1728. 

t This stay at the Bed Lion has given rise to various wild tales, such as the rumour that the bodies 
were interohanged with others during those two nights ; it is hardly likely that the royalists would 
have left them unguarded or with untrustworthy guards. Even the verse composed about the stumpy 
obelisk in Red Lion Square (it was not inscribed on it) — 

Obtusum obtusioris Ingenii Monumentum 
Quid me respiois, Viator? Vade — 

has been read to cover some mysterious reference to the burial of Cromwell at or near that site. (Are 
we to render it 

“Blunt Monument of a blunter mind, 

Why do you regard me, Passer-by ? Go 1 ”) 

To us it seems only a wag’s fun at the designer of such an obelisk (see Pennant’s London, 1790, p. 165), but 
others have thought even seriously that a Cromwell myth was connected with it 1 Among the older of these 
believers we have to note the Prestwiohs. In 1787 appeared Prestwick's Respublica or a Display of the 
Honors, Ceremonies, dt Ensigns of the Common-Wealth under the Protectorship of Oliver Cromwell, This 
work is said to be based on the papers of two ancestors, contemporaries of Cromwell, viz. Edmund 
Prestwich and John Prestwicb, Fellow of All Souls. With the accounts of the arms of Cromwell and 
his supporters and of his funeral expenses we are not concerned ; the latter appear to be extracted from 
MSS. now in the British Museum. But when we come to the relation of his death and funeral we find 
nothing new, only Bate’s account of the autopsy and the Mercurius Politicus narrative of the lying-in- 
state with here and there a slight addition or change of wording to suit the views of the writer [or 
the editor, for we are never certain which is speaking]. But in the Contents under No. XVI we are 
told that we are to read about the armorial bearings, etc. of Cromwell and his supporters— 

The same of those who signed the death-warrant of Charles Stuart, together with the secret where 
bis Highness Oliver Lord Protector was interred, first made known to the Editor by the only remaining 
honorable person *whoBe ancestor alone knew it. 

The reader will observe that it is not the contemporary of Cromwell, but the Editor John Prestwich 
of 1787, who is here speaking! The great secret is not discussed in the book at any length, but on 
p. 149 under the section devoted to the arms of Cromwell we read : 

His family of Huntingdonshire. His remains were privately interred in a small paddock near 
Holborn ; in that very spot over which the obelisk is placed in Bed-Lion-Square, Holborn — the seobet. 
John Prestwich. 

There is no statement of when Cromwell’s body was supposed to be interred in Bed Lion Square. 
Was it immediately after his death, pace Bate, or after being stolen from his coflan when it rested in 
Bed Lion Square? How could in either case only one man know about it, and why was only one 
“remaining honorable person” in possession of this great secret? The whole “secret,” without any 
historical backbone to it, is absurd, although it appms to have satisfied John Prestwich and even some 
more modem writers. 
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improbable] at which time they were taken down, had their Heads cut off, and the Trunks thrown 
into a deep Hole under the Gallows, which serves for the monument of their Grave and Merit. 

We have come across no other record which refers to the bodies being hung on 
the gallows one day and taken down on the next day at sunset. 

The three diarists who touch on this great event, Townshend, Evelyn and 
Pepys, at least agree in the Tyburn incident being confined to one day. 

In Townshend’s Diary*, Vol. i. p. 82, we read: 

The carcases of those two horrid Regicides, Oliver Cromwell & Henry Ire ton, were digged up 
in H. 7 Chapelt, which with those of John Bradshaw (and Tom Pride) are to be hanged up at 
Tyburn & buried under the Gallows the 30th, was performed ; and hung at the 3 Comers of the 
Gallows until Sunset. Then taken down, having their heads cut off and carcases thrown in 
a hole, being the day they murthered Charles the first ^ 648. 

This does not convey anything new to us, and bears signs of not being written 
at one time. 

Evelyn, under date of January 30, 1661, writes: 

This day (O the stupendous and inscrutable judgements of God !) were the carcases of those 
arch-rebels, Cromwell, Bradshawe (the judge who condemned his Majesty), and Ireton (son-in-law 
to the Usurper), dragged out of their superb tombs in Westminster among the Kings, to Tyburn, 
and hanged on the gallows there from nine in the morning till six at night, and then buried 
under that fatal and ignominious monument in a deep pit, thousands of people who had seen them 
in all their pride being spectators. 

Evelyn was probably not a spectator, and we could spare his moralising for 
a touch of the actual scene. What kept Pepys from seeing something of the pro- 
ceedings? Was it his puritan upbringing? As a rule he never missed a great 
occasion, but on this he — went to church! 

Jan. 80th (Fast day). The first time that this day hath been yet observed : and Mr. Mills 
made a most excellent sermon, upon “Lord forgive us our former iniquities” ; speaking excellently 
of the justice of God in punishing men for the sins of their ancestors. To my Lady Batteii^s 
where my Wife and she are lately come back again from being abroad and seeing Cromwell, Ii-oton 
and Bradshaw hanged and buried at Tyburne. 

Heath concludes his Flagellum (p. 200) with these words: 

On the 30. day of January 1660 [old style], that day 12. years of his most nefarious parricide, 
his Carcass with Bradshaws <Ss Iretons^ having been digged out of their Graves, were carried to the 
Red Lyon in Holhorn^ and from thence drawn in Sledges to Tyburn^ where they hanged from 
Ten of the Clock in the morning till Sun-set, with their Faces towards Whitehal and were then 
inhumed under the Qallowes^ and his head set upon Westminster-hall to be the becoming 
Spectacle of his Treason, where on that Pinocle and Jjcgal Advancement it is fit to leave this 
Ambitious Wretch. 

Here is, perhaps, one of the earliest mentions of the Red Lyon Inn, Otherwise 
the information is imperfect. There is one elsewhere unrecorded bit of news, i.e. 
that the corpses were hung to face Whitehall^. 

* Edited by Willu Bund for the Worcestershire Historical Society, 1915. 

* f Bogge’f Diurnal after using much the same words adds: ‘*Croin well’s vault having been opened 
the people crowded very much to see him.’* 

} Rngge’s Diurnal, with a like error as to the dates on which the several bodies were taken to the 
Bed Lion Inn in Holborn, but with an important addition, runs as follows : 

Jan. 80th was kept as a very solemn day of fasting and prayer. This morning the carcases of 
Cromwell, Ireton and Bradshaw (which the day before had been brought to the Bed Lion Inn, Holborn), 
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We should have but a poor impression of the scene at Tyburn had we only 
these accounts to go by. Luckily there was another witness*, namely Sainthill, 
who was close to the corpses, and gives an .account of what he saw, and a sketch as 
well, in a manuscript which in 1793 to 1799 was in the possession of Mr T. B. 
Colwich, of Farringdon-house, near Exeter. It was consulted at that time by 
Noble f and Nash J, but we are not aware what has now become of it. The whole 
manuscript would probably be worth printing if rediscovered. Noble must have 
read the passage, for he quotes half-a-dozen words from it, but it was probably 
thought by him too coarse for refined ears. Nash, as befits an editor of Hudibras, 
was luckily less nice, and we are grateful to him for the light his quotation 
throws on Crom well’s head. The account of Sainthill runs .as follows : 

The 30th of January, being that day twelve years from the death of the King, the odious 
carcases of O.C., Major General Ireton, and Bradshaw were drawn in sledges to Tyburn, where 
they were hanged by the neck from morning till four in the afternoon. C. in a green- scare cloth, 
very fresh embalmed §; Ireton having been buried long, hung like a dried rat, yet corrupted 
about the fundament. Bradshaw in his winding sheet, the finger of his right hand and nose 
perished having wet the sheet through ; the rest very perfect, in so much that I knew his face, 
when the hangman, after cutting it oflF, held it up ; of his toes I had five or six in my hand, which 
the prentices had cut off. Their bodies were thrown into an hole under the gallows, in their searo 

were drawn upon a sledge to Tyburn, and then taken out of their coffins, and in their shrouds hanged 
by the neck, until the going down of the sun. They were then out down, their heads taken off, and 
their bodies buried in a grave under the gallows. The coffin in which was the Body of Cromwell was 
a very rich thing, very full of gilded hinges and nails. 

The last sentence is to be compared with the statement on our p. 298, as to the “sumptuous coffyn*' 
of James I, which was “covered without with purple velvett, the handles, nayles and all other iron- 
worke about it being rychly hatched with gold.” 

* Another person who witnessed the hanging was Lauderdale, but ho merely tells us that the only 
time he saw Ireton was when he was hanging on the gallows at Tyburn. Scottish Historical Miscellany^ 
Vol. I. p. 250. 

t The Protectoral House of Cromwell, Edn. 1787, Vol. i. p. 290, footnote : “The MS. was written by 
Sam. Sainthill, esq. a Spanish merchant ; whilst in Spain he made many observations, particularly, upon 
the Esourial, nor did anything escape his observation in England during the civil wars; his Journal is 
too concise to be of service to the historian [sic] ; but the smallness and the neat hand it is written in 
much inhance its value as does the elegance of the drawing of such things as most engaged his attention ; 
there are besides several curious relations of things he had seen in various places, some of them worthy 
of remembrance.” 

X T. R. Nash’s edition of Butler’s Hudibrets, 1798, republished in three large volumes. Vol. iix. 
p. 378. Nash calls the writer of the Journal Edward Sainthill and Noble Samuel Sainthill. 

§ The manner in which history is written is curious indeed I Howarth (foe. cit, p. 9) states on the 
basis of the above' words that we have “the witness of one, who saw it then [i.e. at Tyburn] that it was 
extraordinarily preserved and that it was so carefully and elaborately embalmed that it was at that time 
very fresh in cere-cloth.” Is this purely Howarth’s own inference from “the very fresh embalmed” of 
Sainthill? No! There are intervening stages. We have Sainthiirs actual words as above, then Noble 
(foe. eit, Vol. I. p. 290) referring to Sainthill’s MS. writes: “The author, who was an eye-witness, says, 
the protector’s [carcase] was in green cerecloth, very fresh embalmed.” There is no distortion in this. 
Next we come to Mr Josiah Henry Wilkinson’s narrative. He after referring to the state of preservation 
of the Head says it may be accounted for “by the fact related in Sainthill’s manuscript, quoted in 
Noble’s Memoirs, Vol. i. — Pag. 290 where the author mentions his * being an eye witness of the state 
of the bodies, St that Cromwell’s was so carefully and elaborately embalmed, that it was at that time, 
very fresh in green cere-cloth ’.” Although the sentence from Noble is quoted between inverted C4>mmas, 
the words “so carefully and elaborately embalmed” do not occur in either Sainthill’s manuscript or 
Noble’s work. Finally Howarth adds the words “extraordinarily preserved” as if they were in the 
original. 
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cloth and aheot. 0. had eight cuts, Ireton four being seare cloths, and their heads were set up on 
the South-end of Westminster Hall. 

Merian in his Theatrum Ewropaeum, Theil 9, 1. 1660 — 62 (published in Frank- 
furt 1672) under the year 1660, S. 386 — 87 gives, besides the usual accounts, certain 
additional information. The bodies were taken to a “ Wirtshaus" in Holbom, and 
exhibited there to all who wished to see them; they were drawn in open coffins to 
Tyburn. Cromwell was in green and Ireton in white cere-cloth, and Bradshaw, whose 
body was putrescent, enveloped in a coloured cloth (ein farbiges Tuch). As to the 
heads on Westminster Hall, Bradshaw^s (as he was presiding judge) was placed in 
the centre, Cromweirs on his right hand and Ireton on the left. 

Mr L. M. Anstey {Notes and Queries, Mrfy 5, 1934, Vol. 166, p. 317) kindly 
drew our attention to another witness, Peter Munday, of the scene at Tyburn ; he 
gives an account of the proceedings in the last volume of his Travels now in 
preparation for the Hakluyt Society. In his Diary 30 Jan. 1660/1 he writes: 

The bodies of Cromwell, Ireton and Bradshaw were drawn from Westminster on sleads to 
Tiburne, and there hanged on the three parts of the gallowes, Cromwell and Ireton wrapped in 
searcloth, supposed to be embalmed, but Bradshaw in a winding sheete. The body turned to 
putrifaction cast a most odious sent all the way it went. They hung four or five houres untill 
sunset, then cut downe, the heads severed from the bodies. The three bodies, all three, were 
tumbled together into one pit under the gallowes. 

This confirms the view we have already expressed, that the corpse of Bradshaw 
was the chief source of oflfence. For somewhat fanciful views of the scene at 
Tyburn, see our Plates XIII and XIV. 

An unpleasant picture indeed of the ribaldry of the times, loosened as it was 
by the royalist revival. Sainthill made a drawing of the scene at Tyburn, with the 
bodies hanging and the grave underneath. Cromwell is represented like a mummy 
s\vathed in his sixfold cere-cloth, with no visible legs or feet. 

There seems no reason to question that the head, which was cut off by eight blows 
of the axe owing to the thickness of the cere-cloth, was that of Oliver Cromwell, 
nor is it likely that the authority which superintended the proceedings at Tyburn 
would be so lax as to admit of any risk of losing the head before it was placed on 
the pole attached to the roof of Westminster Hall, The heads do not appear to 
have been placed on the Hall for several days*. It is stated by some that they were 
set up on February 6th, but Pepys saw them on February 5th We are told in 
the Mercurius Publicus exactly why the heads were placed on the south or farther 

* Somewhere, but we cannot recollect where, we have read that it was customary to dip the heads 
of traitors in some tar preservative before exposing them. This statement if verified would be important 
in the present case. 

+ Diary, Feb, 6, 1660 — 61 : “ Into the Hall and there saw my Lord Treasurer (who was sworn today 
at the Exohequer, with a great company of Lords and persons of honour to attend him) go up to the 
Treasury Offices, and take possession thereof ; and also saw the heads of Cromwell, Bradshaw and 
Ireton, set up at the further end of the Hall. ” 

It is obvious that ** set up at the further end of the Hall,*’ following on the previous statement that 
Pepys went Into the Hall, does not necessitate their being inside the Hall. It is possible that they were 
inside the Hall for a day or so, but their ultimate resting place was undoubtedly auttids the far end. 
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Interior of Westminster Hall during the Trial of Charles I. Bradshaw presides, 
and Cromwell is on his right at K. 





The Triple Gallows at Tyburn, with the pit for burial below the Gallows. 
From a Dutch Print. 
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Pearson and Moranl: TJu' Cromwell Head 



The scene at Tyburn.* The building seen under and above the gallows appears to be Westminster Hall. 
Whether the building on which the heads are poled is supposed to be the South end of the Hall, we 
cannot say; it is more like the West side curtailed. From a Dutch Print. 
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(from the main entrance) end of the Hall. It was because at that end the judges 
of the High Court of Justice had sat with the President, Bradshaw, in the centre. 
Oliver Cromwell was on his right, if much towards the rear, where Henry Martin 
and he supported the Commonwealth escutcheon. See our Plate XTI. 

Thus the Mereurius Puhlicus, Jan. 31 to Feb. 7, 1660 — 1, writes: 

The heads of those throe notorious regicides, Oliver Cromwell, John Bradshaw and Henry 
Ireton are set upon poles on the top of Westminster Hall, by the common hangman ; Bradshaw 
is placed in the middle (over that part whore that monstrous High Court of Justice sat), 
Cromwell and his son-indaw Ireton on both sides of Bradshaw. 

The important facts here are that the heads were '*set upon poles',* ‘*on the top 
of Westminster Hall/* and “over that part where’* the High Court of Justice sat,i.e. at 
the south end : see Plate XII. It has been asserted that Cromwell must have been in 
the middle, and that the heads could not have been at the south end, as they would 
not have been visible because there were buildings there. The above extract 
explains why they were placed at the south end*. There certainly were buildings 
at the south end, but those who think they could have obscured the south gable of 
the Hall are dreaming of buildings like the Committee Kooms of the present House 
of Commons or of the older Houses of Parliament f destroyed in the fire of 1834. 
As a matter of fact, in the time of Charles II, the old prints show us that the south 
end of Westminster Hall was equally conspicuous from the park of St James and 
from the Lambeth side of the river: see our Plates XV — XVIIT. Heads placed on 
15 to 20 feet poles (as on Temple Bar: see our p. 291), would be conspicuous 
features not only from Old Palace Yard but from a wide surrounding area. 

That there were certain buildings at the south end of the Hall as well as on 
the west side is clear from the statements we have about them as well as from the 
prints themselves, but what the arrangement of these buildings was is very obscure. 
Also it is important to know whether Cromwell’s head was to the east or west of 
Bradshaw’s. If Bradshaw’s face was turned looking down the Hall, as it did in the 
High Court of Justice, then Cromwell’s head, as its owner was placed on that occasion, 
would be on Bradshaw’s right (Merian : see our p. 314) or on the eastern half of the 
gable, with Ireton on Bradshaw’s leftj or towards the south-west corner of the Hall. 
In the Dutch print (see our Plate XIV)Cromwell is certainly on Bradshaw’s right, but 
the heads look as if they were poled on the west, not the south side of the Hall. 
If Bradshaw’s. head did not face down the Hall, but towards Old Palace Yard— a 
more reasonable aspect for spectators — then Cromwell, if on his right, would be on the 
western side of the southern gable of the Hall. Supposing Cromwell’s and Ireton’s 

* For Pepys, living then in Axe Yard, to the west of King’s Street at its northern limit, the “further 
end ” of the HaU was the ** south end.” Axe Yard branched off to the west of King’s Street, not very 
far from the Gate Tower at the north end of that street. If one passed southwards through that Gate, 
he had first on his right or west side Downing Street, then **Daffia’s Ally” and next *‘Ax Yard.” 
Cf. Strype's map facing p. 649 of Vol. ii. of his 1755 Edition of Stow’s Survey* 

t Even in the case of the older Houses of Parliament Thos. H. Shepherd’s drawing engraved by 
W. Deeble shows the southern gable of Westminster Hall visible above the then (1829) buildings from 
Old Palace Yard. 

X We have seen no record of where Ireton sat in the High Court. 
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heads were not close up to Bradshaw s, fixed indeed to the same central pinnacle 
and the poled heads on a building seem to have been kept well apart (see our 
pp. 291 — 292) — then the question of whether Cromwell’s head was east or west of 
Bradshaw’s becomes of importance, having regard to where it would be blown 
down, especially if the heads of Cromwell and Ireton had their poles fixed near 
the springings of the roof f . 


9. The Taverns: Heaven'" and '^Hell." 


Still the question remaius unanswered whether Cromwell’s head was to the east 
or west of the gable peak. Here Samuel Butler with his Hudibras may be of 
service Can he really aid us? To underst-and Butler it is necessary to remark 
that Peter Sterry, who had been chaplain to Oliver, was a famous roundhead 
divine who preached the postponed sermon § on the day following Cromwell’s 
death. He had dreamed that Cromwell was on his way to Heaven. So he was, 
implied Butler, for: 


Tossed iu a furious hurricane 
Did Oliver give up his reigu, 

And was helievM as well by Saints 
As moral men and miscreauts 
To founder in the Stygian ferry, 
Until he was retrieved by Sterry, 


Who in a false erroneous dream 
Mistook the new Jerusalem 
Profanely for the apocryphal 
False heaven at the end o’ th’ Hall, 
Whither, it was decreed by Fate 
His precious reliques to translate. 

Part III, Canto ii, 216. 


Now "Heaven” was the name of a tavern adjacent to or some say under 
Westminster Hall. Hence, if Butler’s poem is to be taken literally, the position of 

* This is highly improbable, as it would have been difficult to place Harrison’s head between those 
of Bradshaw and Grom well. See our p. 326. 

t Most of the views of Westminster Hall provide only a flat coping stone at the gable ends and this 
apparently close to the roof itself. On the other hand Hollar’s engraving shows small vertical knobs (?) 
at intervals adorning (?) the gable copings at both ends. Morgan’s shows them only at the north end. 
It does not appear that either coping or “ knobs ” would provide adequate support for poles, which 
might, however, have been fixed by brackets to the facing wall of the south gable. It is thus, perhaps, 
more likely that Cromwell’s and Ireton’s poles were at the springings of the roof. 

• X Hudibras came out in December, 1662. Pepys (Dec. 26th) bought a copy of Hudibras for 29. 6d., 
but thought it 80 silly abuse that he sold it promptly for 18d. ! The fact that Cromwell’s head was on 
the Hall in 1662 does not add much to our knowledge of how long it stayed there. 

§ See our p. 303 for an explanation of the postponement. We have been unable to find that this 
sermon was ever published. Sterry was a mystic and a man of culture. He was among the chaplains 
assembled to pray for Cromwell in his last illness and, when the latter died, comforted them by saying 
that one who had been so useful in a mortal state would have the possibility of being more so now that 
he was translated. What appear to be his actual words are given in Morgan’s Phoenix Britannicus^ 
Vol. X. p. 154 ; Sterry holding forth his Bible said : 

That if that were the Word of God, then as certainly that his Blessed Holy Spirit [the Protector’s] 
was with Christ at the Bight Hand of the Father ; and if he be there, what may his Family and the 
People of God now expect ^m him ? For if he were so useful and helpful, and so much Good influence 
•from him to them when he was here, in a Mortal State, how much more Influence will they have from 
him, now he is in Heaven? the Father, Son and Spirit, through him,, bestowing Gifts and Graces <2o. 
upon them. 

Sterry, without probably recognising it, seems in that moment of trouble to have adopted the Catholic 
doctrine as to the intercession of saints ! 
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Plan of Westminster Hall and Palace in Tudor times, from William Newton’s London, 
Westminster and Southwark as in the Oiden Times.... London, 1855. The plan shows 
jagged steps on both gables of the Hall, the Fish Yard to the West of the Hall, and 
the range of buildings at the South-West corner and others South of the Hall (the 
former may have included “Heaven”). 






Plate XVI 



Print showing the buildings at South end of Westminster Hall, which would not hinder, however, the view from Lambeth 

and the river of heads poled at that end. 
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Plate XVII 



Print showing view of Westminster Hall from the River. The roofs of buildings at South-East corner would not screen heads poled on the South end 
of the Hall. Part of the parapet of the Hall, with windows opening on to it, is visible. Date of drawing circa 1722. 





View of Westminster from St James’s Park. Engraving by Hollar, circa 1660, of an ancient Drawing in the Collection of 
John Towneley, Esq. 1. is the Abbey, 2. the Hall. It is clear that heads poled on the South end of the Hall would be distinctly 
visible from the Park. 
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“ Heaven ” would determine that of Orom well’s head. Now the two taverns, “ Heaven ” 
and '*Hell,” are frequently referred to both in 17th and 18th century literature, and 
even before, and are linked up with the position of the Exchequer. 

T, R. Nash in the notes to his splendid edition of Hvdibras* has the following 
statement on the above-cited passage* 

Peter Sterry dreamed that Oliver was to be placed in Heaven, which he foolishly imagined 
to be the true and real Heaven above ; but it happened to be the false carnal Heaven at the end 
of Westminster Hall.... There were at that time, two victualling-houses at the end of West- 
minster Hall, imder the Exchequer, the one called “ Heaven,'* the other “ Hell" ; near to the former 
Oliver's head was fixed, January 30, 1660 [?]. 

If we could accept Nash s 8tatement•^ — and he had a good antiquarian spirit — 
‘‘Heaven” was at the end of Westminster Hall, and that could only mean the south 
end where OromweU’s head was placed. Further, he tells us that both taverns, 
“Heaven” and “Hell,” were “under the Exchequer.” Thus the position of the 
Exchequer should fix the position of Cromwell’s head. But did Nash mean the 
Exchequer Court or the Exchequer Office, and if the two were not together, under 
which^were the taverns? Lord Braybrooke, in his edition of Pepys’ Diary below 
the entry for January 28, 1659 — 1660: “And so I returned and went to Heaven, 
where Luellin and I dined,” has the note: 

A place of entertainment in Old Palace Yard, on the site of which the Committee Rooms of 
the House of Commons were erected some years ago. It is called in Hudihrca^ “False Heaven 
at the end of the Hall." 

Further references to “Heaven” occur in Pepys’ Diary for August 30 and 
November 12, 1660. If according to Nash “ Heaven ” were under the Exchequer, the 
Exchequer must have been at the south end of Westminster Hall. This is hardly 
admissible. At this end of the Hall was a passage leading to St Stephen’s Chapel, 
i.e. the later House of Commons. It was crossed by an arch giving access from the 
“steps” at the south end inside the Hall to the White HalU which projected 
southwards from the eastern half of the end of the Hall, but not contiguous with it 
(see our Plates XV, XVI and XXIII). In the White Hall were located at various 
periods the Courts of Wards, Liveries and Requests. 

Those gentlemen who had been restrained in the Court of Wards were led through West- 
minster I{all by a strong guard, to that place under the Exchequer, commonly called Hell|, 

* Hudibrni of Samuel Butler^ in three volumes, with engravings by Hogarth, 1798. Vpl. iii. contains 
the Notes ; see pp. 878—880. 

t Zaohary Grey (1688 — 1766) published an edition of HudihroM in 1744. In a note on the same 
passage of that work, he speaks of “Heaven” in the present tense. “His head [was] set up at the 
farther end of Westminster Hall near which place there is a house of entertainment, which is commonly 
known by the name of Heaven.” The reader wiU note that Grey uses precisely Pepys' description of 
the south end of the Hall. 

t “ Hell” must in 1649 have been accessible from the HaU itself or possibly from the Courts. For 
we read that at the trial of Charles I : 

all the narrow avenues to the Hall were either stopped up with masonry or strongly guarded, and it 
was expressly ordered “ that all Back doors ftom the House called Hell be stopt up during the King's 
Tryal.** A True Copy of the Journal of the High Court of Jueticefor the Tryal of K, Charles L London, 
1684, p. 19. 
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where they might eat and drink at their own coets what they pleased*. (Nash in Notes to 
Bu<Mhra$^ VoL lu. p. 378.) 

John Stow describes the position of the several courts in relation to the Hall. 
We have already seen that the Court of Wards and Requests was in the White 
Hall accessible from a passage running behind the Court of King’s Bench which 
was on the steps in the south-east corner of the Hall. On the steps in the south- 
west corner sat the Chancellor and his assistant judges. The Court of Common 
Pleas still in the Hall itself was near the entrance in the north-west angle (see 
Plate XXI). Now we come to the Exchequer. Here we will quote Stow exactly: 

Within the port, or entry into the hall, on either side are ascendings up into large chambers, 
without the hall adjoining thereunto, wherein certain courts be kept, namely on the right hand 
is the court of the Exchequer, a place of account for the revenues of the crown; the hearers of 
the account have auditors under them ; but they which are chief for accounts of the prince, are 
called barons of the Exchequer, whereof one is called the chief baron of the Exchequer. The 
greatest officer of all is called the high treasurer, (let Edn. 1603, p. 387.) 

Stow continues speaking of the moneys paid into the Exchequer. It would 
thus appear as if in his day there was no distinction between Exchequer Court 
and Exchequer Office. On the east side in Stow’s day was above the stairs the 
Court of the Duchy of Lancaster, the Office of the receipt of the Queen’s revenues, 
and the Star Chamber. Stow tells us that 

In the Palace Yard were anciently Pales [Enclosures] in which were two messes [? com- 
mensal groups] the one called Paradue and the other called the Constabulary ; Both of which 
were granted to John^ Duke of Bedford^ 13 Henry VI. 

Clearly they must have been feeding places of some profit. It Paradise was 
the original of the later ** Heaven,” It is fairly certain that the latter had a migratory 
career. 

Again we are told that 

Under the Hall are certain subterraneous appartments, which are called one Paradise and 
another Hell ; Consisting of Tenements Houses and Mansions, which with other Tenements 
and Lands were held in King Edward the Sixth’s Days by one William Fryes, (Strype’s Stoids 
Survey.) 

It is difficult to think nowadays of Houses and Mansions in cellars under 
Westminster Hall, but “mansion” in the 16th or 17th century signified little more 
than an “appartment.” We do not know how far south these "subterraneous appart- 
ments” extended, but it seems at any rate probable that they were attached to 
and accessible from houses built-up against the west side of the Hall. 

Old plans of Westminster Palace seem to show that at a later date than Stow 
(1693), the Exchequer Office was on the east side of the Hall, close to the north 
end. See our Plate XIX. 

Edward Hatton in his New View of London, 1708, Vol. ii. p. 658, tells us that 
the officers for the receipt of the Exchequer were in the Lower Esccheguer near 
Westminster Hall. We might from this draw the conclusion that the Exchequer 
Office was under the Exchequer Court, and below the Office the two taverns 

* The gentlemen were obviously prisoners who were confined for contempt of court owing probably 
to their treatment of the King’s wards. 





View from New Palace Yard of the North End of Westminster Hall. Coffee Houses built up against front on right, then Court of 
Exchequer Buildings, with “HelT’ and “Paradise” beneath them. To left, door into Talley Court and Receipt of Exchequer; 
further to left, doorway to Speaker’s' Court. 





This view is of some Interest, because it seems to indicate in the wall or palisade in front of the Tudor buildings (Court of Exchequer) just above the 
two-horse coach in the foreground, the entrance to a cellar, from which two persons are coming out. Was this one of the entrances to the taverns 
under the Exchequer? 
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“Hell” and “Heaven.” But if the Office were on the east side of Westminster 
Hall, at the north end, this would be wholly out of accord with Butler. 

In 1755 Strype tells os that 

The Street Margaret’s Lane] between the two Palace Yarde is now rebuilding, and Hell 
contiguous to Weetminet^ Hall is soon to be rebuilt. (Stryjie’s Stovfe Survey, Yoh ii. p. 641^) 

This would certainly place "Hell” on the west side of Westminster Hall, and 
probably under the Exchequer Court, not under the Office if that was east of the Hall, 

Sir Francis Palgrave in the Introduction to his work* refers to no less than 
five treasuries of the Exchequer, of which apparently only one concerns us: 

A third Treasury was adjoining to the “Court of the Receipt of the Exchequer” commonly 
called the Tally Court in the Old Palace of Westminster. 

The "Tally Court” was on the east side of the Hall : see Smith’s plan, Plate XXIII. 

Fuller in his Worthies has two entries which throw light on the matter. 
They runf: 

PROVERBS. 

Ae 8ure as Exchequer pay.) 

All know, that the Exchequer was formerly the Treas^iry of the Kings of England, kept in 
this City, the pleading part on the one side, and the paying part on the other side of Weetmineter- 
halt. This proverb was in the prime thereof, in the raign of Queen Elizabeth^ who maintained 
her Exchequer to the heigth, that her Exchequer might maintain her. The pay thereof was sure 
inwards, nothing being remitted which was due there to the Queen ; and sure outwards, nothing 
l)eing detained which was due thence from the Queen, full and speedy payment being made thereof. 
This Proverb began to be crost about the end of the raign of King James, when the credit of the 
Exchequer began to decay, and no wonder if the streams issuing thence were shallow, when the 
fountain to feed them was so low, the revenues of the Crown being much abated. 

There is no redemption from Hell.) 

There is a place partly under, partly by the Exchequer Court commonly called Hell ; I could 
wish it had another name, seeing it is ill jesting with edge tools, especially with such as are 
sharpened by Scripture. I am informed that formerly this place was appointed a prison for the 
Kings debtors, who never were freed thence, untill they had paid their uttermost due demanded 
of them : If so, it was no Hell but might be termed Purgatory according to the Popish erronious 
perswasion. But since this Proverb is applyed to moneys paid into the Exchequer, which thence 
are irrecoverable, upon what plea or pretence whatsoever. 

These extracts show us first that the Court was on one side and the paying 
part on the other of Westminster Hall, and that "Hell” was under and "partly by” 
the Exchequer Court, i.e. on the west side towards the north. 

Does Fuller mean by the "paying part” only the Office which paid out money? 
Was the paying in done at the actual Court of the Exchequer? If not, the proverb 
"There is no redemption from Hell” seems rather meaningless, as "Hell” was on 
the opposite side of Westminster Hall to the Exchequer Office in Tally Court. It 
would appear that the paying in was connected with some office on the west side 
of the Hall, if not the Court of Exchequer itself. Such an interpretation might be 
in accordance with Hatton’s statement about the officers of the "Lower Exchequer.” 

* The Antient Kalendars and Inventories of the Treasury of His Majesty^ $ Exchequer, London, 1836. 
Vol. I. p. oxxviii. 

t London, 1662, pp. 679—680. 

21—2 
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Yet this is not in accordance with talgrave's statement that the Court of Receipt 
of the Exchequer was in Tally Court, i.e. on the east side of the Hall. Perhaps 
emphasis must be laid on Fuller’s use of the word formerly. In the Commonwealth 
or in Charles II’s time the paying-in office may have been removed to the west 
side. What is clear, however, is that “Hell” was certainly on the west side, and, 
according to Smith’s plan (see our Plate XXIII), toward the north entry. But where 
was “Heaven”? Had the Dutch print been correct, and the heads been on the 
west side of the Hall, Cromwell’s head would have been immediately above the 
Exchequer Court, and presumably above “ Heaven.” Smith’s plan (see Plate XXIII) 
puts “ Paradise ” under the Exchequer Court, and rather suggests that it was 
north of “Hell,” but it is not clear that “Paradise” can be identified with “Heaven,” 
in tavern nomenclature. If we could implicitly trust Smith’s plan, then “Heaven” 
stood in Old Palace Yard, between the apse of Henry VII’s Chapel and the White 
Hall, and “Purgatory” between “Heaven” and the White Hall. See our Plates 
XV and XXIII. Unluckily the positions are only vaguely marked. They are, 
however, at the south end of the HalL But we do not know whether Smith had 
more knowledge than we have, as he gives no authorities for his localisation ; the 
latter is inconsistent with “Heaven” being under the Exchequer or “abutting” on 
Westminster HalL 

Reference to “Heaven” and “Hell” occurs in Act V of Ben Jonsou’s Alchemist, 
and his editor Gifford in 1816 thus annotates the passage: 

Heaven and Hell were two mean ale-houses* abutting on Westminster Hall. Whalley [who 
edited Bon Jonson 1766] says that they were standing in his remembrance. They are men- 
tioned, together with a third house, called Purgatory, in a grant, which I have read, dated in 
the 'first year of Henry VII. (Vol. iv. p. 174.) 

While Pepys dined in “Heaven” (see above, p. 317), he took his “morning 
draught” in “Hell” (see the Diary, Nov. 27, 1660). “Hell” is connected with one 
very famous event in English history, namely Pride’s Purge: the forty-one excepted 
members were locked up in “Hell” for the night: 

Of whose names Mr Hugh Peters came to take a list ; and then conveyed them into their 
great Victuallinge house near Westminster Hall, called “Hell” where they kept them all night 
without any bedsf. 

This quotation indicates that “Hell” was of considerable size. Hugh Peters 
brings us to another reference, this time to “Heaven,” namely, during his trial on 
October 13, 1660, on the charge of “compassing and imagining the death of the 
King” [Charles I]. A certain Mr Beavor was sworn and asked, “What do you 
know of Peters?” 

Beavor, My Lord, and Gentlemen of the «Tury, — Upon a day that was appointed for a fast 
for those that sat there as a Parliament, I went to Westminster to find out some company to 
dine with me, and having walked about an hour in Westminster. Hall, and finding none of my 
friends to dine with mo, I went to that place called Heaven, and dined there ; after I had dined 
I passed through St Margaret’s Churchyard to go home again (I lay in the Strand)... 

* This description by no means aeoords with thoSe of earlier writers. Peaoham says very good meat 
was cooked in “Hell” in term time (1667), and even in 1782 we are told of the remarkable places in 
Westminster, that one was “ Hell ” very much frequented by lawyers. It probably had a reputation 
comparable with that of the “ Ck>ok” on the north side of Fleet Street near Temple Bar up to 1885. 

t Dngdale, A Short View of the Late Troublee in England, 1681, p. 868. 
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and then the witness went into that church hearing that Hugh Peters was 
preaching — as he told the Court out of curiosity, not out of any manner of devo- 
tion; — and finally he records what Peters said. 

But it is clear that none of these references — and there are probably many 
others — indicate as clearly as we might wish the exact position of Hell,” still less 
of “Heaven.” To sum up: If “Heaven” was under the Exchequer Court, much 
poetic licence must be allowed to Butler; and Nash's statements, if applied to the 
“farther end” of the Hall, are in error*. If “Heaven” stood on the site of the 
Committee Rooms of the House of Commons f, it was across the passage to St 
Stephen's, and as far as we are aware there is no record of the Exchequer Court 
or Office being there, though there appears to have been a time after the removal 
of the Courts from the White Hall in which that building was used as a store for 
records. But south of St Stephen's passage “Heaven” would not have been 
entirely, or in part, under Westminster Hall. This position would justify, however, 
Butler's description of its relation to Cromwell's head. 

Finally, if we suppose “Heaven” as at the south-west corner of the Hall, partly 
occupying a cellar under the south end of the Hall, then Butler's statement would 
be correct, but “Heaven” could not then be identified with “Paradise,” under the 
Exchequer Court; and we have no knowledge that the Exchequer Office, or its 
stores, extended right along the west side to the south-west corner of the Hall. All 
we can conclude safely is that if “Heaven” was somewhere on the west side or 
south-west corner of the Hall, then according to Butler and Nash Cromwell's 
head was poled on the west of the gable end — possibly at the south-west corner — 
definitely not on the east or river side, where Ireton's head must have been 
impaled. It is very unfortunate that the heads were not on the west side of the 
Hall with Cromwell's over the Exchequer Court, for then all would have been 
straightforward, but the statements of Pepys and of Butler, to say nothing of the 
newspapers of that day, seem to make the “ farther ” or southern “ end ” of the 
Hall essential. Smith's plan separates “Heaven” from “Paradise,'" placing the 
former vaguely at some distance away to the south-west of the Hall and the latter 
under the Exchequer Court. This gets over some diflBculties, but Smith, as we 
have said, does not give his authorities J. We incline to the belief that the heads 
faced down the Hall, so that Cromwell's was at the south-east corner. In this case 
Butler must claim the poetic licence he stands in need of so often ! 

' Before wb leave the Exchequer and the neighbourhood of Westminster Hall we 
must turn to another point. In the region round the Hall were not only the 
national records, and the records of the Courts of Justice, but also the money 

* The Exchequer was not at the end of the Hall, the south end at which the heads were poled. 

t Lord Braybrooke’s statement. 

t Indeed his plan almost contradicts his own statement, Antiquities of the City of Westminster^ 
1807, p. 69; 

On the West side of Westminster Hall was in the year 1781 a fishyard, and an house in which the 
King’s fishmonger resided, but the range of buildings called Heaven, the fisbyard, and the fishmonger’s 
house were removed to make room for the above mentioned Committee Rooms and the staircase there ; 
the only passages to the House of Commons having, tiU then, been through Westminster Hall, through 
Waghom’s coffee house at the south end of the Court of Bequests, and through a coffee house, after- 
wards a private house, and now converted to other uses on the West side of the Court of Bequests. 
[See our Plates XY and XXIIl.] 
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received from the revenue. Although the care of these was not so ample as it is 
nowadays, still, as we shall see, the need for it was recognised from the earliest 
times. This is illustrated by Pepys in his Diary. Thus he tells us on September 6th, 
1666, how at the time of the Great Fire he had got his own goods removed, and 
he, going further westward, the Fire of London progressing, found the people of 
Westminster had become alarmed, and 

80 to Westminster, thinking to shift myself, being all in dirt from top to bottom ; but could not 
there find any place to buy a shirt or a pair of gloves*, Westminster Hall being full of peoples’ 
goods, those in Westminster, having removed all their goods, and the Exchequer money put into 
vessels to carry to Nonsuch t; but to the Swan, and there was trimmed: and then to White 
Hall ; but saw nobody ; and so home. 

Further, in 1667 on June 14 Pepys, after writing about the scandal of the 
Dutch raid into the Thames, and there having been no money to fit out the big 
ships, or even pay the seamen, remarks: 

It gives great matter of talk that it is said there is at this hour, in the Exchequer, as much 
money as is ready to break down the floor. This arises, I believe, from Sir Q. Downing’s late talk 
of the greatness of the sum lying there of people’s money that they would not fetch away, which 
he showed me and a great many others. 

It is clear from these entries of Pepys that at times there were large sums of 
money in the Exchequer Office, not only belonging to the Crown, but to other 
people, who during crises may have thought it safer to leave it there than to keep 
it at home or to entrust it to a goldsmith. The Bank of England was not founded 
till 1694, and therefore the Government stored its own monies. Now what is the 
purpose of this digression? To meet the type of critic who finds the tale of a 
sentinel picking up the Head wholly improbable. It may not be the true history of 
the Wilkinson Head, but there is nothing in the story itself improbable. For 
example, such a critic writes 

How did it happen that a sentinel was posted at the back, or south end, of Westminster 
Hall? What was the man’s name? And as Westminster Hall was prolonged at the south end 
by another building, the Court of Wards§, and moreover the west side was surrounded by other 
buildings, what a prodigiously strong wind it must have been Uy make the head clear all these. 

The answer to the first question is that sentinels would be posted about the 
Exchequer Office for the same reason that a file of soldiers as guard is now sent 

* There were stalls in the Hall for the sale of haberdashery, etc. ; these are several times referred to 
by Pepys ; see our Plate XXI. 

t Nonsuch Palace, near Ewell; the money would probably be taken to Kingston and thence by road 
to Nonsuch. 

X Notet and Queries, Vol. oli. July— December, 1926, pp. 12—13. 

§ The writer does not say what is his authority for the Court of Wards “prolonging” the south 
end of Westminster Hall. According to Stow the Court of Wards was in the building called The White 
HaU being a great Chamber accessible from the upper end of Westminster Hall behind the King’s 
Bench. The White HaU adjoined the eastern half of the south end of Westminster Hall, but did not 
abut against that Hall; although there was access to it from the Hall, there were low buildings between 
the White HaU and Westihinster HaU. The Court of Wards was abolished in the twelfth year of 
Charles Il’s reign, his Majesty receiving for it in perpetuity half the “excise on beer, and ale, coffee 
and other outlandish drinks.” (Nov. 27, 1660.) The White HaU was then used as the Court of B^uests 
and Liveries, and, after the Painted Chamber was destroyed, as the House of Lords. 
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Interior of Westminster Hall in Pepys’ day. Court of King’s Bench to left, Court of Chancery to right of steps, 
Court of Common Pleas in right-hand corner of print. Stalls for sale of books and hosiery, etc. 
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nightly to the Bank of England •. The answer to the second question is today 
immaterial; if the tale had said that the sentiners name was Brown, Smith or 
Robinson, it would in nowise enable us to unfold the dark portion of the story. 
Supposing the Head was picked up by a sentinel and he or his descendants sold it 
secretly, say, to Du Puy, they would certainly not desire their name to be spread 
abroad. As to the last criticism of the story, consisting in the prodigious wind 
needful to blow the Head over buildings down to the ground, we ask, Does the 
story involve blowing over buildings down to the ground? It is clear from Pepys* 
Diary that there were in certain London buildings flat roofs or “ leads” f, which 
may or may not have been little more than broad lead gutters. It will be remem- 
bered that there is at Oxford a skull once attributed to Cromwell but impossibly 
his. The Memorandum Book of the Ashmolean Museum contains the following 
statement entered in the year 1720; 

In the year 1672 [?] Oliver’s skull [?] was blown off the north [?] end of Westminster Hall 
down into the leads of the same> and taken from thence by Mr John Moore then in the Old 
Petts. Sometime after this he gave it to Mr Warner, apothecary, living in King Street, West- 
minster. Mr Warner sold it for 20 broad pieces of gold to Humphrey Dove, Esq. then deputy 
paymaster to the treasurer of the chamber, but had been secretary to Fines f when keeper of the 
seals to Oliver. This skull was taken out of Mr Dove’s iron chest at his death in 1687 by his 
daughter Mrs Mary Fiske of Westminster with which family it hath remained until given to 
Mr E. Smalterall. Westminster, October 10, 1720. 

Could there have been an interchange of the real head with some other skull ? 

* In Angliae Metropolis ^ or The Present State of London (First Written by the late Ingenious Tho. 
Delanne, Gent, and continued to the present year by a careful hand, 1690) we read on p. 130 : 

There are two Ushers whose Office is to secure the Exchequer by Day and Night, and all tho Avenues 
leading to the same and to furnish all Necessaries, as Books, Paper, etc. 

This would be an arduous and continuous job for two men ! The Ushers of the Exchequer were 
officers of some importance whose business was to superintend the watches and generally to provide 
for the service of the Court and Offices. The need for protection for the Palace and in particular for 
the Exchequer was recognised in very early times. The office of Usher of the Exchequer was hereditary. 
The ** Officium Hostiarii de Scaccario ” was held by Roger del Exchequer in the 52ud year of Henry Ill’s 
reign. He had lands at Eston in Oxfordshire by the service of keeping the doors of the King’s Exchequer, 
and he could appoint deputies to undertake or assist in his duties. We find that with the land the 
office could pass to coheiresses, who would divide the revenues of the land and present suitable persons 
as Ushers for the approval of the Barons of the Exchequer. It was the Usher’s duty to keep the 
Exchequer safely, and to take charge of the doors and avenues to it, so that the King’s records laid up 
there might be in safety. He had the further duty of transmitting writs of summonses, which were issued 
by the Exchequer for the King’s debts, i.e. to cause these writs to be delivered to the respective sheriffs 
to whom they were directed. An order of the fifth year of Edward II’s reign runs (translation) : 

^ And that the said Ushers should have their own men, for whom they shall be ready to answer, 
lying every night in the Exchequer till the morrow of the close of Easter next, to wit, until the Court 
returns, and should not let them bring any fire into the Palace, either in a candle or any other way 
within the same period, but that they should with all possible diligence give their attention to the 
keeping of the said Exchequer and the Kings records therein. 

These facts are extracted from Thomas Madox, History and Antiquities of the Exchequer of the 
Kings of England, 2nd Ed., 1769, Vol. ii. pp. 276 — 276 and footnote (a), p. 278. 

There need be no cause of surprise if in the reigns of Charles II and James II guards were placed at 
night in the neighbourhood of the Exchequer or about the Palace of Westminster. 

t See A. Bryant’s Samuel Pepys, The Man in the Making, 1933, pp. 138, 182, which suggests at 
least a flat roof ! 

t Query Lord John Fienes, one of Cromwell’s lords. 
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Now this statement, as Howarth observes*, is very circumstantial; it gives the 
names of a number of persons, some of whom might possibly be alive in 1720, but 
it is clearly not an accurate account, for there are three most improbable statements 
in the first line which we have marked with notes of interrogation. But it is to 
be remarked that the skull did not fall to the ground but onto or into the 
“leads”!, which may mean the leaded gutters of the roof of Westminster Hall, or 
possibly even a flat roof to some adjacent buildings|. At any rate this account of 
the fall of a head on Westminster Hall by “being blown off” does not necessarily 
signify that it would be blown to the ground, a descent which would certainly break 
in pieces any skull, and would probably badly fracture an embalmed head, however 
leather-like the condition of the flesh. Our view of Westminster Hall from Lambeth 
(see Plate XVI) shows the low buildings at the south end of the Hall, which may 
have been the “Old Petts.” Our Plate XXII shows several “ leads ” near the south 
end of the Hall. 

We have searched the Bate-Books of Westminster for the years 1666, 1673 and 
1682 by the kind permission of the City Clerk. 

In 1682 there was a John Moore in Spade Alley and another in St Peter’s Street, 
both rated at low values. No trace was found of “ Old Petts.” In King’s Street 
there was a house termed the Apothecary’s, but no name was given of the occupier. 
There was an EdwaM Warner, who lived in Milbank and a John Warner who lived 
in Castle Street. There was no trace of Humphrey Dove or Mrs Mary Fiske. We 
are unable, therefore, to confirm from the Rate-Books of either St Margaret’s or 
St Anne’s Parish the existence of the individuals mentioned in the Memorandum 
Book of the Ashmolean Museum. The Oxford legend remains unconfirmed. We may 
stftte that the Rate-Books do not mention by name the taverns “Heaven” or “Hell.” 

It is, however, difficult to believe that Cromwell’s head came down from 
Westminster Hall in 1672. Charles Patin, visiting England in 1671, asserts that 
the three heads were still on the Hall. Speaking of the “ex^crables parricides de 
la m^est6,” whose heads were on London Bridge, he continues: 

Celles de leurs chefs Cromwel, Ireton son gendre et Bradshaw, sont sur ce grand Edifice qu*on 
appelle le Parlement, k la veiie de toute la ville. On ne sauroit les rogardcr sans paslir, et sans 
s’iroaginer qu’elles vont jetter ces paroles dpouvantables : Peuples, r6ternit<$ n’expiera pas n6tre 
attentat, apprenez k ndtre exemple que la vie des Rois est inviolable. {Relations historiques et 
cunetises de Voyages en Allemagne^ Angleterre^ ffollande etc, etc. Second Edition, k Lyon 1676, 

p. 188.) 

* “The Head of Oliver Cromwell,” Royal Archaeological Institute, April 6, 1911, p. 10. 

t At the trial of Charles I gaards were placed upon the “ leads ” of Westminster Hall, and at the 
windows looking into the HaU; see our Plato XVII. The order runs; “That, there be guards set upon 
the Leads and other places that have Windows to look into the Hall.” A True Copy of the Journal of 
the High Court qf Justice for the Tryal of K, Charles I, London, 1684. 

X It may be remarked that Mr J osiah Henry Wilkinson in his version of the tradition (see our p. 288) 
states that the sentinel at whose feet the head fell **was on his parade on the parapet.” Wo do not 
know What authority he had for this, but Wilkinson had met Cranoh who had known Bussell. There is 
among the Wilkinson papers the following copy of an Entry in Mr Crunch' s Diary : 

Wilkinson (from London) at Mr Olutterbnok^s at Widoombe on 
ms desiring to confer with me about the head of Oliver Cromwell when I related to him what I know 
and understood of that subject, with which information he was highly gratified. 
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Leads of St Stephen’s, of the White Hall, and of other buildings at the South end of Westminster Hall, on to any of which 
the Cromwell Head may have been blown down, without falling to the ground. (J. T. Smith, 1806.) 
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The passage occurs near the end of the Troiaikme Relation which is dated 
“ De Strasbourg en October 1671.” 

The next reference to the head of Cromwell shows that it was on Westminster 
Hall up till 1681, for in Heradlitua ridena No. 24 for July 12, 1681, we read; 

Whether old NolPs head did not take it for an affront to be thrown down from the pinacle 
of Honour, which is repairing at the South End of Westminster Hall, and whether he would not 
be better than a witch who could tell who shall be his successor in that high preferment ? 

Attention was we believe first drawn to this passage by J. B. Williams. In an 
article by J. G. Muddiman* some seven years later it is also cited, but the con- 
sequences drawn from these words in a satirical journal seem to us quite 
unwarranted. Muddiman asserts that Cromweirs head was not blown down at all, 
but “was thrown down by workmen in the day-time*' and that “we may take it 
for granted that the street boys of the times left very little remaining of the bones 
to which the real head must have been reduced by 1681.” 

J. B. Williams, in his paper “What became of Cromwell's Remains?'*!, 
earlier the same words: 

The head, therefore, was thrown down by a workman in the day4ime — not blown down in 
a storm at night — and this happened twenty years after it had been set up, not twenty-five. It 
was probably swept into the. Thames with the rubbish from the pinnacle 

It may well be questioned whether such tales — considering that in 1681 
Charles II was still reigning — as that “the street boys of the times left very little 
remaining of the bones to which the real head must have been reduced by 1681,” 
or that the head “was probably swept into the Thames with the rubbish from the 
pinnacle ” — a fairly long “sweep,” by the by, considering the intervening buildings — 
are more credible than the story that a sentinel picked it up when it was blown 
down! It is not in the least likely that Thomas Flatman, poet, miniature painter 
and satirical writer, witnessed a workman throwing down “old Noll's head,” and he 
does not say with Muddiman that the pinnacle was “rebuilt,” but under repair. 
Before any repair was undertaken the Surveyor of the House would have to report 
its necessity, and the first question which in those days would arise would be the 
preservation of the heads of the miscreant regicides. If the heads were in position 
in July, 1681, they would undoubtedly be restored when the repairs of the 
pinnacle or parapets were completed. Fiatman's “thrown down by a workman” is 
as figurative as if we stated that “ Cromwell dragged Charles I from his throne.” 
The head pf Cromwell in the reign of Charles II was far too valuable a symbol 
of “the stupendous and inscrutable judgements of God” to be lightly swept with 
rubbish into the Thames. 

• Notes and Queries^ VoL ol. 1926, pp. 210 — 212. This paper as well as many other papers in the 
same Journal contains valuable references, but the conclusions drawn from them are rarely helpful. 

t The Month, Vol. oxxxiv. 1919, pp. 108—118. 

X We are inclined to believe that this ** pinacle” is as allegorical as other words in Fiatman’s 
paragraph. The only pinnacle on the south end of Westminster Hall in any views of the Hall in the 
time of Charles I which we have seen is that at the top of the gable, and to that as the central figure 
Bradshaw’s head was fixed. Hence either Flatman was speaking throughout metaphorically, or else he 
was confusing Bradshaw’s skuU with OromweU’s head. This he might easily do 21 years after the actual 
poling of the heads. 
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And the view that the heads would be restored to the repaired gable is 
confirmed by what Echard tells us concerning Sir Thomas Armstrong. The latter 
was tried for complicity in the Bye House Plot. The London Gazette, June 19 — 
June 23, 1684, runs: 

London, June 20. This day Sir Thomas Armstrong was executed, being drawn on a sledge 
to Tyburn, and there hanged and quartered. 

He [Sir Thomas Armstrong] was executed at Tyhum on Friday the 20th of June ; which was 
observed by some to be the same Day of the same month... in which the five Jesuits were executed 
...just five years before. His Head was set up on Westminster- Hall between those of Cromwell 
and Bradshaw ; one of his quarters upon Temple Bar*, two others at Aldersgate and Aldgate, 
and the fourth was said to be sent down to Stafford, for which Town he had been a Burgess in 
Parliament t. * 

Echard’s account is at least partially confirmed by a statement of Henry 
Muddiman in his Journal, August 28, 1684: 

The head of Sir Thomas Armstrong is by order removed from the further end [note Pepys’ 
exact phrase] of Westminster Hall, where it was first placed, and put where Harrison’s head 
stood, over the entrance to the Hall from the New Palace Yard, where every one may see it as 
they go into the HalL 

Harrison’s head, and that of Axtel [? Cooke] are said % to have been placed on 
the east side of Westminster Hall, so that if Armstrong’s replaced Harrison’s the 
latter must have been on the north-east corner of the Hall. 

If the above version of the story of Cromwell’s head be correct, it was still on 
its pole on Westminster Hall in 1684, some five months before the death of 
Charles II, which occurred on February 6, 1684 — 5. 

*,A8 a sign that Eohard was accurate in this passage— he has been termed **a compiler and an 
uncritical compiler at that we may quote Evelyn’s Diary for April 10, 1696, which at least confirms 
one of Echard’s statements : 

The quarters of Sir William Perkins and Sir John Friend, lately executed in the plot, with Perkins’s 
head were set up at Temple Bar, a dismal sight which many pitied. 1 think there never was such at 
Temple Bar tiU now, except once in the time of King Charles II, namely of Sir Thomas Armstrong. 

Narcissus Luttrell also writes (op. cit, Yol. i. p. 312) 20 June 1684, ** Sir Thomas Armstrong’s quarters 
are disposed off ; a forequarter is sett on Temple bar, his head on Westminster, another quarter is sent 
down to the town of Stafford for which he was a parliament man.” 

t Laurence Echard, HUtory of England, folio, 1707 — 1718, Yol. iii. p. 714, folio, 1720, p. 1043. 

T. M., HUtory of Independency, 1660, p. 114, says that Harrison’s was placed on the south end 
of Westminster Hall on Oct. 3, 1660, and on p. 118 we read ** Mr Axtel was bowelled and quartered 
and BO returned back [i.e. to Newgate] and disposed as the former.” The ** former ” m^s Scroop 
(or Jones) and this would mean that his head was placed on London Bridge. On p. 116 we read that 
Cooke’s head was ” set on a pole on the North east end of Westminster Hall (on the left of Mr HarrUons) 
looking towards London.” It would appear as if Harrison’s must have been on the east side towards 
the south, but if so, it must have been later removed to the north end. If Harrison’s head was put on 
the North end, then Cooke’s most have been on its right, unless we suppose the ** left ” to mean on the 
spectator’s left when looking at the east face of the Hall t There is some contradiction in T* M.’s 
statements. 

Possibly further difficulty is introduced by Fepys; in the entry into his Diary for October 21, 1660, 
we read : 

George Vines earned me up to the top of his turret, where there is Cooke’s head set up for a traytor 
and Harrison’s set up on the other side of Westminster Hall. Here I could see them plidnly, as also 
a very fair prospect about London. 

Presumably George Yines* ** turret ” was the west tower, at the north end of the Hall. 
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The Wilkinson Head. Occipital view showing the wedge of flesh cut out by the axe, with at least two 
axe cuts inside the wedge, also an axe cut above the vertebra, where, severance has been 
finally made by two blows of the axe. The fracture of the occipital may be seen about half an inch 
to the left of the piece chiselled out. 





The Wilkinson Head. Enlarged occipital view showing the hair on back of head, the chisel and saw marks 
on the cincture, and the abnormality of the sutures in this region. 
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After 1684 we have no trustworthy information as to the head of Oliver 
Cromwell. We may take it that it was 24 to 25 years at least on the Hall. We 
have no record of a reward being offered for its recovery, except the tradition 
attached to the Samuel Bussell Head*. It is possible that it did not remain up after 
the flight of James II in 1688 f, for there would, amid the feelings which two 
greatgrandsons of Henry Damley had created, be less stress laid upon Cromwell 
as a horrid regicide,” and less importance attached to his head as a warning to 
all who might premeditate an attack on a king by divine right. William and 
Mary, we may remind the reader, were to be joint sovereigns hy vote of the people. 

The head of Cromwell had disappeared; it was not, if Mr Wilkinson’s Head be 
genuine, to reappear till 1710, or some may assert till about 1773. If it be not genuine, 
we must agree with Dr Welldon that it disappeared for ever; since, however much 
the disappearance during 63 or 89 years may weaken the evidence for this Head, 
no other claimant headj or skull has any pretensions in the least comparable either 
in externals or even in traditions with this. We shall now consider what CromweU’s 
real head must have looked like, had it survived a quarter of a century on the top 
of Westminster Hall, and whether there is any feature of the Wilkinson Head 
which obviously contradicts the appearance we should anticipate. It is needful, 
however, in the first place to give a somewhat more detailed description of the 
Wilkinson Head than has so far ever been provided. 


SECTION III. 


10. Comparison of CromwelVs Head and the Wilkinson Head on the non^ 
measured Characteristics, 


CromweWs Head. 

(1) Had the skull-cap removed and the brain 
weighed. James Fs skull-cap was removed by 
saw and chisel (see our p. 297). 

(2) CrorawelPs skull-cap would be stitched on 
again, for those death-masks which show the 
cincture, or the wrap, indicate that it must 
have been refixed. 


Wilkinson Head. 

(1) Has had the skull-cap removed by saw 
and a small piece probably by ohiseL See 
Plate XXV. 

(2) Shows thread holes round the border of 
skull-cap. The shrinkage of the fiesh round 
the cincture indicates that the skull-cap was 
separated before embalmment. 


* See our p. 280. 

t If it survived on its pole to James’s accession it was extremely likely to be maintained there while 
he ruled. 

X Beside the discredited Ashmolean skull now in the craniologioal section of the Oxford Museum, an 
amusing list of Oromwellian embalmed heads or skulls will be found in Notes and Queries, Vol. cl. 
Jan. — June, 1926, p. 892. We have also to note the head of Cromwell, which was rescued by a surgeon 
from the mob, who were dragging it about in Bed Lion Square, or Kingsgate Street, at the titqe. This 
surgeon left an only daughter who married a puritan cutler at Sheffield named Fletcher, etc. This story 
savours of Samuel Bussell’s tale of the head having belonged to the daughter of a soldier, not a surgeon, 
who had the head for her marriage portion 1 See Notes and Queries 1 8 rd Series, Yol. v. pp. 265 — 266. This 
tale is attributed to Joseph Hunter, who is said to have found it in a diary of the time. Hunter’s MSS. 
are now in the British Museum. 
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(3) CromwelPs body was embalmed. There 
is some doubt as to the thoroughness of this 
embalmment. This could only arise from Bate’s 
statement in the Memhu but we do not know 
whether this refers only to what took place 
immediately after the autopsy, or whether a 
more thorough embalmment did not follow 
later. 

It is reasonably certain that a death-mask of 
Cromwell was taken, ten to fourteen days after 
his death (p. 362). It follows therefore that 
the account given by Bate is incorrect, grossly 
exaggerated, or that putrescence was checked 
by a later more perfect embalmment. There is 
no reason to doubt that Cromwell’s body went 
on Sept 20 to Somerset House, lay under 
the bed of state with the effigy, and was interred 
in Henry VII’s Chapel on W^nesday Oct. 27. 
As to the efieotiveness of the embalmment, 
we do not think much one way or the other 
can be deduced from Sainthill’s description of 
the condition of the body at Tyburn. 


(3) Has been embalmed. The present con- 
dition of the flesh is like tanned leather. It 
has been held that this Head has been very 
badly embalmed, largely to prove that the 
Head does not disagree with Bate’s statement 
in the Elenchm^, 

On the other hand some have asserted t that 
it has been extremely well embalmed, and, to 
meet the evidence drawn from Bate (see our 
p. 275) and fearing that the genuine head 
would not be well embalmed, have tried to 
interpret Sainthill’s words “very fresh em- 
balmed” as indicating that Cromwell’s head 
was actually well embalmed. On the whole it 
seems to us that this Head must have been 
very thoroughly preserved, or the flesh could 
not have lasted at least 161 and very probably 
224 years without falling to pieces. If it has 
lasted that time, it may well have lasted 276 
years, even if, during some 26 or 26 of those 
additional years, it was exposed to the weather. 
We do not understand by “well embalmed” 
a process which has succeeded in preserving 
excellently the features of the subject, but rather 
one which has prevented most of the facial 
skin and the membranes from perishing, by 
converting them into leather. 


* See W. J. Andrews, Uotei and Queries^ Vol. cl. 1926, pp. 318 — 819. 

t Bee Howarth, loc, ciu and our p. 313 ftn. §. There is another type of critic, who takes the position 
(i) that nobody has justified the statement that the Wilkinson Head has been embalmed, and (ii) that 
English erabalmers did their work very superficially, and consequently Cromwell’s head had no lasting 
powers 1 See Notes and Q^erie8, Vol. ol. p. 408. There is no doubt that a cheap form of embalmment 
was current in London at least in the last quarter of the 17th century, but it hardly claimed to preserve 
the body indefinitely, and was not likely to be used in the case of royal or illustrious persons. Two 
advertisements will suffice to show its dbaracter. Both are taken from the London Gazette, 

No. 1608, Motiday March 24 to Thursday March 31 p 27], 1681, 

Thomas Warren of London, Apothecary, living at the Heart and Anchor in St Lawrence Lane near 
Oheapside, having after great cost and trouble, found out a most curious way of preserving dead Bodies 
from Putrefaction, or change of Colour, without Disboweling, Searclothing, or cutting any part, and 
undertaking for 6 1. to secure any dead Body above ground for several years ; he caused publiok Notice 
to be given thereof; but some persons, perceiving the great satisfaction, this his Invention has given to 
aU persons that made use of it, have pretended to make use of his Powder, as bought from him : 
Wherefore he desires it may be known, that there was never any yet sold of it, nor is it to ^ had but 
from himself. 

No. 1969, Monday August 18 to Thursday August 21, 1684, < 

Wfllmm Bussel Coffin-maker, who hath the Art of preserving Dead Bodies without Bmbowelling, 
MTAl^ing, cutting, or mangling any part thereof, and that used it to the great satisfaction of all 
wose Honorable Persons by whom he hath been employed, lives at the Sign of the Four Coffins in 
Fleet-street I Coffins ready made, and the Body preserved for Five Pounds. 

These advertisements appeared some quarter of a century after CromwelPs death, and as his body 
had the brains and bowels etc. removed and was wrapped in cerecloth, it is clear that this superficial 
method of embalming was not applied in his case. 
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(4) Cromweirs head was hewn off while his 
whole body was still in its oerecloths, for 
Sainthill tells us that owing to these it took 
eight blows of the axe to remove the head. 
There is no doubt therefore that the neck must 
have been badly hewn about. We know that 
the head was placed upon a pole on Westminster 
Hall. There appears to be no extant account 
of how the heads of traitors were attached to 
their supporting poles. We know that such 
poles were 15 to 20 feet in length and therefore 
must have been of stout build. The conception 
that such heads were placed on 'piku^ which 
would not have the requisite length or substance 
needful seems improbable, nor are the diamond 
or laurel leaf sections of the pike, however 
suitable for piercing flesh, the best for ramming 
through bone. If CromwolPs head had been 
blown down, it might either have been thrown 
off its spike, or the pole might have snapped. 

(5) The pictures of Cromwell show generally 
a mass of light brown (? i*eddish) hair. See 
Plate XLII. Lady Payne-Gallwey’s miniatures 
(one certainly by Cooper) both show Cromwell 
with greying light brown hair. The portrait of 
Cromwell by Cooper in Sidney Sussex College 
shows grey hair, and a portrait in profile (a copy 
by Bernard Lees) in the possession of the Duke 
of Portland shows Cromwell aged, and his hair 
very thin. There is no doubt that he had 
changed considerably in appearance before ho 
died. 

All the portraits of Cromwell show the short 
cut “beardlet” below the under lip; this was 
however the fashion of the day. Bradshaw wore 
the beardlet long so that it came to a point 
below the chin, and Ireton’s beard was of the 
same type^. 

(6) Cromwell was aged 59 at the time of his 
death. ** Before I came to him as he rode at the 
h4ad of his life guard, I saw and felt a waft of 
death go forth against him ; and when I came 
to him he looked like a dead man” (George Fox, 
Diary ^ Vol. i. p. 440). Noble t remarks of 
Cromwell ; “It is ceiiain that in old age he was 


(4) This Head has been attached to an 
oaken pole, surmounted by an iron spike of 
square section tapering to a point. The top of 
the oaken pole to a length of eight inches has 
been broken off. Tlie iron prong — something 
like the straightened prong of a pitchfork—is 
carried by a rudely shaped flat inverted n collar, 
nailed onto the top of the post. The collar and 
nails are well shown in our Plates XXXII— 
XXXIV reproducing skiagrams of the Head. 
The i)ole has been long in contact with the 
Head, for some of the worm holes pass through 
the Head and the pole. The spike where it has 
penetrated the skull-cap has rusted away, but 
inside the brain-box it has been less attacked. 
The iron prong and collar are rough black- 
smith’s work. This prong has been so forcibly 
thrust through the skull-cap that it has split 
it from the place of penetration to the right 
border : see our Plate XXXVI (tf). 

(5) The hair on the Head is sparse, it is 
remarkably fine and of a light reddish bi*own 
tinge. This fineness might possibly be due to 
the perishing of the substance of the hair, and 
the redness might be indicative of the diffused 
pigment left, after the melanotic pigment had 
largely perished J . Again it may be that the hair 
was grey and the redness arises from staining by 
preservatives. Charles I had grizzled black hair 
at the time of his execution. At his exhumation 
in 1813 his scalp hair was a beautiful dark 
brown and his beard a redder brown. This was 
probably the combined effect of the preservatives 
and the 166 years of entombment. There was 
no prolonged weathering as in the case of 
Cromwell’s head. The hair is pressed close to 
the Head as if it had received a set from moisture, 
which might be from the preservatives and the 
binding of cere-cloth or from the drip of rain. 
All we can say is that the sparse hair has been 
pressed close to the scalp. 

The chin shows the beardlet ; this, without 
proving it to be Cromwell’s, indicates the period 
from which it came, if we dismiss the idea of 
fraud. 


* Besides the two regicides mentioned in the text only Scott and Pennington had the Charles I type 
of beard. Of the remainder whose portraits we have examined, fourteen had beardlets like Cromwell 
and five no beards at all. 

t JfsmoiVs o/ the ProUctoral Home qf Cromwellt Vol. i. p. 292, 3rd Edition, 1787. 

X A prolong study was made, as to whether it is possible to learn anything from hair, which has 
been exposed or bleached, as to its former degree of pigmentation, but no very definite light was thrown 
on the original pigmentation of the hair of the Wilkinson Head by this microscopical work. See p. 278. 
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but a veiT’ coarse looking man, and this for 
many reasons; the number and greatness of 
his cares ; the inclemency of the weather, which, 
as a soldier, he was obliged to endure, and 
perhaps the loss of his teeth ; the difference of 
his face is very discernible in comparing those 
portraits of him which were taken when he was 
lieutenant-general... with those of his coins or 
medals struck but a short time before his death.” 
And again, if we turn to the cavalier acooimts 
(besides the frequent references to the ^*red 
nos^d Noll”) we read* “But Cromwell wants 
neither wardrobe nor armour, his face is 
naturally buf^ and his skin may furnish him 
with a rusty coat of mail ; you would think he 
had been christened in a lime pit, tann’d alive, 
and his countenance still continues mangy. We 
cry out against superstition, and yet worship 
a piece of wainscot, and idolise an unblanch^d 
almond.” This is no doubt exaggeratedly satirical, 
but there must have been an element of truth 
therein. 


(6) In the case of the Head its owner retained 
nearly all his teeth up to death. They have 
fallen out, with the exception of an upper 
R 3rd molar and a lower R 3rd molar, since 
death t. But we know of no historical record of 
Cromwell losing his teeth in life; it may be 
only a supposition of Noble. The nose of the 
Head inclines to the left cheek, but is too 
battered to allow us to assert anything about 
it. The present condition of the skin of the face 
would almost exactly correspond to the cavalier’s 
description of Cromwell’s face, but as the tanning 
of the skin is almost certainly due to the 
embalming, to preservatives and possibly to 
weather, we cannot lay any stress whatever on 
the correspondence. On the other hand such 
a skin as the Cavaliers attributed to Cromwell 
might much aid in the preservation of his bead! 
The skin of the Wilkinson Head by no means 
suggests that the owner had a smooth and 
tender skin. It appears besprinkled with 
pimples. See Plates XXVII and XXX. 


On the Cooper miniature of Cromwell in the possession of Lady Payne-Gallwey, 
there are a series of spots on the face, and on the back of the case the following note : 

Mem, 29th May^ 1812, Mr West is of opinion that this miniature was painted from Walker’s 
picture, for when Cromwell sat to Walker he insisted on every imperfection in his face being 
represented ; so this accounts for the spots, which seem to have been occasioned by accident from 
gunpowder. 

The tale about Cromwell and the painter is reported by Horace Walpole of 
Lely (see our p. 360), and probably West had this tale in mind. No one, however, 
could mistake a Cooper miniature of Cromwell for the copy of a Walker painting. 
Nor again could a Lely painting be mistaken for a Cooper miniature. If the 
Walpole tale be true, and it sounds true, then the painter to whom Cromwell 
gave the direction may have been Cooper, and this miniature the result. It would 
therefore have great historical value. We regret being unable to give a reproduction 
of it. From a very poor photograph we have seen, it would appear as if the spots 
extended to the collar. 


(7 ) Cromwell’s brain-weight was stated with- 
in 10 years of his death (see our pp. 276—277) 
to be 6^ pounds. This has been recognised by 
anatomists as an exceedingly improbable state- 
ment. And this is true even if all the water in 
the brain-box were weighed with the brain. 
Assuming that we may take the density of the 
“water” and brain material to be about unity 
and that I cm.^ of water ss 1 gramme ■■ 15*4323 
graii^ and in ignorance of what is meant by 


(7) The Head gives the following skull 
measurements : 

Glabella-Occipital Length, A =» 192 mm. 

Maximum Parietal Breadth, Zf«151 mm. 

Auricular Height, 111*6 (?) mm. 

OH has been estimated by comparison of the 
male transverse type contour of the St Bride 
Buidal Ground (Farringdon Street) crania with 
the transverse contour of the Head. 


* Samuel Butler, Posthumous Works^ 1754, pp. 281<— 282. 
t Only two teeth were certainly lost before death: see ftiller account below. 



Plate XXVI 


Biometrika, Vol. XXVI, Parts III and IV 

I’carsDn and Moranl : The Cromwell I/ead 



The Wilkinson Head. Full face, showing broken nose, shrinkage of eyelids, the cincture, 
hole for wart, flowing moustache on right side (cf. Plate LXV) and broken lips 



Plate XXVII 


Biometrika, Vol. XXVI, Parts III and IV 

Pearson and Morant : The Crom7K<e/i Head 



The Wilkinson Head. Full face, with the pole vertical, corroded point of iron spike, 

and the many pimples. 



Plate XXVIII 


Biometrika, Vol. XXVI, Parts III and IV 

Pearson and Morant: 'I'hc CromKhll Head 



The Wilkinson Head. Left Profile, showing flesh shrunk back from cincture, distorted ear, and 
nature of hair on scalp and chin. The fracture of the occipital is shown by a white line 
on the extreme right. 



Plate XXIX 


Biometrika, Vol. XXVI, Parts III and IV 

Pearson ami ^^orant : 7'hc Cromwell Head 



The Wilkinson Head. Right Profile, showing ear cut off, and wedge cut out of back of neck. 



Plate XXX 


Biometrika, Vol. XXVI, Parts III and IV 

Pearson and Moranl ; The Cromivell Head 



The Wilkinson Head. Three-quarter face, showing the wart-cavity, the pimples, 
and the flowing moustache on right (compare British Museum Wax Death- 
mask, Plate LXV). 



Plate XXXI 



The Wilkinson Head. Three-quarter face, looking slightly down. 
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the pound, and using either Apothecaries’ or 
Avoirdupois measure we have : 

For Cromwell’s skull capacity, 

Apothecaries' Avoirdupois 

6^x12 07. 6:Jxl6oz. 

36,000 grains 43,750*6 grains 
2332*8 cm.3 2835*0 cm.3 ‘ 

The first of which, if not impossible, is ex- 
ceedingly improbable, and the second practically 
out of the question. Of course the pound may 
have meant something very different to the 
medical men of the 17th century, or, what is 
more probable, the widespread superstition that 
great weight of brain signifies preponderating 
intellect led the physicians and surgeons 
appointed to embalm the body of His Highness 
the Protector, or one of their number, to 
sycophantic exaggeration. The portraits of 
Cromwell do not suggest an abnormally largo 
head. While this brain-weight might have 
provided positive confirmation, we cannot take 
it to bo of value as a disqualification. 


Using the Reconstruction Formula for the 
capacity of male English crania {Biomelrika^ 
Vol. XVIII. p. 34) or 

C= -000416 X L. B. OEat 247-86 ± ~ 

sin 

we find the capacity C of the Wilkinson Head 
to be 1592*6 cm.3±44*3. We can safely assert 
that the cranial capacity of this Hoad must 
have been between 1482 and 1703 cm.® There 
is no approach whatever to the values of the 
capacity indicated by lbs. Indeed a cajmcity 
of 1592*6 cm.® corresix)nds to about 3^ lbs. 
Avoirdupois, and 4J lbs. in Apothecaries’ 
measure. The mean capacity of the Farringdon 
Street male crania being 1481*5 with a standard 
deviation of 130*1 , we see that the owner of this 
Head would stand about the 20th gnwie in 100 
Englishmen or 6th in 30 cases. This is about 
the position the eminent chemist, Sir William 
Ramsay, occupied. The owner of this Head had 
a brain well above the average, but not one of 
outstanding size. 


On the whole we have not succeeded in finding any characteristic of the 
Wilkinson Head, which directly disqualifies it from being the head of Crorawcll. 
This by no means demonstrates that it is the head of Cromwell, but had we 
discovered any such characteristic a more detailed relation of the Head to the 
portraits and busts, etc. of Cromwell would have been of small purpose. 


11. Age at Death of the Man who owned the Head, 

The point which tended at first to influence our judgment was the question of 
age at death, and for this reason we have gone more fully into the two characters 
by which it is customary to give a rough estimate of the age of a skull, namely the 
condition of the sutures and the state of the teeth. In the case of the former of 
these characters, however, while in a long series of skulls of a given age we can state 
something on the average as to the closure and obliteration of the sutures, it is not 
possible to fix at all definitely the age from the condition of the sutures. If Broca s 
or some similar system of scoring for the condition of the sutures be used, then the 
average score of a skull of known age is accompanied by a standard deviation 
measuring the variability of the score, which gives a very wide margin to the age 
prediction even when the condition of the external and internal sutures is fully 
accessible and visible. In the present case only very small portions of the sutures 
are visible, namely whore the external flesh has before embalmment retreated from 
the cincture, and where the pia mater lining the skull-cap has done so likewise. 
We have therefore had to help ourselves out with the appearance of the sutures in 
skiagrams. 
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In the case of the teeth the sockets are accessible and by aid of the usual dental 
mirror and other instruments, together with a study of the skiagrams*, a fairly 
full account can be given. In our description we were most kindly guided by 
Mr C. Bowdler Henry to whom our very cordial thanks are here expressed. 

Notes on the Sutures of the Wilkinson Head, 

A direct examination of the Head shows that the states of the small parts of 
the sutures visible are as follows : 

Metopic. EctO’Cranial, A short length is exposed on the skull-cap immediately 
above the cut. This is apparently closing but it can be traced easily. 

Coronal. Ecto-cranial, A short length is exposed on the right side above the 
pterion and there the suture is closed and nearly obliterated. 

Endo-cranial, A short length of the line of the coronal suture is exposed, but 
there is no sign of the suture, so it seems to have been obliterated. 

Sagittal. No part of this suture is exposed. 

Lambdoid. Ecto-cranial, The parts exposed on the right and left sides are 
clearly open. On the left side there is a wormian bone with a maximum length of 
10 mm. situated below the cut, and above it is a larger wormian bone which was 
sawn through. No wormian bones can be seen on the right side. 

Inter-Parietal. Ecto-cranial, These sutures are somewhat confusing. There 
are traces of a closed suture running horizontally across the supra-occipital and to 
be seen on the skull-cap and lower part of the skull. This appears to be the hori- 
zontal suture of an inter-parietal bone. On the right side there is also a trace of 
what seems to be the closed suture between an os triangidare and an os pentagonale, 
but this is only seen on the skull-cap and it is not clear why the continuation of it 
should not be visible on the part of the skull below the cut. A photograph taken 
illustrates this point : see Plate XXV. 

Other Sutures. Endo-cranial, The region of part of the suture between the 
temporal squama and parietal bone is exposed on the right side, but there is no 
trace of a suture here, so it is apparently obliterated. 

Skiagrams of the skull-cap of the Head were taken to examine the condition of 
those parts of the sutures which are not exposed. These were from above whole 
plate and 3" x 2" size, and from below whole plate. Skiagrams were Also taken of 
three skull-caps from Spitalfields, the views from above being 3"x 2" showing 
a length of the sagittal suture near the vertex only, and from below whole plate. 
See our Plates XXXV and XXXVI. These skull-caps are: 

S.F. 672. Young or young adult. All sutures clearly open externally and 
internally. 

* For the ^umeroua skiagrama taken (onlj a few of which are reproduced) we have warmly to 
thank Dr G. 0. Dalton of Ipawich, W. H. Trethowen, Esq., F.R.C.S., and Dra Yeo and Hilton of the 
Radiographic Department, Univeraity CoUege Hospital. 



Plate XXXII 



Skiagram of the Wilkinson Head in profile, showing iron spike and its side-pieces, the mandible, the cincture, 
and the place where the vertebral column has been severed. 





Skiagram of the Wilkinson Head with the skull-cap removed, showing the metal spike and the three nails, which 
still attach it to the oak pole. On the border of the cincture to the right may be seen, as a nearly vertical 
pale bar, the start of the occipital fracture. 




Skiagram of the Wilkinson Head, showing a further view of the iron spike, the cincture and mandible. 




Skiagrams of Skull-Caps. 


Biometrika, Vol. XXVI, Parts III and IV 

I’oar.sun aiid Morant: The Croimvcll Head 


Plate XXXV 



Young Adult, sutures open. No Pacchionian pits. Adult, internally sutures largely obliterated, externally beginning 

to close. A few Pacchionian pits. 




bKiagpams of Skull-Caps. 


Plate XXXVI 


Biometrika, Vol. XXVI, Parts III and IV 

I’eurson and Morant: Tht' CromwH Ihad 



Oldish Adult, externally sutures largely closed or obliterated, Wilkinson Head, showing hole where spike was rammed through 

internally nearly fully obliterated, many Pacchionian pits. fracturing the right parietal. Sutures closing or closed. Numerous 

Pacchionian pits (Oldish Adult). 
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S.F. 375. Ecto-cranial sutures — metopic beginning to close, coronal beginning 
to close, sagittal closed at obelion but otherwise open, latnbdoid clearly open. 

Endo-cranial sutures — metopic, coronal and sagittal obliterated, latnbdoid open. 

S.F. 667. Ecto-cranial sutures — coronal closed near bregma and open at pteria, 
sagittal obliterated except for 2 cms. immediately behind bregma where it is closing, 
lambdoid obliterated near lambda and open near asteria. 

Endo-cranial sutures — coronal obliterated, sagittal obliterated except for 1 cm. 
above lambda where it is open, lambdoid obliterated except close to asteria where 
it is open. 

A comparison of the internal-external whole plate views shows that for the 
Head the sutures are in a far more advanced state of closure than for the youngest 
of the Spitalfields skull-caps (S.F. 672). The film of the latter shows the lines of both 
ecto-cranial and endo-cianial sutures for the whole length of the sagittal suture and 
for part of the lambdoid. No trace of the internal sutures can be seen on the film of 
the Head and its sagittal suture is probably obliterated internally. The lines of the 
external metopic, coronal and sagittal sutures can be traced rather more easily on 
the film of the Head than on that of the Spitalfields skull-cap of intermediate age 
(S.F. 375) and far more easily than on the oldest skull-cap (S.F. 657). The sagittal 
suture cannot be traced at the obelion and it is probably closed externally, or 
beginning to close there. The external-internal skiagrams suggest the same 
conclusions. The sutures of the Head arc probably in the same, or in a rather less 
advanced, stage of closuni than those of the skull-cap S.F. 375 and this accords 
with what can be seen directly. 

From the two kinds of evidence it seems reasonable to conclude that for the 
Head the endo-cranial sutures are all obliterated or nearly obliterated, while of the 
external sutures the metopic is beginning to close, the coronal is beginning to close 
and is nearly obliterated near the pteria, the sagittal is open or beginning to close 
except at the obelion where it is obliterated, and the lambdoid is open. For the 
Hythe and Spitalfields series it was found (see Biometrikny Vol. xxiv. p. 172 and 
Vol. xxill. p. 218) that externally the sagittal suture was almost invariably the first, 
or one of the first, to begin closing while the coronal and lambdoid closed at about 
the same time, as one another. Also, when the metopic suture persisted to an adult 
stage it appeared to close at about the same time as the sagittal. The suggested 
condition of the sutures of the Head is in accordance with these observations. 

What do these results as to the sutures enable us to predict about the probable 
age of the owner of the Wilkinson Head? The chief investigators of this topic — 
on which much remains to be found out — are Frederic* and Wingate Toddf. The 
former author gives detailed information about the large number of both European 
and non-European crania in the Strasburg collection. He draws general conclusions 
from his data, but provides no means of simply answering the question : This being 
the state of the sutures as to closing, what is the probable age ? 

* Zeitschrift fiir Moi’pkologie und AiUhropologie, Bd. jx. 8. 373 — 466 (1906). 

t American Journal of Physical Anthropology, Vol. vii. pp. 326 — 384, 1924, Vol. viii, pp. 23 — 45, 1926. 

Biometrika xxvi 22 
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He uses Broca’s divisions for the sutures and practically Broca’s method of 
reckoning 0 = open, 1 = J closed, 2 ^ closed, 3 = f closed, and 4 » wholly closed. 

This scheme is also followed by Wingate Todd. Most unfortunately Todd does not 
give the data for each of his individual skulls, all he gives us are charts indicating 
a sort of mean value for the closure or partial closure of each suture or section of a 
suture. The important point, the variability round such mean value, is not provided. 
It is thus impossible to ascertain from his diagrams any measure of the probability 
that a skull of given age will have a suture-closure of the given value. Further, 
what we really want is a table the other way round, i.e. giving for each suture-closure 
value the mean age and variation in age. Lastly one of the most important points 
is that we arc not sure whether “closure” and “obliteration” mean precisely the 
same thing with Wingate Todd and Fr6d6ric, or indeed with other writers. It 
might be argued that closure must precede obliteration, and there is a possibility 
for the play of much personal equation until there is a finer definition of what is 
to be undtirstood by “closure.” This is. well illustrated by what Wingate Todd writes 
as to “lapsed unions” (i. p. 337); in such cases the suture is visible, but according 
to him such cases must be classed and ho did class them as “closed,” although 
according to Broca’s diagrams and Fr6d6ric’s practice they could not be considered 
“obliterated.” It will be seen that until there be a concordat as to what is meant 
by “closure,” “ Verwachsung,” “obliteration,” and until scientific statistical methods 
have been applied to really adequate material, say 50 crania in each five-year group, 
it will not be possible to reach an age appreciation with any satisfiictory degree of 
probability f. 

Lot us sec if, on the basis of Frederic’s and Wingate Todd’s data, we can produce 
any definite unlikelihood that the Wilkinson Head belonged to a man of age 69. 

First, on the Wilkinson Head all the endo-cranial sutures are closed. According 
to Todd the sagittal suture in all four sections is closed at 35; the Head therefore 
probably belonged to a man aged 35 or over (Diagram I, p. 344). According to 
Diagram 1, p. 350, the whole of the coronal suture is not closed till after 40; 
the age of the man to whom the Head belonged was probably over 40. Turning to 
the endo-cranial lambdoid suture (Diagram I, p. 354) this suture is not fully closed 
till between 45 and 50; the Head suggests a man probably at least 47. 

Thus, as far as the endo-cranial sutures are concerned there is nothing to oppose 
the view that the Head was that of a man of any age over 47. 

We come next to the ecto-cranial sutures. If we suppose that the closure of the 
sutures starts as a rule at the inner table and creeps up through the bone to the 
outer table terminating with final obliteration after closure, then the need for 
exact definition of, and distinctions, if needful, between “closure” and “obliteration” 
becomes very obvious. This is of peculiar importance having regard to Wingate 
Todd’s classification of “lapsed unions J.” Arc such “lapsed unions” to be found in 

* Wingate Todd follows Fr(jd<5ric in reversing the numbers as used by Brooa who termed 4 com- 
pletely open and 0 completely closed. 

+ We hold that a series of skiagrams corresponding for each suture to a definite grade of closure 
might be the best way to reach not only a standard, but to standardise skulls. 

X What do such “ lapsed unions” look like on skiagrams? 
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senile crania? If many of us have been including them in the non-obliterated 
instead of the obliterated or closed class, we shall find that Wingate Todd's ecto- 
cranial suture diagrams give rather earlier ages for their closure than we should 
otherwise expect. 

Ecto-cranial sagittal suture. This suture is obliterated at the obelion; elsewhere 
it is open or beginning to close. Wingate Todd s Diagram ^II, p. 25) indicates that 
for a man of 60 we should expect the pars obelica of this suture fully closed, while 
the pars bregma tica, pars verticalis and pars lambdica arc bt*tween J and wholly 
closed. Unfortunately the same diagram shows that between 70 and 75 years of 
age these same three parts of the suture are only closed between ^ and J. No doubt 
this is duo to th(i smallness of the samples and the great variability in age of suture 
closure; but it indicates how little stress can be placed on a statement that apart 
from the pars obelica the sagittal suture will be externally 3 to 4 parts obliterated 
at GO years of age. 

Turning to the coronal suture; for the Head it is b(?ginning to close and is 
nearly obliterated at the pars pterica. According to Wingate Todd’s Diagram 
(TI, p. 25) this closure is to bo expected in a man of GO years of age, although his 
curve is erratic. The pars complicata should be not quite half closed and the pars 
bregrnatica thn'.e parts closed. Here again the curves are strangely erratic, for at 
age 75 the pars complicata is given as only about 4 closed, although | closed at 60! 

Lastly, turning to the lambdoid suture which is described as open in the Head, 
not one of its three sections is given as open after 25 years of age in Wingate Todd’s 
Diagram (II, p. 25), The pars lambdica is given as :] closed, the pars media as about 
4 closed, and the pars asterica as about \ closed at GO years of age; but between 
70 — 75 years,^tnd so 12 years later, the pars lambdica and the pars media are both 
less than h (;los(*d and the pans asterica is open! It will be clear to the reader 
that the samples in Wingate Todd’s series are inadcHpiate to settle any really 
definite age from the diagrams of the ecto-cranial sutures. 

If we turn to Frederic we find no attempt at statistical reduction and all we 
can do is to examine his Tabelle VP (following S. 45G). He has one skull only of 
a man — from Elsass -aged exactly Cromweirs 59 years. 


Kcto-cra mal Sat 


Frederic! s Ehaaser a<jed 59 

( Pars supra iiasalis h clusod 
Mctopic Suture -j Glabella Portion closed 

i Bregmatic Portion closed 

Coronal Suture Open throughout 


Sagittal Sutui ‘0 


I Pars bregrnatica 1 closed 

Pars Verticalis | closed 

Pars ()belica closed 

Pars lambdica h closed 


\VdkiiiS()7i Head 
y 

Beginning to close 

y 

Beginning to close and obliterated in 
tlio })ars pterica 

Opc.n or beginning to close 

Obliterated 
Beginning to close 


Lambdoid Suture 


’ R. wholly open 
L. wholly open except in 
pars lambdoidoa, where 
it is \ closed 


R. wholly open 
L. wholly open 


22—2 
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The comparison of the two skulls shows practically as large an amount of open 
sutures in the Elsasser of 59 as in the Wilkinson Head. Further in the case of the 
endo-cranial sutures, while these are all closed in the latter, the lambdoid suture 
is only J closed in the former, the coronal and sagittal being fully closed. 

It would thus seem that no strong evidence against the Wilkinson Head being 
that of a man of 59 can be based on this examination of the sutures*. On the 
whole we think the sutures are more compatible with those of a man aged 69 
than of a man aged 40 (Ireton). 

Notes on the Teeth of the Wilhiiison Head. 

Mandible. Left Side. No teeth had been lost before death anterior to the third 
molar. The third molar had either been lost before death, or it had never erupted, 
or had never existed. The skiagrams show no sign of an unerupted tooth below 
the alveolar border, and the smooth surface of the bone — as far as it is visible — 
suggests that it is more probable there never was a third molar than that it had 
erupted and been lost before death. All the other teeth had certainly been lost in 
their entirety post-mortem, except in the cases of the first molar of which there is 
a broken anterior root and the second pre-molar, of which the broken root remains. 
In these cases it is also clear that the fractures were post-mortem. 

Right Side. No teeth were lost before death, but all have been lost since death 
except the third molar which is complete but considerably worn, and the first molar 
of which the broken anterior root still exists but the fracture was post-mortem. 

Upper Jaw. Left Side. The second pre-molar was lost before death, but all 
the other teeth including the third molar were lost post-mortem. There are no 
broken roots in situ. 

Right Side. The first molar was the only tooth lost before death. All other 
teeth have been completely lost post-mortem except (a) the broken root of the first 
pre-molar, (6) the broken antero-buccal root of the second molar, both fractured 
post-mortem, and (c) the third molar which is complete, but considerably worn. 

The third molars on the right side are the only complete teeth in situ. The 
upper of these is loose in its socket, and can be moved upwards some 2 mm. 
Further the lower molar has a slight cant to the left so that it appears nearer to 
the median plane than the upper by some 4 mm. This displacement of the 
mandible f is probably due to the thrusting in of the prong and jx)le, and if the 
Head be really Cromwells we might anticipate that the chin would be too much 
to the left of the face when fitted to portraits, or if chin be fitted to chin, the left 
orbit of the Head would be brought too low. 

* If we may trust Wingate Todd’s Diagram (I, p. 364) the suture between temporal squama and 
parietal is entirely open at 60, and not till 65 is it even ^ closed ; its obliteration, even if exceptional, 
would be an argument for the Wilkinson Head being far from young. 

t One of the questions we asked ourselves at an early stage of our investigations was whether the 
jaw had possibly been dislocated when the spike was forced through the Head between the branches of 
the mandible, and the pole came into contact with them ; after some diOiculty we obtained skiagrams 
showing the head of the condyle in its socket, but these are only clearly intelligible by aid of stereoscopy. 
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The upper second pre-molar on the left side and the upper first molar on the 
right side are the only teeth which were certainly lost before death, their alveolar 
margins being completely absorbed. The lower left third molar may possibly also 
have been lost before death. 

The alveolar margins of the teeth lost post-mortem, and particularly those of 
the front teeth, are well preserved. The condition of the inter-dental bone of the 
front teeth suggests an absence of pyorrhoea in that region at least. If the Head be 
that of a person who died at the age of fifty-nine, his dentition by modern standards* 
was remarkably well preserved. 

If Noble 8 statement was more than a suggestion to account for change of 
expression, if it had been based on actual records, then the Wilkinson Head could 
certainly not be Oromwclls, but the dentition of that Head is not so excellent that 
many men of fifty-nine of those days and even of today could not show as good. 
Cromwell as a child must have led a healthy out-door life, and as a soldier rough 
and coarse fare might exercise his jaws, and rather wear away than start decay in 
his teeth. Cromwell was not a man who aged in youth, it was in the last few years 
of his life that illness and political worries aged him. There is nothing in either 
the sutures as far as visible, or in the dentition of the Wilkinson Head which 
compels us to say that it cannot be Cromweirs; while it might well be that of a 
man of fifty, it would not be impossible as the head of a man who died at 70 years 
of age. 

As far as the teeth of the actual Cromwell are concerned they would hardly be 
loose in their sockets at his disinterment, and if this Head be his, it must have 
suffered much hard treatment since. Not only have nearly all the teeth been shaken 
out (or extracted purposely), not only has the bulk of the hair gone, but the skull 
has at some time been fractured. The fracture might well have arisen from a fall. 
It ends abruptly on the cincture, and extends from its border downwards some 
20 mm. of the exposed surface of the occipital bone. It is not possible to say how 
far it extends down the occipital, because of the covering internally and externally 
by the skin. None of the skiagrams indicates the complete fracture, but, judging by 
the separation of the bone parts, it must descend for into the bone. The fracture may 
be seen on our Plate XXIV, just halfway from the left end of the cavity made by 
the chisel to the point where the hair on the left overhangs the cincture. It appears 
solely aS|a white line on the photograph (Plate XXVIII) of the left profile of the 
Head. It is not an unreasonable site for a fracture if the Head had fallen either on 
the occipital or on the left parietal. 

* [The “standard” is largely based on the opinion of modern dentists working among a town 
population, and they rarely see the individuals with thoroughly sound dentition. My father died at 
86 with the loss of only 2 to*3 molars, all his other teeth being in aitu; my father-in-law died at 70 with 
all his teeth complete; and a sister-in-law, aged 60, has not yet lost a tooth. A second dentist of wide ex- 
perience remarked on seeing the Cooper miniatures that the muscular development of Cromwell’s jaw 
was not consistent with his having lost many teeth at the time of these portraits being painted (1663 — 1658). 

A third dentist stated that ho considered above 30 of the dentist-seeking population had practically 
perfect dentition at GO years of age. K.P.] 
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While we are concerning ourselves with the Head we may draw attention to 
the manner in which the Head has been severed from the trunk. As we have said 
the actual severance occurred by division of the fourth vertebra, but the bungler 
who performed the task first attempted severance much higher up, and here he 
appears to have cut out a solid wedge of the embalmed flesh (see Plate XXIX). 
Even where the severance was finally made he does not seem to have confined himself 
to a single blow. Thus far we can say that at least four blows were used. But if we 
examine the attempted severance, assisted if needful by a lens, there appear to be 
further marks of the edge of the axe within the bottom of the wedge-shaped cut (see 
Plate XXIV). We think that at least six, and possibly more blows of the axe have 
been given. If we may, and we think w’e must, trust Sainthill’s account (see our 
p. 314) this suggests Cromwell’s rather than Ireton s head, which latter, granted 
the Head is a head decapitated after embalmment, appears to be our only alternative*. 
To settle this point a little more di&finitely a measured drawing was enlarged from 
a reproduction of the head of the portrait of Heriry Ireton in the possession of 
Mrs R. B. Polhill-Drabble, and fitted with the sketch of a photograph of the 
Wilkinson Head with the same aspect (see our Plate XL). The Head fitted vertically 
rather better even than it does to some of the Cromwell portraits, but considered 
in the horizontal plane of the pupils was fpiitc‘ clearly impossible. The contour of 
the Head on th(* left side of Ireton s face projects right over the hair, and would 
project half as much again, if we replaced the embalmed skin by its appropriate 
amount of living flesh (see our Plates LXXXV — LXXXVII). We believe that the 
alternative hypothesis that the Head is that of Ireton (which if we discard tradition 
has a priori as much to be said for it as the hypothesis that it is Cromwcdl’s Head) 
must be discarded f. 

Another characteristic feature of the skin of the Head is the profusion of pimples: 
see our Plates XXVI and XXX. Are these evidences of the very “roughnesses, 
pimples and warts” (see our p. 350) that Cromwell himself is said to have pointed 
out to Lely? We attempted to compare the single ear on the Head with Cromwell’s 
ear. Not only, however, is the embalmed ear so dried up that it is impossible to 
ascertain its original form, but further we could find no representation of Cromwell’s 
ear, except that on the Florence bust (see our Plate LX XXIII). Not knowing the 
circumstances under which this bust was produced we cannot be certain that it is 
a truthful model of fVomwell s ear. Accordingly any prolonged study was scarcely 
likely to be profitable. We may note, however, oruj point we observed; both ears 
have an unusually straight upper border; this applies to both edges of the rim. 
Cf. Plates XXVIII and LXXXIII, A last point with regard to this Head may be 

. * A letter of T. C. to the Monthly Mayazine (March 14, 1821, p. 110) makes the statement that of 
the bodies of the thi-ee regicides only Cromwell’s had been embalmed. This is directly opposed to 
Sainthill’s account of the aspect of the bodies at Tyburn and to the fact that Ireton died in Ireland on 
Nov. 26, 1651 and was not buried in Henry VII’s Chapel, Westminster, till Feb. 6, 1652. He had been 
more than eight years buried when he was exhumed, but his face was said to be recognisable : see our 
pp. 807 and 3i:4~314. 

t The conditions of the sutures are compatible with those of a man of 40 or of 69, but on the whole 
we think that they and the condition of the skin point to tlie greater age. 
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pointed out to our readers, if they will examine Plate XXXVI (d). On the skiagram 
may be noted a number of whitish spots chiefly on the frontal and parietals. No 
suspicion of the existence of these spots could have arisen without the aid of X-rays, 
for the bone is not exposed. The spots mark an abnormality of the cranial vault. 
We sought Sir Arthur Keith’s opinion and he most kindly replit'd as follows: 

As to that skull, there can be no doubt, I think, that the wliite spots you ask about are 
Pacchionian impressions or pits. They are in the right position for such deprassions. 

It should Itc the skull of an oldish person^ and the bone formation is not normal. The 
condition is one of tho.se classed as osteoporosis. T have seen the condition in the skulls of the 
insane t. 

Sir Arthur had no knowledge of the possible owner of the skull; and Cromwell 
was certainly not insane, but he did suffer from a religious monomania; he believed 
that he really received inspiration from the Deity, which unfailingly guided him in 
his actions. Perhaps he could not have achieved what he did without such a belief, 
and the power to impress this belief on his subordinates. 

With regard to the Pacchionian depressions, the maj(^rity of anatomists consider 
them to increase with agej. With regard to their frecpiency. Dr Dudley Buxton 
most kindly examined the number of Pacchionian depressions in the case of Ilf) 
skull-caps in the Anatomical Collections at Oxford. Of these 66 had belonged to 
sane and 50 to insane persons. The mean age of the sane was 32 42 years with 
a standard deviation of 10’07 years, and of the insane 36*80 years and 11*12 years 
respectively. The mean number of depressions for the sane was 2’80, with a standard 
deviation of 2*101, and the corresponding quantities for the insane weni 3*36 and 
2*744. Thus the insane were sensibly older and more variable in number of pits 
than the sane. In fact only two of the 66 sane had an age over 50 while the 50 in- 
sane had four over 60. But this, while hindering any conclusion as to the frecpiency 
of these depressions in aged persons, gave some information as to the insane. No 
sane person had macroscopically more than eight depressions and there was only 
one with eight, but there were four of the insane with 10 pits, and only one of the 
four was aged (67), there being two (21 and 24) among the youngest ages. This 
gives some support to Sir Arthur Keith’s view that ho had noticed the condition in the 
skulls of the insane. It is clear that the Wilkinson Head has a large number of these 
Pacchionian depressions (Plate XXX VI (d)), a far larger number than was exhibited 
by any of Dudley Buxton’s normal skull-caps, and it seems justifiable on this ground 
to class it as ''oldish.” A fuller investigation into the question of the incidence of 
these depressions with age will, it is hoped, be shortly undertaken. The more so as 
one of the present writers believes that such a study may throw more light on age 

* This is uudoubtedly against the possibility of its being Ireton’s head. 

t Le (jros Clark (Journal of Anatomy y l'J20 — 21, p. 40) suggests that in conditions which are 
associated with increased pressure of the cerebro -spinal fluid, the Pacchionian bodies increase in size and 
number, e.g. in cases of paralytic dementia (G.P.I.), chronic nephritis and arterioHclerosis, and 
advancing age. 

t See for example: Henry Gray’s Anatornyy 15th Edition, 1901, p. 29, and again, pp. 620 — 621: 
“They [these pits or depressions] are usually found after the seventh year; and from this period 
onwards increase in number as age advances. Occasionally they are wanting.” 
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than the closure of sutures can do, and the other is of opinion that sutures can give 
a better appreciation of age than Pacchionian depressions. 

Stopping of the Nostrils. Had this been cotton wool as suggested in Maria 
Edgeworth's letter (see our p. 293) it would have told against the originality of the 
Head or at least of the stopping. 

Canon Wilkinson kindly presented Dr Morant with a small sample of the 
stopping from the nose of the Head. Dr A. Davin of the Linen Research Institute, 
Belfast, most kindly made a microscopic examination of the fibres of this stopping. 
On Plate XXXVTI will be found photomicroscopic reproductions of flax and cotton 
fibres X 120. 

(tt) Represents fibres from medium quality cloths. 

(6) Reproduces cotton fibres from modern medical lint. 

The reader will see at once that the flax fibres differ from the cotton by being 
straight and untwisted. 

(c) Provides a sample of the fibres from an Egyptian mummy wrapping taken 
from a tomb of the 1st Dynasty. The fibres are clearly flax, being untwisted and 
correspond with (a). 

(d) Gives the fibres from the stopping of the nose of the Wilkinson Head, 
They are again flax, and the reproduction suggests that they are scrapings from 
linen, i.e. true lint^. Hence the stopping of the nowse of the embalmed Head carries 
us back to a time when medical lint was made of flax, not cotton. But when did 
cotton wool come into general use for medical and surgical purposes? 

Wo have made some attempt to trace the introduction of cotton in place of flax 
in the case of medical lint. It must, however, be remembered that while cotton 
was known much earlier the first shipments of cotton from America did not reach 
this country till 1770 and from the East Indies- not till 1783. Also there were Acts 
of Parliament against the wearing of cotton in the first quarter of the 18th centuryf. 
A letter to the authorities of the Royal College of Surgeons to ask whether any of 
Hunter’s specimens contained a sample of medical stopping led to the discovery 
of some stuffing which had been used to fill a large ovarian cyst, stitched up after 
being stuffed, the stitches appearing to be the original ones. The cyst was removed 
after death from a patient who died in 1783. This s^imple of stuffing proved under 
the microscope to be animal wool, not cotton wool. The specimen is No. 8317*1 in 
the Pathological Collection. A statement has been made that cotton wool was first 

* Of. the old slang “lint-Hcrapor” for a young Burgeon, as one employed in scraping linen to 
produce medical lint. 

t The following datcH, which we owe to Dr A. Davin, are of interest, especially in relation to the 
calico-printer Claudius Du Puy and his intestacy. Calico imported into England, 1601 ; Muslins imported, 
1670; Calico-printing introduced, 1696; Wearing of cotton goods prohibited in England, 1700; Act of 
Parliament imposing fine of £5 on wearer and £20 on vendor of cotton goods, 1721; Act of Parliament 
allowing goods with linen warp and cotton weft to be printed on paying an excise duty of 6d. per sq. yd., 
1780; Cotton stockings first woven, 1730; Cotton first imported from America, 1770; from East Indies, 
17S3 ; Muslin first woven in England, 1778. 
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(a) Scrapings from Linen. Straight Flax Fibres. {b) Modern Medical Lint. Twisted Cotton Fibres. 



(c) Egyptian Mummy. 
Straight Flax Fibres. 


(d) Sample from pad In nostril of Wilkinson Head. 
Straight Flax Fibres. 
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used for surgical purposes with the army in Flanders in the first half of the 18th 
century. If verified, it would not aid us, as it is clear that it was not in general 
use even in 1783, and consequently no limiting date can be fixed by the flax 
stoppings of the nostrils of the Wilkinson Head. 

12. GromwelVs Helmet and Hat. 

We may make here some remarks on the girth measurement of the Wilkinson 
Head, which, if somewhat inconclusive, are possibly not without interest. The 
maximum length from glabella to occipital is some 194 mm. This is from the dried 
flesh at the glabella to the exposed bone at the occipital. The thickness of the skin 
at the glabella amounts to 1 — 2, say, 1*5 mm. Thus we will take the cranial length 
at 192 5 mm. = X. The maximum parietal breadth is 155 mm., or allowing for the 
dried flesh may be taken as 150*7 mm.= B. Now if we suppose the contour to be 
approximately elliptic, the eccentricity of this ellipse, e, will be given by: 

= 1 - {BjLf = 1 ^ (-782,837)2 = -387,135, 
or the ellipse is of eccentricity e = *6222. 

This gives e == sin (38° 28"-6) approximately, whence the entire circumference* 
= 2 X 192-5 X 1-40543 = 541 mm. This is for the cranial horizon taF' circumference 
usually denoted by U. The indication is that of a somewhat but not exceptional 
excess over the mean U of 17th century male English crania; thus for three cranial 
series, U for Whitechapel — 524 mm., for Liverpool Street = 527 mm., for Farringdon 
Street = 530 mm. The excess is in accordance with what we have noted of the 
cranial capacity. We may remark at once that Cromwell would not require a very 
outsized hat or helmet. We may allow him a length in life of 200 mrn., and a breadth 
in life of 160 mm. and this would probably be adequate to include hair. Pro- 
ceeding in the same manner we find e = -6 = sin(36° 52"*19), and for the living 
circumference U — 2 x 200 x 1-41807 = 567 mm., of course only approximately. 

Now it must be remembered that the hat circumfiirence is somewhat less than 
the living U circumference or the hat would slip over the Head. Allowing 15 mm. 
for this difference, a closed band of 552 mm. was forwarded to the Reverend Paul 
Cromwell Bush, who is the lucky possessor of Cromweirs broad-brimmed Long 
Parliament hat-f and his helmet, with a request for the long diameter of the hat, 
and the degree of fitting of the band to hat and helmet. It was with some curiosity 
we waited for his answer, for if the band was too large for hat or helmet, the 
Wilkinson Head could not be that of Cromwell. 

Mr Cromwell Bush most courteously fulfilled our requests and replied as follows: 

As to the ProtectoPs Helmet the band you sent goas into that with a good margin, but much 
of the original lining of the helmet has perished. 

* Using Legendre’s Tables for £;(38°28"*6) and 0=90° on p. 322 of Vol. ii. of his TraiU det 
Fonctions FlliptiqueSy 1826. 

t Possibly worn also in 1648 at the trial of Charles I : see our Plate XII. 
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This seemed satisfactory, as the helmet should sink well over the back of the 
Head. Mr Cromwell Bush continued : 

I have not had time till today to take the Long Parliament Hat out of its case and make the 
necessary nieasuronients. The inside of the crown measures inches across as near as I can tell, 
and the band you sent me easily tits in with a small amount to spare. Whether the hat originally 
had any sort of lining I do not know — if so and allowing for the hair as well it would have been 
a tight fit. 

Here again we must remark that the hat would slip down onto the ears if it 
had not a less length than the glabellar occipital, and the fact that the band left 
ample margin for the helmet and only a narrow margin for the hat indicates that 
they are not of the same size, which is what we should have anticipated; the 
Wilkinson Head may reasonably have coincided with Cromweirs head which must 
have been between them*. 

7^ inches = 190*5 mm. and a girth of 552 mm. would give a breadth of 160*3 mm.; 
the hat would have been supported by its lesser length than the Head, not by its 
equal breadth. We do not think anybody's head could be individualised by a hat, 
but we think a negative case could be made out from a hat, certainly not fitting, 
but this is not so here. 


SECTION IV. 

Comparison of the Wilkinson Head with the Painted PortraitSy Goins y Medals y 
Life and Death Masksy a/nd Busts of Cromwell. 

Thus far our imjuiry has been threefold. We have in the first place investigated 
the history of the Wilkinson Head. Wc have seen that this history carries us at 
least back to 1773, when we find it in the possession of a somewhat disreputable 
actor, Samuel Russell, who was said to be and, if we can believe the tale, claimed 
to be a descendant of the Protector through one or other of the Russell families. 
We have not succeeded in linking him up with either the Chippenham or Fordham 
Russells. How it came into his possession we do not know, but von Uftenbach's 
description of the head, re])nted to be that of Cromwell, in Claudius Du Puy’s 
museum accords so well in the little that is said with the Wilkinson Head that 
we take it that this head was in existence at least as early as 1710. How it came 
to Samuel Russell we do not know. Two men, who might together have adequate 
knowledge to commit a fraud, come too late into the story to explain in that way 
the existence of the Head. Samuel Russell would have neither the knowledge nor 

* The Head itself was tried in the hat when the latter was in the possession of Mr Oliver Cromwell 
of Cheshunt, the great-grandson of the Protector and the last descendant of Cromwell to bear his name. 
Mr Oliver Cromwell of Cheshunt was the great-great-great-grandsirc of the Rev, Cromwell Bush of The 
Vioarage, Chewton Mendip, through the female line; and the latter has inherited in this way his most 
interesting Cromwelliana. 

In The Weekly Dispatchy June 17, 1821, p. 191, wo read: 

Mr Cromwell, of Cheshunt, has now in his possession the hat of his ancestor, Oliver Cromwell, by 
which the skull [?] supposed to be the Protector’s, which with two others were after the Restoration 
affixed over the entrance [?J to Westminster Hall, until the reign of Queen Anne [?] has been tried and 
no doubt is now entertained of its identity. 
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ability to commit such a forgery, and it would be entirely out of the question, if 
the Head be the same as that formerly in Du Puy s possession. In fact, if it be 
a forgery, so skilful a one seems impossible before the publication of Noble's 
work in 1784. What fraudulent artificer would realise that the skull-cap must be 
removed before, and the head chopped oft* and by several blows after embalmment ? 
What forger would have broken the nose, made the lips appear to be decayed away, 
left only two teeth in the head, and removed the hair which is a marked feature of 
Cromwell’s portraits ? The Head is not a fraud, it contains much of its history in 
itself. But that does not definitely prove it Cromvveirs; the traditions concerning 
it are not improbable in themselves, but they are not proven, and are not unique. 

Secondly we have followed up the story of Cromwell’s remains; we find no 
vestige of verisimilitude in the legends as to the disposal of Cromwell’s body. It 
was undoubtedly buried in Henry VIPs Chapel at Westminster, dug up by order 
of Parliament, carried in its coffin on a sledge to Tyburn, pulled out of its gorgeous 
coffin there, and hung in its sixfold cerecloths on the triple gallows. At sunset 
it was taken down, beheaded, and the trunk with those of Ireton and Bradshaw 
buried under the gallows. Whether the coffin was afterwards removed anywhere, or 
the trunk dug up and taken to Newburgh Priory, we cannot say. The head of 
Cromwell was placed four or five days after decapitation on the south end of 
Westminster Hall probably towards the cast side, and remained therii at least till 1684 
and possibly till th(^ end of James II’s reign. We have no evidence of what became of 
it after this period. It is conceivable that it would not be a very welcome sight 
to rulers who like Cromwell did not claim that they succeeded by divine right, but 
that they had been chosen by “ vote of the people.” The Wilkinson Head, whether 
due to the embalmment or to being dipped in preservatives after decapitation, is 
still in such a condition that it could stand a good many years of weathering, 
and if it were demonstrated to be Cromwell’s head might have withstood 20 to 
30 years’ exposure* once before. 

Thirdly we have discussed the chief characters of the Wilkinson Head, not 
turning to metric characters, and have been unable to find anything which renders 
it highly improbable that it could be the genuine head of Cromwell, but this does 
not demonstrate that it is. It might, for example, have been equally likely to 
be the head of Cromwell’s son-in-law, Ireton, who was also embalmed, if badly, 
decapitated after embalmment, and spiked and poled on the south end of West- 
minster Hall. This possibility has been dismissed owing to Ireton’s age and frontal 
breadth. 

The only way to test the truth or falsehood of the Wilkinson tradition is to 
appeal as wo do in this section to the portraits and masks. 

* From tills aspect it is interesting to remind the reader that Jeremy Bentham in his pamphlet on 
The Auto-Icon, suggested that the well embalmed bodies of a man’s ancestors, their auto-icons, should 
be placed along the avenue to the family mansion. Clearly he did not fear weathering would affect them, 
and he usually knew what he was talking about. His auto-icon, although not exposed to the weatlier, 
has stood a century of the stone-destroying London atmosphere without disintegration, and there is 
little doubt would easily have survived 20 or 30 years of weathering. 
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13. Painted Portraits of Oliver Cromwell. 

At least three contemporary masters of the brush have provided us with 
portraits of Oliver Cromwell, namely Walker, Cooper and Lely. There is no doubt 
that pictures of Cromwell were painted by two of these artists and with the highest 
probability by the third ; we have records of their doing so ; but if we are to count 
as genuine all the portraits said to be by Walker and Cooper then a great deal of the 
time of these painters must have been occupied solely with Cromwell. Our first 
object must be to discover portraits the history of which is reasonably certain, and 
such portraits must in the first place be sought in the families which are directly 
descended from Cromwell. We do not propose here to provide an exhaustive list 
of the portraits of Cromwell, but only to select out of the very copious material 
those most likely to decide the problem we are studying, the genuineness* or 
spuriousness of the Wilkinson Head. 

(i) We will consider first the Walker paintings. These may be said to be of 
four types : (a) Cromwell stands with a baton in his right hand, his left hand 
rests on a helmet, (b) Cromwell .stands with a baton in his right hand, a page 
standing behind him on his right ties his sash, (c) Cromwell stands with a baton 
in his right hand, a page stands in front on his loft, tying a sash. Behind is a table 
and helmet, (d) A half-length in armour without baton. 

(a) A portrait of this type is in the possession of Mrs E. B. Polhill-Drabble at 
Woodside, Sundridge, Sevenoaks. Tradition states that it was a wedding giftf of 
Cromwell to his daughter Bridget when she married Henry Ireton, 1646. Cromwell 
was then Lieutenant-General of the Horse under Fairfax, and the marriage took 
place at Holton St Bartholomew, six miles from Oxford, which Fairfax was besieging. 
The son of this marriage, Henry Ireton, died without issue, and in his willj left 
this portrait of his grandfather to his nephew David Polhill, his sister Elizabeth 
Ireton s son, whose son Charles united the blood of Cromwell, Ireton and, through 
his mother, of Hampden. Charles Polhills granddaughter, who inherited the 
Cromwelliana, married a Beadnell, and again her daughter married Mr R. B. 
Drabble. This brings us to the present owner, Mrs R. B. Polhill-Drabble. Thus 
the history of the picture appears to be well authenticated. 

A second portrait of this type, with baton but without page, is at Warwick Castle. 

(b) A portrait of this type is in the National Portrait Gallery, No. 536 ; sec 
our Plate XXXIX. The history of this picture seems reasonably authentic. It was 
bequeathed to the British Museum in 1784 by Sir Robert Rich, Bt., and is said to 
have been given by Cromwell to the baronet’s great-grandfather. Colonel Robert 
Rich, who married in 1657 Cromwell’s daughter Frances. It was transferred to the 
National Portrait Gallery in 1879. Frances Cromwell being married in 1657, her 

* We use the word “ genuineness” to signify the genuine head of Cromwell. The Head is certainly 
genuine in the sense that it is not a forgery. 

t If the baton denotes that Cromwell was Captain-General and Commander-in-Chlef the gift most 
have been later than 1650, and thus hardly a wedding present. 

I 1712, at Somerset House. 
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The Walker Portrait of Cromwell in the possession of the Rev. Paul Cromwell Bush. 

By kind permission. 
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The Walker Portrait of Cromwell in the National Portrait Gailery, No. 636 . 
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The Walker Portrait of Cromwell in Justitsministeriet in Copenhagen. The details are far more 
complete than in the National Portrait Gallery, No. 536. See Plate XXXIX. 
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The Walken Portrait of Cromwell in the Tangye Collection, London Museum. 





(b) Original Height 2*2 cm. 

The Stockholm Portraits of Cromwell (Walker). I. 

(a) Traditionally the portrait Cromwell sent to Queen Christina with 
Milton’s Latin verses. Gripsholm, No. 1213. 

(b) Gouache on ivory. Formerly preserved in the castle of Drottningholm. 
In gold capsule and back enamelled in turquoise blue. An original 
by Walker, or a copy of a Walker. It has been associated with 
Whitelocke’s mission to Sweden. 




ic) 

The Stockholm Portraits of Cromwell (Walker). II. 
(c) Gripsholm, No. 93, after Walker. 

Chiefly notable for its emblematic frame. 
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father was then Lord Protector, and it seems unlikely that Walker would have 
painted a “baton” picture at that date, unless as a replica of an existing picture. 
The picture must have descended to the relatives of the Hon. Robert Rich*, 
and not to the offspring of Frances' second marriage with Sir John Russell of 
Chippenham. 

A Walker picture of this class is also in the possession of Sir John Payne 
Gallwey; it came originally from Thirkleby Park, Thirsk. Sir John is in the 
direct descent from Cromwell through the Franklands and the Riissells of Chippen- 
ham, and so from Frances, fourth daughter of Cromwell. 

The picture is a three-quarter-length with a page tying on a sash and Cromwell 
holds the baton in his right hand. The following inscription is painted on the base of 
the picture on the left hand : “ Oliver Cromwell, Lord Protector. This picture formerly 
owned by Henry Cromwell, Ld. Lieut, of Ireland, 4th son of Oliver Cromwell (Copy 
in the British Museum).” On the bottom right-hand corner is painted in block letters : 
WALKER. The pictures history is no doubt authentic, but the inscription is of 
late date {post 1784?). The baton denotes the Lord-General rather than the Lord- 
Protector period. Henry Cromwell was “Deputy for Ireland.” Thus the words 
“Copy in the British Museum” can hardl)' be taken in themselves as giving priority 
to the Payne-Gallwey picture over the Rich picture. 

A famous portrait of this type is in the possession of Earl Spencer at Althorp 
Park. It is reproduced as the frontispiece to the Goupil-fJardiner Oliver Cromwell, 
1899. An equally fine portrait (see our Plate XXXIX (bis)) is in the Justitsministeri 
at Copenhagen. 

(c) A portrait of the third type belongs to the Rev. Paul Cromwell Bush, 
Vicar of Chewton Meridip, Bath. He is descended through the female line from 
Mr Oliver Cromwell of Cheshunt, the last descendant of the Protector to bear his 
name. Oliver Cromwell of Cheshunt was a grandson of Henry Cromwell, the son 
of the Protector Oliver. Mr Cromwell Bush possesses the roceiptf of “Mr Walker 
the limner” for this painting, and there can be no doubt of its being genuine and 
j)robably painted from the life. By kind permission of Mr Cromwell Bush the 


* Considering the great admiration the Earl of Warwick had for Cromwell the picture may have 
been given at an earlier date to him and not to his grandson, 
t The receipt runs as follows ; 

Mr Watekhousk 


My Ladye [the Protectress] desires you to pay to M*" Walker the Limner the somme of. 
twenty four pound for tlic draught of his highnesse picture so I rest 

Whitehall, of Jan. y*" Lovinge llrieiid 

Simon Cannon. 

January 25. 1655. 


Rec‘* then of Nath: Waterhouse Esq*" 
the sume of twenty four pounds 
as above (?) 


24£ 


liouERT Walker. 

It is not clear from this receipt whether “ the draught of his highnesse picture” was a replica of an 
earlier picture painted by Walker, or the result of a fresh sitting in the year 1654 (or 1656). We should 
hardly have anticipated in the latter case that a Walker of 1654 could differ so much from a Cooper of 
16671 
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picture is reproduced on our Plate XXXVIIL The head seems to have greater 
character than the other Walker portraits of Cromwell we have come across. 

(d) A fourth class of Walker portraits represents Cromwell, half-length in 
armour, three-quarter-face, without baton. We are not aware that any such portrait 
is still owned by a family descended from Cromwell. There is a picture of this type 
in the Tangye Collection at the London Museum : see our Plate XL. Two further 
portraits are at Stockholm : see our Plates XL (his) and (^er). The picture in the 
Pitti Palace at Florence, usually attributed to Lely, has been described by Lionel 
Gust* as the best example of this typo of Walker. We shall, however, return to 
this point. Walker is supposed to have died in the same year (1658) as Cromwell, 
and his portraits give us Cromwell at an earlier stage of his career than those of 
Cooper. It seems probable that they all belonged to the period before Cromwell 
became Protector. 

A study of the cut of the collar in the Walker pictures might assist in dating 
them. The type (d) without baton have a collar which meets at the top of the 
neck in front, but is cut out like an invented A; se(‘ our Plate XL. Those with 
the baton have a still wider opening in front : sec our Plates X XXVITI and XXXIX. 
Walker do(*s not make a collar with a sharp inverted A in front like Cooper does. 
Th() Florence portrait has a collar with the A and a crumpled left side, quite unlike 
Walkers collars. The crumple and the patch of reflected light on the gorget 
immediately below it in the Lely portraits (see our Plates XLI and XLI (bis)) are 
strangely akin to the large Chequers Court miniature (see our Plate XL VII) and 
the crude oil painting of Cromwell in the National Portrait Gallery (see our 
Plate XLIX) ! This collar-work differs wholly from that of Walker or Cooper. 

The certainly genuine portraits of Walker differ very essentially from those of 
Cooper. In the case of Walker we have ample hair round a rather long face; the 
face is young compared to that in Coopers miniatures, less coarse and yet with 
less strength. There is little, if any, trace of the wide square jaw with which 
Cromwell has' been creditt^d, probably on the strength of Coopers paintings. 
Accordingly if Walker be admitted to have painted with some degree of truth, 
then the wide square jaw of Cromwell was largely a Heshy or muscular develop- 
ment of later years and not a skeletal feature. The square chin of the masks taken 
late in life or after death confirms Cooper, but Walker must be borne in mind 
when we consider the Wilkinson Head. 

(ii) When we turn from Walker to Lely we have less definite evidence of still 
extant genuine portraits by the latter master. The Flor(>nc() portrait of Cromwell 
has always been attributc'd to Lely until recent times, when Cust changed his first 
opinion, and attributed it to Walker (see above). We have grave doubts about 
the accuracy of this re-attribution. As we have already pointed out Walker in his 
unquestionable portraits always gives Cromwell a definite form of collar; so also 
does Cooper. The Florence portrait has a third form of collar; it is crumpled on 

* D.N.B. Vol. Lix. p. 82, “Walker, Robert,** 1899. In 1893 Gust apparently accepted the Pitti 
portrait as by Lely, see D.N,B. Vol. xxiii. p. 19. 
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The Lely Portrait of Cromwell, 1650(P), in the Pitti Gallery at Florence, from a photograph by Anderson. 
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The Lely Portrait of Cromwell, 1653, from the larger mezzotint prepared by Faber in 1736 
of the picture owned at that date by William Powlett, Esq. 
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C)I.I\r,H ('UOAlWr.l.l., ^rr^Z/yh^/rr/rr 


The Lely Portrait of Cromwell, 1653, from the smaller mezzotint prepared by Faber 
in 1740 of the Powlett-Cavendish painting. 
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both sides, and below the crumple on the left side is a bright spot of reflection on 
the armour. These things do not appear on either the Walker or Cooper portraits. 
Further the head is much stronger and represents a conception different from those 
provided by the other two artists. It stands so to speak midway between the two, 
although this may point to an intervening age period. That there have been other 
portraits by Lely and, perhaps, still are, we shall now proceed to indicate. 

In 1735 J. Faber issued a mezzotint engraving of a portrait of Cromwell, with 
his own name and date, and on the left below Petrm Lely pinx. 1653 (see our 
Plate XLI {his)). In this engraving we have the crumpled collar and the strong stern 
face of the Florence portrait, but it certainly was not an engraving from the Florence 
picture. It is clearly from a picture by the same artist, but not from his Florence 
picture. It shows more of the arm-pieces than the latter does and the shoulder-pieces 
are of a slightly different pattern. The original picture belonged in 1735 to William 
Powlett. In 1740 Faber made a smaller mezzotint engraving of the same painting 
which appears as frontispiece to Peck s Memoirs of Oliver Cromwell^ 1740. This 
fine print does not state where the original picture is (see our Plate XLI(<er)). In 1750 
Faber reissued the large mezzotint with the date 1735 changed to 1750, and the 
words “e collectione Gulielmi Powlett, Gen.'* altered to ‘‘e collectione Dom. 
J. Cavendesh" by erasure of the former name. Thus in 1750, we have a mezzotint 
portrait of CrOmwell from an original attributed to Lely, which is clearly by the 
same artist as the Florence portrait, but is not engraved from the latter. The owner 
was presumably Lord John Cavendish, fourth son of the third Duke of Devonshire, 
and in 1782 — 3 Chancellor of the Exchequer. Powlett probably sold the picture to 
Lord John Cavendish, but if the latter owned it in 1750 he must have started his 
picture collection at or before 18 years of age. He died unmarried in 1796. His 
pictures do not appear to have returned to the Duke of Devonshire's collections at 
Hardwick or Chatsworth Two of Lord John Cavendish's sisters married Ponsonbys, 
a third married the first Earl of Orford. Inquiry about the picture from the Earl of 
Bessborough failed to receive an answer. Had the picture passed to the Earl of 
Orford, it might be anticipated that Horace Walpole would have known of it; we 
shall see later that he did not. 

Certain Waynwright letters are mentioned in the Sixth Report of the Royal 
Commission on Historical ManuscriptSy 1877. On p. 426^ we read that Waynwright 
mentions a portrait seemingly of Cromwell painted by Lely (? 1651). On Oct. 6, 
1654, Waynwright writing to Bradshaw, then in Copenhagen, says: “The picture 
you sent for [I] have bespoken of one Mr Lilley [Lely], the best artist in England 
who hath undertaken to do it rarely" and again a week later (Oct. 13, 1654): 
“I have bought you a curious picture, exactly done by Mr Lilley, who drew it for 
his Highness, and hath since drawn it for the Portuguese and Dutch ambassadors 
it cost me 12 Z. present money; I could [have] had it cheaper, but not so good." 
(pp. 437*»— 438« ) 

* Information from the Duke’s Librarian, who most kindly visited Hardwick to see if an unassigned 
portrait could possibly be the missing Cromwell. 
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Now here we have evidence of four portraits of Cromwell by Lely: 

(a) One for the Protector himself. (6) One for Bradshaw presumably for 
presentation in Denmark, (c) One for the Dutch Ambassador, (d) One for the 
Portuguese Ambassador. 

Besides these we have (e) the Florence portrait probably procured by the Tuscan 
Ambassador, and (/) Lord John Cavendish’s portrait. Of these it seems possible 
that (a) and (e) may be the same : see Appendix to this paper. There seems to have 
been a plethora of Lely portraits! As (6) might have been the portrait Cromwell 
presented to Queen Christina of Sweden (accompanied by Milton’s verses beginning: 

Bellipotens virgo, septem Regina Trionura) 
it appeared well to include Stockholm among the places where inquiry should be 
made. Our investigations were not very fruitful in the discovery of Lely portraits, 
but certainly produced interesting results. 

We inquired from the Director of the Galleries and Museums of Florence, if it 
were known when and how the Lely picture came to Florence. He replied that it 
was unknown, but that : 

Dans un ancien catalogue de la collection est cetto note : “ Cromwell fut peint par Lely 
quand il commandait rarmee a la bataille do Dunbar et do Worcester, dans la annee.’’ 
Mais on ne sait pas d’oii cette information a <St<5 puisce. 

The battle of Dunbar was fought on September 3, 1650, and that of Worcester 
September 3, 1651. Cromwell was born in 159!), hence he was aged 51 and 52 at 
the time of these battles. Whether the note above refers to the dates of the battles 
or to the age of Cromwell (‘sa’ for ‘la’) there is really not much difference, it 
suggests that Lely painted Cromwell in his fifty-first or fifty-second year. That is 
before he became Lord- Protector. The Director also informs us that: 

Le portrait est entourd d’uno bordure qui en fait une sorte do inddaillon, ot qui est certaine- 
ment originale; mais aucune lettre ii’est inscrite.sur cette bordure. Egalomcnt aucune signature 
apparatt ni sur le dovant ni sur le rovers du tableau. . 

Now the Goupil-Gardiner monograph on Cromwell has an excellent reproduction 
of the Florence Cromwell (Plate to face p. 180), but it is framed in a border with 
the letters P. R. O. C. in the four corners, which should probably be interpreted as 
Protector Regni, Oliver Cromwell, and would date the picture as 1653 or later, and 
is thus misleading. It would appear from this that the oval border or mount with 
the letters P. R. O. C. on it is not part of the original, but introduced by the 
publishers of the work 

The question as to whether there was a portrait of Cromwell at the Hague, met 
with a negative, and a suggestion that the National Portrait Galleiy in London 
was the proper place to make inquiries about Cromwell portraits. Enquiry at the 
Rijks Museum, Amsterdam, met with the polite reply that they had no portrait of 
Cromwell, but 14 engravings. (According to J. J. Foster, there is in the Rijks 

* Mr 0. K. Adams of the National Portrait Gallery points out to us that this oval border is a copy 
of that round the engraving of a Walker Cromwell by Van dcr Velde. He also has given us a reference 
which proves that a Cromwell portrait was at Florence in 1706, and thus could not be that engraved by 
Faber : see Appendix to this paper. 
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Museum, a miniature on enamel of Cromwell .attributed to Cooper*.) The Director 
of the National Museum of Art, Lisbon, was unable to find any trace of a Cromwell 
portrait in Portugal. 

Director Carl Johan Lamm of the National Museum, Stockholm, sent a very full 
and courteous reply to our inquiry. There arc three portraits of Cromwell known 
to be in Swedish collections. 

(a) Qripsholm, No. 93, oil on canvas, 39 x 31 cm. after Walker. This picture hjis 
a somewhat remarkable frame with the words Olivier Gromvel below, and above, 
a torch, a mask and a snake, the body of which passes through a broken crown: see 
our Plate XL {ter). 

(b) Gripsholm, No. 1213, oil on canvas, 75 x 60 cm. By or after Walker. This 
is Walker Class (d). It was restored by G. Jaensson, 1903. According to a label on 
the back, it was given to the Cfistle of Gripsholm by the Countess Dowager 
Gyllenborg, born Axelsson, in 1830 and accoi-ding to tradition it was the gift of 
Cromwell to Queen Christina of Swedeiif. If this tradition be correct the portrait 
sent to Christina was by Walker and not by Lely: see our Plate XL (bis) (a). 

(c) A miniature deposited in the National Museum from the Statens Historiska 
Museum. Formerly in the Castle of Drottningholm. Gouache on ivory, height 
2*2 cm., in a gold capsule with the back enamelled in turquoise blue : see our 
Plate XL (bis) (6). The Director suggests that this was painted a short time before 
Whitelocke's embassy to Sweden in 1663 — 4. It seems to correspond closely with 
the bracelet miniatures of Cromwell, one of which is at Chequers Court and a 
second one belonged to the Polhill family, see our p. 351 ftn. 1. Probably by 
Walker, or a copy in small from him, as is also that at Chequers Court. 

From Copenhagen through the kindness of Professor Harald Westergaard we 
obtained a most valuable letter from Director Otto Andrup of the National- 
historiske Museum paa Frederiksborg. He informed us that portraits of both 
Cromwell and Fairfax were included in an inventory of the pictures in the 
Kunstkainmer taken in 1673. In 1690 they are mentioned in the Heltekammer list 
as half-length figures, and in that of 1730 it is said that the pictures are life-size. 
Later Director Andrup started a hunt for these pictures; they were hung for a time 
in the Old Christiansborg, but the Cromwell was later transferred to the Ministry 
of Justice, where it now hangs, and where the Director has recently seen it : see 
our Plate XXXIX (bis). The Cromwell picture is not a pair to the Fairfax, which is 
smaller. The former painting is about 130 x 110 cm. Cromwell is in armour, and 
holds a baton. A page in red velvet to the left of the spectator aids with his dressing. 
It is clear that we have here a fine picture by Walker of Class (5), superior to the 
National Gallery and comparable with the Althorp portrait. The Director further 
states that he has noted in the Inventory of 1690 “en Tcgning af Cromwell.’* We 

* Op. cit. Cooper’s Portraits of Cromwell, pp. 27 — 31. 

t One of the miniatures at Chequers Court has a gold baok upon which is inscribed that it was 
presented to Queen Christina. If so, how and when did it come back to England and find its way to 
Chequers Court? 

Biometrika xxvi 23 
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were hoping he might be able to discover where this now is, it might chance to be 
a “limning*' by Lely, but he has failed to locate it. Thus our search, if not very 
helpful with regard to Lely, has brought to light three more Cromwell portraits, 
copies or originals by Walker, and one bracelet miniature by Walker(?). The search 
has been admittedly superficial as little could be really ascertained without a personal 
visit to some of the countries referred to, but this has so far not been feasible. 

Neither in the Florence nor the Cavendish portmit is Cromwell shown with any 
imperfections of the face beyond the wart over the right eye*. 

Till recently the statement that Lely did paint Cromwell has been largely based 
on what Horace Walpole reports in his Anecdotes of Paintingi[, namely that a 
certain Captain Winde told John Sheffield, Duke of Buckingham, that Oliver 
undoubtedly wjis painted by Lely, and that while sitting to him, Oliver said: 
“Mr Lely, I desire that you would use all your skill to paint my picture truly like 
me, and not flatter me at all ; but remark all these roughnesses, pimples, warts 
and everything ; otherwise I will never pay a farthing for it.” The last remarks 
hardly confirm the statement that the Florence portrait is the one to which 
Captain Winde was referring. Further the Catalogue note to the Florence portrait 
gives CromwelPs age as 51 to 62 which would date the painting as 1660 to 1651. 
The Faber mezzotint stiites that Lely painted in 1653 the picture engraved, and the 
title underneath is “Oliver Cromwell, Lord Protector,” which fits in with the date 
1653. This confirms our view that Faber did not engrave from a portrait that later 
went to Florence but from another picture by Lely. While the anecdote cited by 
Walpole can hardly apply to the Florence portrait, yet, as wc have already seen, the 
Payne-Gallwey miniature of Cromwell, stated to be by Cooper, is said to show the 
pimples, etc. See our p. 330. The confusion is intensified by the attribution of 
the Walpole-Lely anecdote by Benjamin West to Walker, and the suggestion that 
Cooper copied a painting of Walker's that had the pimples ! 

While, there is little chance of even a layman confusing a Walker portrait of 
Cromwell with one by Cooper, we are not prepared to accept the verdict that the 
Florence portrait is by Walker, or a copy from a Walker. Without being dogmatic, 
for we are only laymen, there is something individual about that picture. It 
appears to stjind somewhat midway between the Walkers and the Coopers. This 
may be either because we are dealing with another painter’s conception of the 
man, or because the portrait deals with an intermediate stage in Cromwell's life. 
We see the puffiness developing, but it has not reached the characteristic expres- 
sion given to it by Cooper. 

If the Florence portrait be not by Lely, then there is now no portrait known 
of Cromwell wffiich can claim to be by him. We are not in a position to prove that 
the Florence portrait is by Lely, but we seriously doubt whether the modern 
ascription to Walker is valid. Meanwhile we think it entirely reasonable to leave 
the traditional ascription to Lely standing, if only as a means of distinguishing 

* Compare for example oar Plates XLl and XLl {bu), 

t Edition Dallaway and Womum, p. 444. Walpole is here simply following Vertue’s note books: see 
Volume XVin of the Walpole Society 1929 — 1930 ; Vertue^s Note Books^ Vol. i. p. 91. 
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“Cooper” Miniatures of Cromwell. 

(a) and Kb) The Duke of Devonshire’s Miniatures, (c) Marquess of Crewe’s Miniature. 
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The Houbraken engraving of Cromwell (1747 or before), professing to be a copy of 
the Puke of Devonshire’s Miniature (Plate XLII (a)), but looking more like a 
reversal of the Marquess of Crewe’s Miniature ((c) on same Plate). 
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The unfinished Miniature of Cromwell by Cooper in the possession of the 
Duke of Buccleuch. Reproduced from their engraving by kind permission 
of Messrs P. and D. Colnaghi & Co. 
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Viscount Harcourt’s Miniature of Cromwell by Cooper. 
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the type of Cromwell shown in the Florence portrait and the Faber mezzotint from 
those peculiar to Walker and Cooper. 

(iii) Lastly we come to Cooper. Here as we have already indicated (see our 
pp. 269 and 344) it is almost impossible to enumerate the material or to classify 
and distinguish originals, replicas and copies*. Nor is it requisite for our purpose 
to do so. The passion for collecting miniatures has been so intense, and the prices 
offered so high, that Cooper miniatures or even miniatures claiming to be by him 
have passed rapidly from hand to hand and may often be found in the possession 
of those having no claim to Cromwellian descent f. In many such cases the history 
of the individual miniature has never been recorded or has been long lostj. For 
our purposes the miniatures under discussion may be divided into two classes. The 
first class or type shows Cromwell in right profile. A good example of this type 
is that in the Duke of Devonshire’s possession ; it is a drawing in pen, and brown 
tinted: see our Plate XLII (a). The armour was never completed on this drawing. 
In or before 1747 Houbraken produced his well-known engraving of Cromwell: 
see our Plate XLIII. This is the left profile, or has been reversed, and on the print 
itself it is said to be from a portrait in the possession of the Duke of Devonshire. 
Another miniature of this type is that in the possession of the Marejuess of Crewe, 
which is reproduced as (c) on our Plate XLII. The Crewe miniature seems hardly 
a direct copy of the Devonshire miniature, although it does seem to be a copy 
rather than an original Cooper §. 

The inter-relationship of the “Cooper” miniatures of Cromwell can never be 
worked out until they all are collected in one room for comparison and study, and 
we can suggest no better field for a winter exhibition of the Royal Academy, than 
that of all the paintings, miniatures and busts of Cromwell, with the possible 
extension to those of other leaders of the Commonwealth period. 

The second type of Cooper miniature is the three-quarter face looking to the 
subject’s left. This contains all the chanicteristics of Cromwell we have already 
noted, including the wart. The most familiar portrait of this type is the Duke of 
Bucclcuch’s unfinished miniature (see our Plate XLIV), but there are other 
finished miniatures of almost equal excellence. Thus we may note the Duke of 
Devonshire’s (see our Plate XLII (6)) and Lord Harcourt’s (see our Plate XLV). 

* See for a list of the Cooper miniatures of Cromwell the works of J. J. Foster : Samuel Fonter and 
the English Miniature Painters of the Seventeenth Century ^ and A List alphabetically arranged of the 
Works of English Miniature Painters of the Seventeenth Century. Supplementary to the above, 1914r~ 
1916, pp. 27 — 31. We have ourselves come across more than thirty oases. 

t Even the Cooper miniature of Ireton, preserved till recently in the ownership of the Polhill family, 
his descendants, has now passed from their hands. 

} That Gromweirs children had paintings or portraits of him is proved by several being still in the 
hands of their descendants. The Protectress gave to her daughters on their marriage bracelets with 
a miniature of their father. One of these a few years back was still with the Polhill family, but was 
sold at Christie’s, and a second coming from the Bussells is to be found in the miniature case at 
Chequers Court. It is, however, too minute to be of any service for comparison with the Wilkinson Head. 

§ It has a known history, which does not, however, carry us far enough back. It was sold for 
a hundred guineas by Lady Cornwallis to Sir Joshua Reynolds. He bequeathed it to Richard Burke, 
who left it to Frances, Lady Crewe, from whom it descended to her granddaughter Lady Houghton and 
so to the present Marquess of Crewe. 

28-2 
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It scarcely appears to be the source of a somewhat crude oil painting No. 588 in 
the National Portrait Gallery (see our Plate XLIX). A far better picture of this 
type is No. 514 in the same gallery (see our Plate XLVIII), and there are no less 
than three miniatures at Chequers Court of the same type and closely allied to this 
No. 514 and ultimately to the Buccleuch miniature. There is a curious if slight 
difference which might help in establishing the relationship of the portraits of this 
type. The Marquess of Ripon has a miniature like No. 514 with the initials S. C. 
and dated 1657 with the armour completely finished. The armour is not completely 
finished in No. 514. Now in No. 514 the gorget comes over the left shoulder piece. 
In the Harcourt miniature it comes beneath (cf. our Plates XLV and XLVIII). In 
the large Chequers Court miniature (see Plate XL VII) it also comes beneath and 
this is true for the smallest Chequers miniature of this type (see Plate XLVI (a)). 
In the medium-sized miniature (see Plate XLVI (c)) the border of the gorget has 
become little more than a meaningless chain of beads* ! 

Lord Harcourt s miniature, which is in many ways strikingly effective, is dated 
1657 and initialled S. C.f. The Duke of Buccleuch’s miniature is said to represent 
Cromwell at the age of 58, or to be also from 1657, the year before Cromwell’s 
death J, It is difficult to believe that one can be a copy of the other. Both face to 
the left shoulder, but the Harcourt miniature has a tilt of the head to the right 

* It would almost seem as if the borders of the gorget had become ropes in the Cambridge bust, and 
the shoulder pieces equally disguised. In the case of the Ashmolean bust the gorget has disappeared, 
and the shoulder pieces have become highly ornamented, but are hardly recognisable as armour. 

t The monogram and date are clear even in our photograph close to the left of the frame : soo 
Plate XLV. Uapin’s date, 1653, for his reproduction of this miniature must be in error ; see his History 
of England, Vol. ii. p. 691. 

X The history of the Buccleuch miniature is somewhat vague. According to Yertue^ the story is as 
follows : 

The Picture of Oliver Cromwell, a limning by Samuel Cooper, the head only finish’t, suppos’d to be 
the best of him, being the very picture Oliver Sate for, — the other as Mr Graham’s was, and others 
copy’d from this and touch’t up by the Life. This picture Cooper kept for himself till Oliver died, 
when his son liichard Protector heard of it. Sent a Gentleman for it with twenty pounds to pay for it 
(that being Mr Coopers price), but Cooper knowing its super-excellence to the rest, and what he coud 
make by coppies, would not part with it under a hundred pounds which the Protector was Obliged to 
give him ; he gave it to his Sister the Lady Falconbridge, and she before she died made a Present of it 
to S’" Thomas Franklin in whose possession it now is [? circa 1713]. It was liichard Cromwell that paid 
Cooper for it after the death of Oliver. 

Presumably ” S' Thomas Franklin” is the Sir Thomas Frankland who married Elizabeth, daughter of 
Frances Cromwell by her second husband, Sir John Bussell. In this case we should have expected the 
miniature to have reappeared at Chequers Court. Walpole in his Anecdotes of Painting (Edw. Dallaway, 
Vol. 1X1. p. 117) speaks of this fine head” as in the possession of Lady Frankland, widow of Sir Thomas, 
a descendant of Cromwell (she was his granddaughter). Vertue engraved the head. G. G. Foster in his 
List of English Miniature Pointers adds to this (pp. 27-31) ; “This miniature, which is justly regarded as 
one of the best authenticated and finest portraits of Cromwell in existence, is, according to Dallas, the 
one which Cromwell surprised Cooper in the act of copying, and took away with him in anger. It was 
brought, according to the Montagu House Catalogue, to Messrs Colnaghi about 1860, by a gentleman, 
the legal adviser of a lady, to whom it had been presented by a member of the Frankland family, into 
whose possession it came through Miss Claypole.” Here we have two wholly different legends. One 
asserts that Bichard Cromwell bought the miniature of Cooper and handed it to his sister Mary, Lady 
Fauoonberg, and the other that Oliver Cromwell seized the miniature and gave it to his daughter 
Elizabeth, Mrs Claypole. In both cases it appears to have passed to the Franklands, but did not reach 
Chequers Court. 

* Walpole Society, Vol. 18 ; Vertue^s Note Books, Vol. i. p. 31. 
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The large Miniature at Chequers Court. Cooper? The crumple in the collar and spot of reflection 
on armour below link it curiously with the Lely portrait (Plate XLI), and the National Portrait 
Gallery, No. 588 (Plate XLIX). 
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National Portrait Gallery, No. 514. Said to be a copy of the Buccleuch Miniature (Plate XLIV), 
the face has been drawn out vertically, and the head given a tilt to the right, which assoc 
it more with the Harcourt Miniature than with the Buccleuch. 





National Portrait Gallery, No. 588. Painter uncertain. Crude painting on a small scale in oils. 
The crumple in the collar and the reflection on armour immediately below indicate that it 
has some relation to the Lely and the larger Chequers Court Miniature. (See Plates XLI 
and XLVIl.) 
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shoulder, so that the right border of the face is on the slope ; there is no trace of 
this in the Buccleuch miniature, but this tilt of the head to the right shoulder 
reappears in the Cambridge bust, giving to the bust an expression of command 
which it fails to provide in the miniature. Indeed, if the eye dwells too long on 
the sloping straight line bordering the face and nock in the latter, one seems to 
find something of an artist’s failure in the drawing there. The slighter tilt in the 
National Portrait Gallery picture (No. 614) seems more effective. The armour is 
far more highly finished in the Harcourt miniature than in No. 514. 

Again, the Harcourt miniature is closely related to the Duke of Devonshire’s 
three-quarter face of Cromwell, which shows the same straight line as border on 
the right to the face, and even the same two bright spots on right and left 
shoulder pieces close to the gorget. There is no doubt of the one being a replica 
of the other, and that the National Gallery No. 514 is further removed from both 
of them. Close to the Buccleuch and Harcourt miniatures comes the fine “cased” 
miniature at Chequers Court: see our Plate XL VI (a). If these miniatures all date 
from 1657 we see that the fleshiness of the cheeks had established itself at least 
in the year before Cromwell’s death. The large miniature at Chequers Court 
(Plate XLVII) and the curious miniature (IMate XLVI (c)) are either later 
productions showing still increasing puffiness, or the work of an artist whom this 
feature of Cromwell’s later physiognomy had markedly impressed, and who had 
then used it, as weaker brush men will, as his leading index of identity. The 
somewhat crude oil-colour painting of Cromwell in the National Portrait Gallery 
(see our Plate XLIX) has we think the large Chequers Court miniature 
(Plate XLVII) as its prototype or near relative. Note the dent in the left side 
of the collar, and the reflection on the gorget immediately below it*; the left 
shoulder piece in both passes above the gorget, and curiously enough there is 
what appears to be a narrow defective strip running from the lowest corner of the 
left shoulder piece over the apparent frame in both ! 

There is another point of interest about these puffy-cheeked Coopers or 
pseudo-Coopers, they show more hair on the forehead than do the profiles. In 
the Devonshire and Crewe miniatures, the bald patch is on the right frontal with 
a wisp of hair straggling over it; it is difficult to believe that this wisp of hair 
could produce, however well combed out, the hairy mass over the right frontal in 
the Harcourt miniature, the large Chequers Court miniature, or the National 
Portrait Gallery No. 514! Hence the artists of the latter portraits either flattered 
Cromwell, or the profile miniatures belong to a later period than the three-quarter 
face pictures, i.e. to the last year of Cromwell’s life. As far as wc are aware no date 
has so far been connected with the profile portraits. Further, had Cromwell’s left 
profile been as in the Chequers Court miniature (Plate XLVI (b)) or the Houbraken 
engraving (Plate XLIII) it would have been impossible to twist the wisp of hair 

* As we have remarked (see p. 346), these occur also in the Florence portrait. A farther study of the 
details of the Lely type of Cromwell portrait leads us to believe that the large Chequers Court miniature 
and the N. P. G. No. 688 (Plates XLVII and XLIX) are linked, however distantly, with Lely rather 
than Cooper. 
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over the right frontal without showing a bald left frontal on the three-quarter 
face portraits. Thus the miniature (if of Cromwell) as well as the engraving are 
revei'sed. While the Devonshire and Crewe profile miniatures show a different 
type of collar to the three-quarter face portraits, this longer collar is still further 
extended in the two reversed portraits, and removes them from being exact copies 
of any originals of Cromwell. The Chequers Court copy (Plate XLVI(6)) of a 
miniature by Petitot, or it may be a Petitot original*, has thus no authority, and 
Houbraken's engraving, while very characteristic, does not claim to be more than 
a copy of the Duke of Devonshire’s profile portrait. 

In the latter, the right ear of Cromwell is clearly visible and there is no 
armour. In the Marquess of Crewe’s profile portrait the oar has almost disappeared 
under the hair, and the armour is introduced ; in Houbraken’s engraving the ear 
has practically been entirely removed and the armour appears, but is rather 
fancifully arranged. We are inclined to think that Houbraken really used the 
Crewe miniature, which in his day might have been generally recognised as a copy 
of the Devonshire Cooperf. 

To sum up with regard to the three-quarter faced “Cooper” miniatures. The 
Duke of Devonshire’s miniature (Plate XLII (6)), the Chequers Court “cased” minia- 
ture (Plate XLVI(a)), and the Harcourt miniature (Plate XLV) are closely linked 
together, and we are inclined to believe the Chocjuers Court the more characteristic 
and possibly the original of the three. We hold that the Buccleuch miniature, 
although dated the same year as the Harcourt miniature, is an independent 
production. The National Portrait Gallery No. 514 (Plate XLVIII) may have 
been based on the Buccleuch miniature, the simplicity of the armour is in favour 
of this; it is certainly not directly copied from the Harcourt group, as the gorget 
border is above the left shoulder piece and the two bright spots on the shoulder 
pieces fail. 

But what we want, especially for our present purposes, to draw the reader’s 
attention to is that portraits from the last year or year and a half of Cromwell’s 
life indicate a piitfiness of the cheeks and an increasing puffiness, which does not 
exist in the Walker portraits of an earlier period and which has much strengthened 
the idea that Cromwell had a massive scpiare jaw, such as we apparently find in 
these miniatures and the death-masks. 

Before we discuss the plates showing the Head fitted to the various types of 
Cromwellian portraits we have discussed above, we must again remind the reader 

* Compare the Chequers Court miniature on our Plate XLVI (i) with that formerly in the Tangye 
Collection, and reproduced in both Sir Bichard Tangyo’s books, i.e. The Two Frotevtors: Oliver and 
Richard Cromwell^ London, 1899, p. 99, and The Cromwellian Collection of MSS., Miniatures, Medals, 
etc. Privately printed, 1905, on the title-page: see also pp. 40 and 121. Sir Biohard spells the artist’s 
name as Fettitot three times and Pettitott twice. 

I* Mr C. K. Adams of the National Portrait Gallery kindly provided us with references to eight 
miniatures attributed generaUy to Cooper, of CromweU’s right profile. Mr B. S. Long believes that 
none of these is from the life. But the Duke of Devonshire’s appears to have the greatest claim to 
originality. 
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Dunbar Medal (see Plate LXI) fitted to Cooper Miniature. Note receding forehead 
and position of eye (!). Medal , Miniature . 
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Dunbar Medal (see Plate LXI) fitted with the Chequers Court Life Mask. 
Note chins and noses. Medal , Life Mask . 
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of the difficulties arising from these attempts at fitting. If the head in the portrait 
be not a profile we have had to photograph the Wilkinson Head in as nearly as 
possible the same, usually three-quarter face pose. But when this has been done, the 
photograph of the Head and the picture will not be of the same size, especially in the 
case of miniatures; or, again, in the case of a larger picture it may still not be life size. 
Accordii^gly, in each case a drawing has been made of the picture, taking care that 
the proportions are the sainc^, and then the appropriate photograph of the Tlead 
has been fitted to this by making some one me.asure identical in the two, and 
using, when it seemed advantageous, a Corade Precision Pantagraph to change 
proportionately th(' photograph of the Head. The glabella defined for our present 
purposes as the point in which the tangent to the upper borders of the eyebrows 
meets the median plane, and the subnasale defined as the point in the same plane 
where upper lip meets the nose, and again the point where the lip line meets the 
median plane, are generally recognisable points on the picture and may serve to 
determine the terminals of a measurable line. But the matter in the case of the 
Head is far more difficult. The glabella of this can be determined, but the lower 
terminus of the required measurements is vague. The subnasale of the Head, as 
sh'ully may not be difficult of determination, because the dried skin is drawn tight 
to the bone, but it is a different matter to fix where lip and nose met when they 
were clothed with their full amount of flesh. The living subnasale was clearly 
considerably below the skeletal subnasale: see the mid-sagittal contour on our 
Plate LXXX V. A certain amount of personal equation is inevitable in this measure- 
ment*. Again, the lips of the Wilkinson Head being much broken away, there is 
no lip line; if we take it as midway between the alveolar point on the upper and 
intradental on lower jaw, then because the mandible is to some extent displaced 
some allowance should be made for this. We can make some rough appreciation 
of what this allowance ought to be, and it will bo dealt with later. 

To indicate the real difficulty of the problem arising from artistic individuality 
we hav(i compared together certain portraits of Cromwell : 

(a) Plate L gives a comparison of two profile miniatures, th(^ Devonshire and 
the (]Jrewc, both attributed to Cooper, Continuous line Devonshire, broken line 
Crewe. Both were prepared for other purposes. Compare the position of the eyes, 
the shape of the foreheads, and the chins! It is clear that if the Head fitted well 
one of these, it could not fit the other. 

(h) Plate LI compares the Dunbar medal (Plate LXI) with the Cooper miniature 
(Plate XLII), the medal being the broken line. Compare the forehead and position 
of the eyes ! 

(c) Plate LIT compares the Dunbar medal with the profile of the Chequers 
Court life mask. The medal is given by the continuous line, the mask by the 
broken line. Note chins and noses! 

* The external ocular distance can only be taken on full-face portraits, busts or masks, but again it 
is difficult of ascertainment on the Head, because the canthi, external and internal, owing to the 
shrinkage of the eyelids have drawn together, and the allowance for this is again a matter of personal 
judgment. 
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Numerous other comparisons were made, especially with the coins among 
themselves and with the miniatures, but the divergencies between the portraits 
themselves were as great as between the portraits and the Head. In particular, the 
coins failed to agree either with each other* or with the masks. After some attempts, 
we concluded that actual measurements on the painted portraits were not likely to 
be very profitable. Not only did different painters have different conceptions of 
the man, but different portraits by the same artist were for the purposes of 
measurement incompatible one with another. We think that something of this 
is due to the relative position of painter and subject. If the painter stands and 
the subject sits, then, especially in the case of baldness, the painting shows a 
high brow. If the painter is below his subject, then the reverse may be the case. 
For each of the portraits we have dealt with, the Wilkinson Head was placed 
with as much accuracy as we could muster in the pose of the subject’s head and 
photographed. These photographs, a separate one for each picture, were then 
made the basis for outline drawings of the Head, which were compared against 
the drawing from the painting. Often more than one reproduction, altered in size 
from the photograph of the Head, had to be made before we were at all satisfied 
that the best fit had been obtained. 

14. Fit of the Portraits of the Wilkinson Head, 

We will now consider the fit of some of the portraits to the Wilkinson Head, 
taking the Walker, the Lely and the Cooper types in what we think to be their 
chronological order. 

(i) Walker Type Cromwell Plate LIV gives a sketch of the Hinehingbrooke 
portmit in the possession of the Earl of Sandwich, fitted with the outline of the 
Wilkinson Head. The chin, nose, eyebrows, and the wart are in excellent position, 
the eyelids of the picture, if closed, might fit fairly well, but the Walker forehead 
is too high for the Wilkinson Head. Possibly a better fit would have been 
obtained had the camera been slightly raised or the Head inclined, that is to say 
more in the position of the Head in Plate XXVII than of Plate XXVI, which would 
have shown more of the forehead above the cincture. On the other hand. Walker 
may have been prone to emphasise the brows of his subjects. Plate LIII gives 
a sketch of the Walker portrait from the Tangye collection in the London Museum 
(see our Plate XL). The fit is about equally good with that of the Hinehingbrooke 
portrait; but in the same manner it fails on the left frontal. Having gained our 
experience from the fit of one portrait to a second, we lay less stress on this defect 
of the Walker fits than the reader may feel inclined to do. A slight further tilt of 
the Wilkinson Head, or a half-inch higher camera, would have largely met the 
defect. 

(ii) Lely Type Cromwell Plate LV shows a sketch of the Florence portrait set 
against the outline of a photograph of the Head placed, as nearly as we were able to 
judge, in the attitude of the subject of the painting. The fit is, perhaps, somewhat 

* We have not reproduced our fittings of coins and medals with each other, as the thoughtful 
reader has only to examine Plate LXl to be convinced of their divergence. 
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The Walker Portrait in the Tangye Collection, London Museum 
fitted with the Wilkinson Head. 






Plate LV 


Biometrika, Vol. XXVI, Parts III and IV 


Pearson and ///<' Cromwell Iltud 



Sketch of the Lely Florence Portrait of Cromwell 
fitted with the Wilkinson Head. 
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Sketch of the “Cooper” Portrait of Cromwell at Sidney Sussex College, Cambridge, 

fitted with the Wilkinson Head. 
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Sketch of the Buocleuch Miniature tilted with the Wilkinson Head. 
Note position of warl-cavity and the left frontal. 
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Sketch (by a different Artist) of the Buccleuch Miniature, fitted with the facial 
outlines of a different photograph of the Wilkinson Head. 






Sketch of the Walker Portrait of Ireton In the possession of Mrs R. B. Polhill-Drabble, fitted with 
the Wilkinson Head. The fit is good vertically, but the Head is far too broad horizontally to 
be I reton’s. 





Karl Pkarson and G. M. Morant 


367 


better than that of the Walkers. The left frontal fit is improved, the wart, chin, 
nose and mouth are fairly good, the right auricular passage is seen to be somewhat 
out of place. A slight clockwise twist of the head would have bettered this. It 
might have worsened the chin fit, but we have to remember that the chin is 
somewhat displaced. If the Head may be considered to pass the Walker test, it 
certainly will the Lely. 

(iii) Cooper Type CromwelL Plate LVII shows a drawing of the Sidney Sussex 
College portrait of Cromwell. The nose, mouth, chin and wart are in reasonable 
positions. The right auricular orifice is too low, and there is, as in the Walkers, 
too much left frontal above the Head. A raising of the camera and a slight rotation 
of the drawing of the Head would have bettered matters. 

Plate LVIII shows a sketch of the Head superposed on the Buccleuch miniature. 
The mouth, nose, chin and eyes^ fit fairly well, the auricular orifice is better, but 
the hole in the dried skin, where the wart is supposed to have been, is somewhat 
too high ; it seems, however, to us that with regard to the eyebrow the draughts- 
man might have placed the wart on the sketch of the Buccleuch miniature 
somewhat higher. The auricular orifice is about the correct level, but as in several 
other cases the photographer has got the camera too low, i.e. has looked at the 
Wilkinson Head from above the level of the objective. 

Plate LVI shows the Cooper profile of Cromwell with the Wilkinson Head with 
and without natural amount of flesh added. It will be seen that the flesh allowance, 
causes the face to fit extremely well. CromweH's upper lip in the miniature is too 
protuberant, and his lower lip too recedent for the amount of flesh provided. His 
‘ double-chin ’-ness exceeds the flesh allowance. The cranial contour is in fair 
accordance. But just as the Walker portraits give too high a head for the 
Wilkinson Head, so the Cooper miniatures give too low a head. Both cannot be 
true to Cromwell, and so the intermediate Wilkinson Head may well be. 

The difficulty of adjusting the Head to the position in which the painter had 
viewed the subject, the cost of repeated photographs, the need for protracted 
labour and caution in posing the Head for photography as well as the great 
differences in the paintings themselves, led us finally to discard this method of 
testing the genuineness of the Wilkinson Head in favour of a more detailed study 
of the masks and busts. We had convinced ourselves before doing so that with 
time and labour it would be possible to improve our fits to the portraits, and that 
we could not assert under the circumstances that the fits discredited the possibility 
of the Head being Cromwell’s f. 

* The reader must bear in mind that the lower and upper eyelids of the Wilkinson Head are very 
tightly oontraoted and diatorted : see Plates XXVI and XXVII. 

f Another difficulty apses in the ease of a solid head arranged in the same attitude as a portrait, 
which is not full face or profile. If a solid head and a mask or bust are seen from one position to be 
in corresponding aspects, they will appear to be so from other positions ; but this is not so in the case 
of a solid head and a fiat drawing or portrait ; the camera must be placed in the same position as the 
eye of the observer who had made the correspondence, and we were in certain cases not careful enough 
in placing the camera, which the photographs indicated had been situated somewhat below the eye of 
the observer, so that the forehead of the Head was shortened. See Plates XL and LVIII. 
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15. Cromwellian Medals and Coins. 

Originally we thought that the medals and coins of Cromwell might be of 
service in our task of investigating the genuineness of the Wilkinson Head. This 
possibility may, perhaps, have seemed to us the more reasonable owing to the 
judgments of Richard Southgate, the numismatist, and John Kirk, the medallist, 
in favour of the Head being Cromweirs. Southgate’s assurance that “this is 
the real head of Oliver Cromwell,” and Kirk’s statement that he had “ carefully 
examined it with the coin” and thought “the outline of the face exactly cor- 
responds with it, so far as remains” (see our p. 281), seemed at least worth 
investigation. Through the kindness of Mr G. F. Hill, then Head of the Depart- 
ment of Coins in the British Museum, we were provided with casts of two Cromwell 

medals and of two of his coins. Photographs of these casts are given on our 

Plate LXI. Those of the Dunbar medal and of the two coins were in two 

stages enlarged up to life size by aid of a precision pantograph. But it soon 

became obvious that the drawings from thesp casts neither fitted each other, nor 
fitted other portraits of Cromwell. It is not possible to reproduce all our attempts 
here; it will be sufficient to deal solely with the relation of the Dunbar medal to 
the Cooper profile miniature and to the profile of the Checiuers life mask. The 
fitting is shown on our Plates LI and LII. It has already been partially discussed 
(see p, 355). On Plate LI the fitting has been achieved by superposition of the two 
lip lines and the two “nasions”*. It will be seen that the medal profile has a fore- 
head sloping well backward from Cooper’s idea of the forehead, and the medal 
chin recedes in the like manner ; the shape of the nasal bridge is wholly different, 
and the eye of the medal is too close to the nasal bridge. Thus if one of these is 
a good portrait of Cromwell, the other cannot be. On Plate LII the Chequers life- 
mask has been fitted to the medal in a somewhat different manner, the distances 
from lip-line to glabella* having been equalised. We now get a better fit of nasal 
bridge, eye and forehead, but the noses differ totally and again the medal chin 
is strikingly recedent. The first plate suffices as one example to indicate what 
different conceptions two independent artists, Symon and Cooper, both excellent 
in their special lines, could form of Oliver Cromwell! The second plate indicates 
how widely the medal differed from the actual man. The fairly complete study 
of the medals demonstrated that no one even by redrawing the medals and coins 
to the size of the Wilkinson Head could prove its genuineness by this procedure 
they differed as much from each other and from the portraits as they did from 
the Head. For a numismatist to assert, even without this procedure, that “this 
is the real head of Oliver Cromwell,” or that “ the outline of the face ” as far as it 
remains exactly corresponds with that of a coin is idle opinion, in reality backed 
by no specialist knowledge. We do not believe that Sir Joshua Reynolds or 
Flaxman had any better basis for their dogmatic opinions of its genuineness than 
Carlyle had for his statement (see our pp. 271 and 281) about “ fraudulent moon- 
shine.” At any rate, as far as our experience goes, coins are worse than paintings, 


* For our use of this term see p. 309. 
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Medals and Coins of Cromwell. 


(a) Lord Protector Medal, 1653. 
(c) Lord General Medal, 1650. 


{b) Dunbar Medal, 1650. 
[d) Crown Piece, 1658. 
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and from neither type of artists can we obtain a standard portrait, i.e. one which 
would measurably fit the living subject ; for had two artists done so their productions 
would fit each other, which they certainly do not. 

16. Masks and Busts of CromwelL 

We will now consider the masks of Cromwell. Knowing what wo do about the 
embalmment and removal of the skull-cap of the Protector, we should anticipate 
two very different types of death-mask, (i) One taken before embalmment ; this 
would show the wart and no cincture, the eyes would not have fallen in, and if 
the face of the corpse had not been shaved, it should show the boardlet and a good 
deal of hair on the cheeks owing to Cromweirs illness. No sack death-mask up to 
the present has to our knowledge been found, (ii) A death-mask taken after the 
embalmment; this should show wart, cincture, and hair on the face, and if taken 
some time after death, the pads supporting the eyelids would be visible. No such 
death-mask, up to the present, has to our knowledge been found. 

All the death-masks differ from (i) or (ii) in some particular, which disqualifies 
their passing for untouched casts from an original mould. Clearly some of them 
have been cast from anything but the original mould*. Thus the difficulty of 
fitting the death-masks to the Wilkinson Head (or to the portraits) is much 
complicated by the question of absolute size, as well as by the retouching of the 
mould immediately after it was taken. 

We will give a list of the masks and busts with which we have been able to 
deal, noting how they appear to us to have been modified. 

(A) Life-Mask at Chequers Court. We owe to the kindness of Mr Macdonald 
the permission obtained from the Trustees to photograph this, as well as some 
of the Cromwell miniatures, in the Cromwelliana at Chequers Court. The mask 
is said to have been taken in 1655 by request of Croinwell’s family. We may 
assume it to have passed with most (not quite all) the Cromwell relics from 
Frances Cromwell, the Protector’s fourth daughter, to her daughter Elizabeth 
Russell, who married Sir Thomas Frankland. Through Franklands and Grecnhills 
the relics of Frances Cromwell in part pixssed to Mrs Frankland Russell Astley 
of (ffiequers Court, where they now form a portion of the treasures of the country 
house of the Prime Ministers of Great Britain. 

This mask is probably the most satisfactory of all we possess See our 
Plates LXII, LXIII and LXIV. As the eyes are open the lids and the pupils must 
be due to the modeller. They clearly lack something of reality. Measurements were 
taken on the mask. They do not indicate any exaggeration on life size, or indeed on 
the Wilkinson Head, and we have taken this as our standard for the reduction of 
other masks. The mask exhibits the thick under lip with the beardlet, the upper lip 

* There is a death-mask of Cromwell in the Mnsenm of the former Biometric Laboratory purchased 
many years ago, which is some 18 above life size, and which must have been through 9 to 10 moulds 

+ It is plaster bronzed, which made it somewhat difficult to photograph on a very dull December 
day in the Long Gallery at Chequers Court. 
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with its central convexity, and the somewhat coarse nose tending towards the 
left cheek. The position of the wart is determinable. 

(B) The Florence Bust We introduce this bust here, because it is stated to be 
based on a death-mask taken surreptitiously immediately after CromwelFs death. 
The earliest report we have of it was made by John Breval*, and goes back to 
1738. On a visit to the Gallery at Florence, he speaks of “ la stanza degli Idoli,” 
and continues : 

Between this room and the Tribune are four other Chambers — in the first... over the Door 
on the Inside is a cast of Oliver Cromwell taken upon his own Face, through the dextrous 
management of the Tuscan Resident in London, a few moments after his Decease. There is 
something more remarkably strong and expressive in it than in any Pictimj or Bust of that 
Usurper I had ever seen. 

The bust at Florence is indeed “ remarkably strong and expressive ’’ : see our 
Plates LXXXII and LXXXIII, which are taken from photographs of the casts from 
the Florence bust in the National Portrait Gallery for the purposes of the present 
paper. But difficulties at once arise about this bust ; it is closely connected with 
a bust in the possession of the Duke of Grafton (see our Plate LXXXIV), which is 
plaster bronzed. It would appear that the Florence and Grafton busts had been 
based on the stime original mould. The protruding under lip, the convexity at the 
centre of the upper lip, the coarse nose bent to the left and the wart are all here. 
There is no sign of hair on the scalp, which is compatible with a sculptor having 
used a mask, and having no model for the hair. The eyelids arc impossible ; there 
are no wrinkles in the lids, but it looks as if, the lids being closed in a mask, butt6n- 
holes had been cut in them by the aid of a penknife ! These eyelids are clearly the 
work of some very rude reinodeller, by preference a worker in wood rather than a 
sculptor using clay. 

But we now come to a point of maximum difficulty. The Florence bust has 
no hair on the upper lip, no beanilet, no hair on the cheeks. If it was taken from 
a mask either the corpse of Cromwell was shaved before the death-mask was 
taken, or the remodeller removed the whole of the hair from the face. Could 
the face of Cromwell have been shaved immediately after death? We cannot 
conceive it possible. The earlier death-mask taken after the embalmment shows 
plenty of hair on the upper lip, and a luxuriant beardlet. The later death-mask, 
taken after the eyes had fallen in, shows still more hair on the fiice, especially 
round the border of the chin. The hair might have grown after death in the 
interval between the taking of the two death-masks — possibly a week to ten days — 
hair does grow after death — but it is more probably due to the reraodeller or 
toucher-up of the first mask. What seems quite certain is that if Cromwell’s face 
was shaved immediately after death, it could not in two or three days have 
developed the hair which we see on the earlier death-mask. We hold that the 
statement that the Florence bust was taken from a death-mask immediately after 
death must be discarded. If it was, the hair must have been removed from the 

♦ Remark» on General Parte of Europe, Relating chiefly to their Antiquities and History..., London, 
1788, pp. 154—165. 
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Life Mask of Cromwell at Chequers Court. 
Full face (somewhat inclined). 
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Life Mask of Cromwell at Chequers Court. 
Left Profile. 
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Life Mask of Cromwell at Chequers Court. 
Right Profile. 
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foc6 dfttT th6 mask was takan. There is nothing to suggest such a crude proceeding 
in the mask itself, and for what purpose should the hair have been removed? 

The alternatives are : 

First, that Cromwell in life submitted to being clean shaven in order to have 
the fnask taken. But why? He was not shaved for the Chequers life-mask 
in 1655. 

Secondly, that for some purpose it was needful to prepare a hairless model 
of Cromwell’s head, and that the Florence and Grafton busts have been taken 
from moulds made from this. The only purpose that we can think of is the 
making of a mould for the wax masks of the effigies. These effigies would doubtless 
have real hair attached to the upper lip and chin as well as to the scalp, very probably 
to the eyebrows and eyelids. But such effigies were works of art, if waxworks, and 
it seems possible that Symon* would prepare either in wood or plaster a hairless 
head of Cromwell to make the mould for the wax masks of his effigies. From this 
same mould the Grafton and Florence busts might be cast. There is certainly, 
notwithstanding the crudity of the eyes, the touch of no mean sculptor in the 
resulting head. Reduced to the Chequers mask as standard, there is a general 
agreement between measurements made on the Florence bust, and on those of the 
masks and other busts. 

(C) The British Museum Wax Mask. This is a death-mask taken after the 
embalmment, for the head is bound with a cloth to cover the cincture, and before 
the eyes have fallen in, or before the eyelids required pads for their support. 
It contains all the usual features — the heavy under lip, the upper lip with its 
central convexity, the beardlet, the flowing moustache and the coarse nose 
inclined to the left. The wart has been pared off, but it seems possible to 
identify the spot where it had been. See our Plates LXV and LXVI. There is a 
plaster reproduction of it in the Museum of the former Biometric Laboratory. 
See our Plates LXVII and LXVIII. The reader should note the small amount of 
hair on the lower part of the cheeks, or on the lower border of the chin. This 
mask seems by far the most satisfactoiy of the death-masks. 

(D) The Ashmolean Death-mask. (See Plates LXIX and LXX). That this is a 
death-mask of Cromwell, hardly admits of discussion. But difficulties arise at once 
when we begin to consider it in detail. In the first place, we note that the usual 
characteristics occur; the flowing moustache, the beardlet, the convexity at the centre 
of the upper lip, the rather coarse nose inclined to the left cheek. But, as in the wax 
mask, the wart has disappeared, and there is no obvious sign of the cincture. Yet if 
the reader will examine our Plate LXIX carefully, he will see a wavy line across the 
left brow, and wjll realise that a coating of plaster has either been put into the 
mould or across the forehead of the cast itself, and this wavy line is produced by 
the thin border of this layer of plaster. This border of the plaster layer is less 
conspicuous over the right eye, but we think can be traced, and lies closer to the 

* See our pp. 806 and 801 tootnote Officers of the Mint. 
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eyebrow than on the Jeft. Further, there are suspicious indentations across the 
forehead which may be signs of the cincture below. Roughly, on Plate LXIX, 
the internal interocular distance is 33'0 mm., and this is almost identical with the 
distance from the lower border of the left eyebrow at its centre to the portion of 
the indentation vertically above it*. The like measurements for the actual 
Wilkinson Head are 44*0 mm. and 44*0 mm. respectively, indicating the three- 
quarter reduction of Plate LXIX, and|)ro tanto an argument for the genuineness 
of the Head. 

The next noteworthy feature is the appearance of the eye pods propping up the 
eyelids, since the eyes have fallen in. We are assured that this marks that the 
mask was taken 10 to 14 days after death. There is no sign of a bandage to support 
the jaw, but there is a very large increase in the hair on the lower border of the 
chin and on the lower part of the cheeks. Here we are met by a serious dilemma 
from which extrication is by no means easy. The wax mask (C) shows a bandage 
presumably to support the jaw, and a bandage presumably to cover the cincture, 
but there is no hair on the cheeks or lower border of the chin. The hair of Cromwell 
on the face is as we see it in the portraits. But in the Ashmolean mask we have 
a death-mask taken probably 7 to 11 days later with a good deal of hair where there 
was none on the wax nuisk. Now it is not improbable that Cromwell would have 
more hair on his face during his illness than when in ordinary health f. Hence this 
additional hair was cither removed before the earlier death-mask was taken, or else 
the touchcr-up removed it from the mask itself. In the former case it must have 
re-grown in the course of the 7 to 11 days interval. It is known that hair does 
continue to grow after death, but could it grow to this extent? Numerous 
inquiries made by us foiled to elicit any reply to the question as to what rate hair 
Oan grow after death. 

In the latter case doubts may be raised as to the chin in the British Museum 
mask. The re -toucher would not have been content with removing the wart, but 
must have removed the hair from the chin border and cheeks. Thus we should be 
as little able, to trust the chin of the earlier mask as the forehead of the later. It 
is, however, quite certain that the toucher-up of the second mask would be extremely 
unlikely to introduce hair where it did not exist, especially where it was not worn 
by Cromwell in his usual health, 

* This particular iiieaBurement was taken because it was nearly parallel to the focal plane of the 
camera. 

t The hair on the chin border and cheeks of (D) is more in accordance with what may be seen on the 
Wilkinson Head itself. But this is not very helpful. For if the British Museum wax mask (C) really 
represents the face of Cromwell immediately after death, it may be argued that the Wilkinson Head 
does not show more hair than could have grown later. On the other hand, if the Ashmolean mask 
represents the state of affairs 10—14 days after death, the fact that the Wilkinson Head has less hair on 
the chin border and cheeks than that mask may be accounted for by rough handling, and possibly by 
the depredations of souvenir hunters. [The Kev. Paul Cromwell Bush informs us that one of his ances- 
tors had allowed portions of the brim of CromwelTs Long Parliament hat to be cot off as souvenirs I] 

We have seen a statement, but do not know on what authority it is based, it may be only a verbal 
tradition, that Cromweirs relatives did not like the death-mask, because they were not accustomed to 
seeing Cromwell with hair on his chin and cheeks. 
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||Wax Death Mask of Cromwell in the British Museum, showing the bandage over the cincture. Full face. 
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Wax Death Mask of Cromwell in the British Museum. Left Profile. 



Plate LXVII^ 



Plaster Cast taken at some time from the British Museum Death Mask, but indicating more clearly the position 
of the Wart over the right eye. Biometric Laboratory, University College, London. 
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Left Profile of Plaster Cast in Biometric Laboratory, 
University College, London. 
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One very important inference may be based on the Ashraolcan type of death- 
mask, If it could be taken 10 to 14 days after death, it is clear that Cromweirs 
body was not at that time sealed up in lead. It was accessible, and accordingly the 
statement made by Bate becomes even more suspicious, if it be supposed to apply 
to an occurrence happening immediately after death. 

The difficulties attending the Ashmoleaii mask are not lessened by the fact 
that other masks of this type, although corresponding in some respects closely 
with the Ashmolcan, yet differ essentially from it in others. In particular one may 
refer to the widespread type of mask which we shall discuss under (E). In order to 
be somewhat clearer as to which might be the earlier form, (D) or (E), we sought 
for a death-mask still in the possession of a descendant of Cromwell, and found 
such in the ownership of the Rev. Paul Cromwell Bush. He has most kindly 
provided photographs of it, which are reproduced in Plates LXXl and LXXII. It 
will be seen at once that while the type is essentially that of the Ashmolean, it 
differs in certain particulars. This appears especially in the treatment of the* 
forehead; we have here no wavy line marking the limit of the plaster-layer by which 
the saw cut has been covered up. 

There is a mask, plaster, not wax tis reported, at Warwick Castle; it has the 
wart, the hair on checks anel chin, and the propping pads for the eyelids. It is siiid 
to be like the Ashmolean, which, however, has no wart. Accordingly, it belong.s to 
the ten days after death type, and, without having seen it, we suspect it to be more 
like (E) than (U). 

(D his) The Frankland Death Mask. We may here note the death-mask possessed 
by Major A. P. Frankland, D.S.O.: see our Plato LXIIT. This has the wart, which 
looks as if it had been stuck on, not cast from the original mould. The cincture 
has been hidden, but without exaggerating the forehead. The eye pads are there, 
and the hair on chin and checks. It seems to us the missing link between the 
earlier Ashmolean form and the “ Distorted Ashmolean form ” as represented by 
the masks in the possession of Canon Wilkinson or of Shrewsbuiy School. Major 
Frankland is a direct descendant of Elizabeth Russell, the granddaughter of 
Cromwell and daughter of Frances Cromwell. That the Frankland mask is the 
progenitor of the numerous “ Distorted Ashmolean type ” masks is clear, but we 
have been unable to convince ourselves that it is as near to the original mould 
as the Ashmolean and Cromwell Bush death-masks. 

(E) Distorted Ashmolean Mask. This is a very curious distortion of the 
Ashmolean type of death-mask: see our Plates LXXIV, LXXV and LXXVI. As 
a rule in the distorted type of miisk the two portions of the cast have been 
united along the median sagittal plane. Whether there were originally two 
separate moulds we cannot say, but in the process of re-rnoulding the horizonLil 
measurements have become relatively smaller, and the vertical measurements are 
relatively larger than those of the Ashmolean death-mask, or indeed of the Chequers 
life-mask or the portraits. Hence, it is impossible to bring specimens of this type 
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of mask into accord with other portrait material by using a single reducing factor; 
two must be used, one for the vertical and the other for the horizontal lengths. 
On this ground we have termed it the “Distorted Ashmolean*’ type. It is clear 
that it has been — after no doubt several intermediate stages — obtained from the 
same original or else from an original taken about the same time. There are the 
same eye pads, marking a period 10 — 14 days after death, there is the same increase 
of hair on the cheeks and on the lower part of the chin, beyond the earlier death- 
mask. But there are dififerences ; the wart — it is true in a rather crude form — is 
there, and the re-rnodelling of the forehead has been differently achieved; one 
can find no trace of the cincture. Copies of this mask are in the possession 
of Canon Wilkinson and in the Library of Shrewsbury School*. Owing to the 
re-rnoulding, the touching-up and re-modelling, it cannot be considered a satis- 
factory death-mask, although when two factors are used the results are in not 
unreasonable accordance with the meiisurements on other masks and busts. 

We will now turn to the two busts we have selected for comparison with the 
masks and the Wilkinson Head; they are the bust by Edward Pierce in the Ash- 
molean Museum and that by an unknown sculptor in the Library of King's College, 
Cambridge. 

(F) The Ashmolean Bust by Edward Pierce, It is signed K. Pierce, but 
without date. If it was taken from life, then it must represent Cromwell in his 
full health and strength (say, about 1054 — 1655), and a very beautified Cromwell 
at that. As a work of art it is striking, and of course recognisably Cromwell. It 
is somewhat larger than life. It is stated to have been purchased by Lord Tautitou 
from a dealer in London at the beginning of the nineteenth century, and to hav(j 
paased from the Taunton Collection to Oxford in 1920. A terra-cotta model of this 
bust is in the National Portrait Gallery f. I'hc thick under lip, the central 
convexity of the upper lip, the beardlet, the retreating and hairless chin, the 
nose inclined to the left, and the wart are all there, but they have lo^t tluur 
touch of vulgarity, and we recognise a man with magnetic strength to influence, 
and with the essential power to command. But it is hardly the Cromwell of any 
other bust, mask or painting. 

* We have to express our warm thanks to Canon Wilkinson for allowing Dr Morant to photograph 
his mask, and to Mr J. B. Oldham, the Librarian, and Mr Pilcher for measurements and photographs 
of the Shrewsbury School Library mask. 

t The statement that the terra-cotta bust in the National Portrait Gallery is a counterpart of the 
Ashmolean Bust is due to Bachel Poole (Edward Pierce^ the Sculptor^ Vol. xi of the Walpole Society, 
1922 — 1923, Oxford, 1923, pp. 33—45). On the other hand, Lionel Gust, writing in 1896 or earlier on 
Edward Pierce in the Dictionary of National Biography y stated that the terra-cotta in the National 
Portrait Gallery was the model of a marble bust of Cromwell ** now in the possession of E. J. Stanley, 
Esq., at Quantock Lodge, Somerset.” Possibly the discrepancy may be accounted for by the fact that 
Edward James Stanley of Cross Hall, Lancashire, married Mary Dorothy Labouchere, the eldest 
daughter of Lord Taunton. Thus there would not be two marble busts of Cromwell of the Ashmolean 
type to be reckoned with. But Oust seems to give priority to the terra-cotta when he speaks of it as the 
model of the marble. 
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Death Mask of Cromwell in the Ashmolean Museum. It shows the thin coating of plaster 
over the forehead put on to hide the cincture. 

Full face. 
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Death Mask of Cromwell In the Ashmolean Museum. 
Right Profile. 
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Death Mask of Cromwell 


in the possession 

Full face. 
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Death Mask of Cromwell in the possession of the Rev. P. Cromwell Bush. 

Profile. 
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Death Mask of Croniwell in Ihe possession of Major A. P. Fraiikland, D.S.O. 
Original from which the Distorted Ashmolean Type of Death Mask has 
sprung. Nearly full face. By kind permission of Major Frankland and the 
Proprietors of the I Ifustrated London News. 
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The Distorted Ashmolean Type of Cromwell Death Mask. 
Full face. 
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The Distorted Ashmolean Type of Cromwell Death Mask. 
Right Profile. 
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The Distorted Ashmolean Type of Cromwell Death Mask. 
Left Profile. 
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Edward Pierce’s -Bust of Cromwell, Ashmolean Museum. 
Three-quarter face. 
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Edward Pierce’s Bust of Cromwell, Ashmolean Museum. 
Right Profile. 
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The Bust of Cromwell in the Library, King's College, Cambridge. 

Full face. 
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The Bust of Cromwell in the Library, 
King’s College, Cambridge. 

Right Profile. 
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The Florence Bust of Cromwell, from a cast in the National Portrait Gallery, London. 

Full face. 
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The Florefice Bust of Cromwell, from a cast in the National Portrait Gallery, London. 

Left Profile. 
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(G) The Bust in the Library of King's College, Cambridge, A priuH, one might 
have hoped that this bust had come into the possession of the College during the 
reign of Benjamin Whichcotc, who was installed as a Puritan Provost by the Earl 
of Manchester in 1645, after ejecting Samuel Collins. Whichcotc was in sympathy 
with Cromwell. But unfortunately the bust has a history more obscure than the 
Ashrnolean. All we know about it is that it came to the College with other 
portraits as a legacy from George Thackeray, Provost of King’s, 1814 — 1850, who 
died in the latter year. When and where this antiquarian provost obtained it we 
do not know. The bust is marble and, if not a great work of art, has something 
of interest about it. There is in the first place a most characteristic inclination 
of the head towards the right shoulder, which gives a dominating aspect to the 
subject. See our Plates LXXX and LXXXI. Although we have come acn)ss no 
portrait clearly showing this aspect, it is difficult to believe that it was hit upon 
by a non-contemporary artist*. It appears to be cither an original, or the copy 
of an original which so far is unknown to us. All the usual characteristics are 
present, and the one new feature added is the tilt of the head. 

17. Fit by Superposition of Masks and Busts to the Wilkinson Head. 

Such is the material we have to compare with the Wilkinson Head. Before 
we actually appeal to numbers, we have to warn our readers of the difficulties 
attending any iru^asurement of this material, and how subject to (*rror any such 
measurement must be. Let us turn to the Head itself first. Risky and indefinite 
as are measurements on the living head, we have here to deal with a skull upon 
which the flesh has shrunk unequally in different parts. In order to obtain some 
idea of how much this shrinkage amounts to, the so-called horizontal, transverse 
and mid-sagittal contours of the Wilkinson Head were drawn showing the cranial 
boundary and tlu‘ thi(jkness of the embalmed flesh. Upon the cranial boundary 
was superposed the thickness of the normal flesh and there resulted the three 
diagrams given on Plates LXXXV, LXXX VI and LXXXVIL The allowance for 
flesh has been based upon the frozen sections of human heads made by the late Pro- 
fessor Symmington and by William Macewen {ovThe Atlas of Head. SectionSy'iw the case 
of one or two individuals of about CromweH’s age, but of course the thickness of the 
flesh varies widely from individual to individual, and all such contours can achieve 
is to give general impressions of (i) the shrinkage due to embalmment, (ii) the 
amount to be added to a skull in any given direction in order t<i approach 
the correct sizc^, and (iii) the difficulty of taking measurements which are really 
comparable. Above fill we sec how widely the profile of a subject may vary with 
the actually occurring individual differences in the thickness of the flesh. 

If we start with the tightly drawn skin on the Wilkinson Head, we ani at once 
mot by the extraordinary difficulty first of defining and then of fixing points of 
measurement, and this in particular applies to lengths in the median sagittal plane. 
Tak(j in this plane .i point corresponding to the gnatiiion, the lowest point just 

* Sco, however, our remarks as to Viscount Harcourt’s miniature on pp. ^ 62 — 353. 
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uuder the central edge of the mandible. This is not difficult to determine on the 
Head (see Plates XXVllI and XXIX), because the skin is drawn tightly round 
the mandible, there is not the 6 to 8 mm. of flesh usually found below the border 
of the mandible. But try to determine it on one of the nuisks (see Plates LXIII 
and LXX), or on the busts (Plates LXXTX and LXXXI), or on the coins 
(Plate LXI), or indeed on the miniatures (Plates XLII and XLVI), and the 
largo possibility of error will be realised ! Owing to the protruding under lip 
and the large amount of flesh under th<^ mandible, Cromweirs chin had a by 
no means graceful curvature, and it is extremely hard to determine where the 
“lowest point” should be taken. But there is stijl another difficulty to be met. 
Is the mandible of the Wilkinson Head in its normal position when the teeth 
rest squarely on each other? It is not easy to determine when the lips have 
perished, whether they would have Imhui in contact and if so where in contact in life. 

In the first place we will provide some graphic evidence of how reast)nably the 
Wilkinson Head fits the masks and busts. 

(A) We take first the Life-mask at Chequers Court Plates LXII, LXIII and 
LXIV show this mask full face, right profile and left profile. It was a difficult 
subj()ct for photography, especially in a difficult (Uivironment ; it is bronzed 
plaster. At the top there is a wire looj), but, considering the value of the mask, 
too slender to venture suspending it by. Thus the mask had to be photographed 
with a slight inclination, and with an attempt to bring the focal plane of a vertical 
camera int(; parallelism. Plate LXXXVIll(a) shows the mask fitti‘d with the 
full face of the Wilkinson Head — not wholly unsuccessfully considering the fore- 
shortening of the mask. The ])rofile (6) on the same ])lato provides an excellent fit ; 
the white line gives the outline in profile of the embalmed head, and the black 
and white broken line of the probable amount of flesh. This does not differ 
from the life-mask flesh border more than might be aiitiidpated when we pass 
from one individual to a second. The Checpiers tvourt life-mask is distinctly in 
favour of the gtuiuineness of the claims of the Wilkinson Head. 

(B) The Florence Hast PlaU's LX XXII and LXXXITI give fidl face and 
profile from the cast in the National Portrait (Jallery. Plates X(W1 and XCVIl 
show the same reproduc>tions with indications of the positions of the chief features 
of the Head. Again the fit is with om* exception remarkabh*. In the full fiice 
the marulible, broken mouth, nose, eye.s and eyebrows, and the cincture are well 
placed. Bo it is again with the profile, remembering what has Ix^eii said about 
the flesh. But the small circle marking the presumed position of the centre 
of the auricular orifice is miurh out of place. We think it may have been marked 
somewhat too high on the sagittal contour of the H(^ad. But the outline of the 
ear (see Plate XX VIII) of the Head would never accord with the car of the Florence 
bust. An examination of the Florence bust on Plate LX XXIII seems to indicate 
that the ear of the bust is too far back and too low down to bo natural ! A separate 
cast was probably taken of the ear, and the oar aftervvards attached to the bust out 
of its true position! 
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The Duke of Grafton’s Bust of Cromwell. Three-quarter 
face. The original or another specimen of the 
Florence Bust. 
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Median Sagittal Section of the Wilkinson Head. H natural size. 
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Horlzonl^cit Section oF Hecui sVicwln^ tone, 
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Horizontal Section of the Wilkinson Head. natural size. 
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Transverse Section of the Wilkinson Head. H natural size. 
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(C) British Museum Wax Mask. The full face and profile are given on 
Plates LXV and LXVI. The fit of the Wilkinson Head is indicated, also in full 
face and profile, on Plates LXXXIX and XC. The fit may again be called good. 
The cincture comes, as it should, under the forehead bandage, the eyebrows, eyes, 
nose, upper lip and chin are in rciasonable position ; only the broken edge of the 
lower lip is too high. On the profile the limits of the embalmed Hesh are good; 
but the allowance for flesh on the lips and chin is too great. This seems to in- 
dicate that the Ohequers Court life-mask and the P>ritish Museum mask .show 
different amounts of fiesh on the lower part of the face. There may have been 
some shrinkage during (JromweU’s last year of life and his illness. 

(D) The Ashmolean Death-mask. This is shown on Plates LX IX and LXX. 
The chief features of the Wilkinson Head are shown on Platcis XCl and X(TI 
by the embalmed flesh boundary, l^he accordance is distinctly go()d. We note 
again, as in the case of the wax mask, the somewhat high broken border of the 
lower lip. The suggestion may be made that more of the upper lip than of the 
lower has been broken away. The fit here may be dc.scribed as excellent. 

The Rev. P. Cromwell Hush’s death-mask is so close to the Ashmoh'an that 
we have not considered it necessary to fit this mask with the Head. On Plate 
LXXII the nose stopping (see our p. 340) is visible in the left nostril. 

(D') Major A. P. Franklan(Ts Death-mask. On Plate LXX Til we have given a 
representation of this. We now give the nearly full face, with the sketch of the Head 
superposed, on Plate XCIIT. It will bo seen that when we bring the wart, eyes, mouth 
and chin into reasonable accordance with the embalmed Head without flesh allowance, 
the Head projects beyond the mask in a hopeless manner onl}" slightly less un- 
favourably than in the “Distorted Ashmolean Type.” Se(‘. Plate X(JIV. The 
photograph is not quite full face, and the facial outline might hav(^ bi;en that 
of the Head slightly more rota.ted, and tilted from right to left. But to make it 
much smaller would have upset the goodness of fit of wart, eyes, mouth and chin. 
If we are dealing here with an untouched mask of (h’omwell, then we can only 
conclude that not only the Wilkinson Head, but the Ashmoh^an ami British Museum 
death-masks are very poor representations of the re.il Cromwell. We believe that 
the Frankland mask has been reconstructed from the Ashmolean, and the smaller 
superficial details worked in ; and this again has becjii from time to l.ime remodelled 
until the Distorted Ashmolean form of today was reached. 

(E) Distorted Ashmolean Mask. Full face and right and left profihi arc given 
on Plates LXXIV, LXXV and LXXVI. On Plates XCIV and XCV the full face 
ami right profile are fitted with the Wilkimson Head. The profile fit is by no 
means bad, and might possibly have been bettered. But the full face is no fit at 
all. Keeping the wart cavity of the Head over the wart on the mask, we might 
have reduced the vertical scale somewhat, so as to bring the chin and mouth opening 
higher. The maximum reduction possible is about 17 to Hi, but this is not ade- 
quate horizontally to bring the embalmed head contour, even without allowance 
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for the natural flesh, within the boundary of the mask. In other words, the 
length-breadth ratio of the mask is impossible for the Wilkinson Head, and ac- 
cordingly equally incompatible with those of the Ashmolean death-mask or the 
Chequers Court life-mask. Quito apart from the Wilkinson Head, the distorted 
Ashmolean mask should not be looked upon as really representative of Cromwell. 
Not only has it the wrong proportions fur Cromweirs facc^, but it is in itself crude, 
and coarsely remodel lt*d, especially in the forelusad region, where the difficulty of 
th<! cincture luus been overcome in a manner which has destroyed all the character 
of the frontal. 

(F) The Ashmoleim Bust by Edward Bierce. PlaU*s LXXVll, LXXVIII and 
LXXIX give the full, the three-quarter face and the right profile of this remark- 
able work. On Plate XCVIII wc show the full fiice fittecl with the Wilkinson Head 
(broken lines), and on Plate XCIX the profile fitter! with the bony skeleton of the 
Head (dotted line) and the probable flesh limit (broken line). The fit is wonder- 
fully good, only the fleshy lips which havti been added to the Hoad appear some- 
what too low in the profile. If the Wilkinson Head be Cromwell’s, then it seems 
certain Pierce modelled Cromwell from thti life or from some other bust taken 
from th(‘ life. If Pierce could be shown to have modelled from the life, then 
the Wilkinson H(‘ad can hardly be other than (Jromweirs. 

(G) The Bust in the Library of Kinys OoUeye, Cambridye. Plates IjXXX 
and LX XXI give the full fiic(‘ and profile of this bust. Plates C and Cl show 
drawings of tln^ bust in the like position fitted with tho outlines of the Head. 
In the case of t,he full face the fit is not as good as for the Oxford bust — the wart 
cavity is too high, and the right eye somewhat too low, but the divergence does 
not exceed what wc may term artistic licence, i.e. the bcuuling of nature to suit 
the impression of the subject formed by th(‘ individual artist : the distortion of 
actuality — not amounting to caricature —to emphasise the particular characteristic 
of the subject which has taken possession of the craftsman s niind. In this case 
it is the dominating hca«l tilt. 

If we turn to the ])rofil(^ (Plate (d) wv note that there is excellent facial 
accordance, whether of the bony skeleton, or of the flesh allowances Th(‘ upp(‘r lip 
of the flesh allowance protrudes, but in the (keeper miniature the llesh allowance 
at the upper lip receded behind that of the miniature. It is clear that the Wilkinson 
Head lies between the two artistic presentations, (('f. Plates LVI and (^I.) Again 
the Wilkinson Head rises above that of the Cooper miniature, but falls inside' that 
of the Cambridge bust, and the real head most probably was between the two. 

To sum up this section : we find that even without measurement, but simply 
by super[X)8ition, then^ exists a very remarkable accordanccj between the masks 
and busts of Cromwell and the Wilkinson Head. 

18. Measurements on the Masks and Busts and on the Wilkmson Head, 

Before we place before the reader the result of our measurements, it is necessary 
to explain the senses of the terms we have adopted, and recount some of the 
difficulties of measurement. 
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Plate LXXXIX 


Biometrika, Vol. XXVI, Parts III and IV 

I’l'aisoii ami 7//«’ CionriCill JL-ad 



Full face of the British Museum Wax Death Mask fitted with the facial outlines of the Wilkinson Head. 





Profile of the British Museum Wax Death Head, 

and the average flesh allowance - 



Plate XCI 


Biometrika, Vol. XXVI, Parts III and IV 

IV-aisou nnd Mor.uit : '/'he Ctonnvell Ilciui 



Full face of the Ashmolean Death Mask fitted with the facial outline? 
of the Wilkinson Head. 






Profile of the Ashmolean Death Mask fitted with the profile outline of the Wilkinson Head. 
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Olabella. We use this term in a special sense. Let a plane be taken parallel to 
the Frankfurt hori^zontal plane and tangential to the upper border of the eyebrows. 
The point in which the trace of this plane on the forehead meets the “mid- 
sagittal'' plane will here be termed the glabella. The point thus defined is etisily 
determined on full face pictures or photographs. 

Nasion. The nasion on the Wilkinson Head might possibly bo ascertained, but 
it would not be possible to do this on mjisks, busts or profile portraits. We there- 
fore define the nasion for present purposes jib that point on the trace of the “mid- 
sagittal plane" on the nasal bridge which is nearest to the auricular axis. As the 
auricular axis is not determinable in a profile portrait, w(‘ may say nearest to the 
tragion as an approximation. But the ear is often not visible, or non-existent in 
the photographs of death-masks, etc., in profile. We have therefoni had to proceed 
in another way fco obtain a point oti the nasal bridge. I’his consisted in drawing 
a tangent in the “ mid -sagittal" plane to nose and forehead and obtaining the 
point on the nasal bridge most remote from this tangent, which we can for present 
purposes term the “h)we.st point" on the nasal bridge, i.e. tht‘. point with maximum 
subtense from the above described tangent. This point has to be transferred from 
the profile to the full-face portraits as accurately as circumstances permit. 

To increase the number of available “points" for measurement, we first con- 
sidered the external ocular distance, from external lid-meet to lid-meet — but on the 
Head the eyelids have shrunk so that the lid-meets are not in their natural places, 
and it secTned desirable to have some further measure at the (iye levcd. We 
accordingly took the external orbital distance, from outside orbital margin to orbital 
margin, at the external ocular distance level — fairly possible on the Head, but 
more a matter of guess-work on the masks and busts. 

Length of Mouth. Fairly satisfactory on the masks but doubtful on the Head, 
where the lip-meet on the left side has been torn. 

Lip-line. Easy to determine on busts and masks, but only roughly in the case 
of the Head, being taken midway between the alveolar borders, i.e. between alveolar 
point and intradental. 

Subnasal Point. Reasonable values were obtainable on most of the masks and 
busts, but very difficult to determine on the Head; the subnasal point is })elow the 
subnasale (which is OJisily found on the Head), and forward from it (sec our “mid- 
sagittal" contour, Plate LXXXV). This point on the Head and measurements from 
it are only approximations. 

Gnathion. In the case of living subjects with a flat base to the chin, this point 
is by no means hard to determine by palpation. On the Head the lowest point on 
the mandible in the “mid-sagittal" plane is capable of fairly accurate determination, 
but this does not correspond to its position when the shrunken skin of the Head is 
supposed replaced by living flesh. Further, Cromwell’s chin had no flat base to it; 
it simply curved down to his throat, cloaked in a large amount of flesh (see our 
Plates LXIII, LXVI, LXXIX, LXXXI, and LXXXIII), so that on the portraits 
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(see our Plates XLII and XLITI) as well as on the coins (Plate LXI) any detennina- 
tion of the ‘‘lowest point of the chin” is likely to be subject to large variation from 
personal equation. 

To obtain another measure in the “ mid-sagittal” plane we have taken the 
“beardlot” which is so conspicuous in all portraits of Cromwell; it starts at the 
lower border of the under lip and goes down to the horizontal crease in the chin. 
If, as in some cases, it |)asses to a fine point beyond that crease (see the Ashmolean 
bust, Plate LXXVII), we treat that as hair spreading bc^yond its root. The root of 
the “beardlet” practi(^ally ends with tlu* cn'ase. A good illustration of the normal 
beardlet is that on the C^hequeus (Jourt life-mask (see Plate LXII). The British 
Museum wax mask (Plate LX V) shows the beardlet extending beyond the crease and 
accompanied by hair from the under lip on either side of it. This appears on all the 
death-masks, and probably indicates that Cromwell remained unshaven for some 
time preceding his death. 

Tnterjmpillary Distance. This is again a vague measurement, because in the 
death-masks the position of the pupils and their centres can only b(‘ a rough 
estimate; in life-masks tlu* pupils must be, like the eyelids, put in by the toucher-up, 
and in the Head itself the centres of the ])U])il.s can only be taken by a rough 
approximation as tluj central points of the openings between the lids. 

Centre of the Wart. This is a fairly n^asonable terminal for measurement, 
where it exists, as on the thnit* busts (s(ie our Plates LXX VII, LXXX and LXXXII), 
or on some of the d(‘ath-masks. When* it has been removed, as on the Ashmolean 
death-mask or the British Museum wax mask (s(;e our Plates LXIX and LXVII 
with LX V), it is sometimes fairly easy to determine where it has been by a certain 
small flat area of tlu*. surface. In the case of the Head itself, if it be Cromwell’s, 
then the wart stood where the skin has been broken away over the right eyebrow 
(see Plates XXVI, XXVII, XXX and XXXI), and we thi?ik on that portion of the 
area neanT to the glabella. 

If the readt^r has had the patience? to follow our account of the points used for 
measurements lu* will appreciate how difficult is the task of comparison; and there 
are still further matt(*rs to be taki‘n into consideration. In the first place our measure- 
ments have oft(‘n been taken on the photographs of the masks and busts and ac- 
cordingly the leng ths measured should be* actually or nearly parallel to th(? focal plane. 
If they are not it will not matter if we an* comparing photographic measurement 
with ph()tograj)hic m(?asurem<'nt, but we sliall be liable to some error if we compare 
lengths measured on the Head itself or on the busts or masks with those on the 
photographs. In the next place the busts are not necessarily life size, nor, indeed, 
the masks if they have been through several moulds. Hence it is needful to reduce 
(or enlarge) them all to an approximately common scale; in other words, to obtain 
a multiplying factor for the measurements of each individual portrait. In this 
matter the Wilkinson Head (for most of our measurements except those to the 
gn.athion) may be taken to be of life size, and the Chequers Court life-mask is so 
nearly of the same dimensions that these two have been used as guides to what 
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Not quite Full face of Major A. P. Frankland’s 
Death Mask of Cromwell fitted with the 
facial outlines of the Wilkinson Head. 




Plate XCIV 


Biometrika, Vol. XXVI, Parts III and IV 

I’carson ami Miaanl: I he ( Toinxctl! /ha i 



Full face of the Distorted Ashmolean Type of Death Mask 
fitted with the facial outlines of the Wilkinson Head. 



Plate XCV 


Biometrika, Vol. XXVI, Parts III and IV 
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Profile of the Distorted Ashmolean Type of Death Mask 
fitted with the profile outline of the Wilkinson Head. 
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Full face of the Cast of the Florence Bust fitted with the facial outlines of the Wilkinson Head. 





Plate XCVII 
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Profile of the Cast of the Florence Bust fitted with (a) profile outline - - and 

{b) flesh allowance - - of the Wilkinsofi Head. 
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Full face of the Ashtnolean Bust fitted with the facial outlines 
of the Wilkinson Head. 










Plate C 


Biometrika, Vol. XXVI, Parts III and IV 

IVnison and Moranl : '/'hr Cinnxrrll /ft\hi 



Full face of the King’s College, Cambridge Bust fitted with 
the facial outlines of the Wilkinson Head. 
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is necessary in bringing up to life size the remaining seven masks and busts. 
Besides this our photographs were taken with the addition of a scale in the field, 
but this Wiis found to be only of very occasional service. The method we adopted 
was to take a vertical length and a horizontal length on any mask, and find what 
multiplying factors wore requirerl to reduce these to the corresponding measure- 
ments on the (yhequers life-mask. As a rule the multiplying factors thus obtained 
were close to each other. Their mean was then adopt.ed as the multiplying factor 
for every measurement to be made on th(^ phot()grai)h of that mask. There was 
only one exception to this procedure, namely the death-mask which is a crude 
reproduction of the Ashrnolean death-mask, or of one akin to it. Here it was found 
quite impossible to use a single multiplying factor. The multiplying factor for 
horizonbil lengths was found to be 1*3955 and for vertical Icuigths l !i6S6. It was 
impossible to reconcile these! Tn the retnouldings of this mask by some process 
or other the customary increase of each such change has boon checked in the 
bn^adth, while occurring in the height. We have therefore termiid this mask (see 
our Plates LXXIV, LXX V and LXX VT) the Di.stort(‘d Ashrnolean Mask, and placed 
in the column allott(*d to its measunuiieiits two series of measurements, one due 
to th(5 horizontal and om; to the vertical factor. In the case of the former factor the 
vertical measurements are tuiclo.sed in brackets and in tin' case of the latter factor 
the horizontal ineasununents an^ in brackets. 1'hus all values in brack(^ts should be 
disregarded. We have a striking illustration heri‘ of th(^ difficulty of the (h*omwell 
death-masks. It is ((uite uncertain in the case of any of them that it has been 
taken from the original mould. Accordingly b(\side the great room provided for 
personal t*(piation in taking the photographs and ihi) m(‘.asnremcnts we cannot 
deal really with absoluU? size.s. In fact the Wilkinson Head and the Checpiers 
Court life-mask, upon which vve have taken the actual measurements, seem to be 
the only n^al relics approaching true life sizc^, so that measurements on photographs 
are as valid as on the originals, because in both cases it is actually only relative 
measurements that we arc able to considcT. With these preliminary statements 
we place Table I before tin* n*ader, giving our attempts at comparing by measure- 
ments the Wilkinson Head with tlu^ masks and busts. After what has been stated, 
we feel that the task of taking a really accuratti set of measurements on the? 
material is an extremely difficult one; we should prefer to call our values fiurnerical 
appreciations rather than measurements. As we might anticipate, it is the lengths 
measured to the gnathion which show the greatest differences bcitween the 
Wilkinson Head and the masks and busts. Since none of the measures could 
be guaranteed to one or two millimetres, it appeared worth while taking the 
means of the mask and bust measurements and placing them alongside the Head 
measurements. This is done in Table IT. 

Now if we examine these measurements we see that the most divtTgent arc 
those to the gnathion. Cromwell, to judge from his portraits, had far greater thickness 
of flesh below his mandible than the average, say 8 to 9 mm. (instead of the usual 
5 mm.) or measured, not from the bone but from the embalmed skin, say about 7 mm. 
This must be added to gnathion measurements. Now the mandible hfis been displaced 
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TABLE II. 


Final Comparison of the Wilkinson Head with Masks and Busts, 
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to a small extent by the forcing in of the spike. The third molars on the right 
side can bo separated by about 1'5 mm., and allowing for the perishing of the lining 
of the dental socket on the upper jaw where the molar is h)ose, this would signify, 
perhaps, I mm. in life, and some mrn. at the alveolar point. We should there- 
fore get an excess of about 4 mm. in the living measurements to the gnathion 
over those in the embalmed Head : this is in accordance with the observations. 
Remembering that the ‘Mip-line^’ is a very vague measure on the Head, we should 
expect the measurements to the lip-line, taken as half-way between the upper and 
lower alveolar borders, to be one-half ll mm. in excess for the Head = 1'5 mm. The 
glabella to the lip-line is 98T for the Head and 145 mm. in excess, and the 
nasion to tbe lip-line 1 mm. in excess. If the mandible is 8 mm. too low, we 
should expect any measurement not affected by the shrinkage of the flesh to be 
also 3 mm. in excess for the Head. The glabella to the lowest point of the beardlct 
root is 3*9 mm. in excess. The nasion to the beardlet root is 2*9 mm. in excess. 

Considering the vagueness of the points between which measurements have to 
be made and the obvious liability to error, it must be admitted that t he accordance 
between the mean of the masks and busts and the Wilkinson Head is astonishing. 
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Shall we accordingly assert that the Head must be Cromweirs ? We will leave 
the answer to that question to be reached by the reader who has examined the 
evidence. We do not know how variable may be the characters we have examined 
in individuals of the same race. What we do assert, however, is that the measure- 
ments of the Head differ less from the means of the corresponding measurements 
on the masks and busts than these latter differ among themselves. In other words, 
there is no measured character of the Head which can be produced as evidence that 
it is not GromwelVs head. To those who, without seeing the Head, speak of it as 
“fraudulent moonshine” we can only retort that their opinion is “idle moonshine”; 
the problem cannot be treated in that way. To those who have seen the Head and, 
without thinking of the shrinkage of the liesh, judge by appearance that it is quite 
a different head from that of Cromwell, we reply: Look at the head and skull in 
Plates LXXV— LXXVII, and note what a difference the flesh makes in the tracings 
on Plates XCIX and Cl. Such judges too often have seen only, or arc thinking 
only, of the Cromwell of Cooper or pseudo-Cooper miniatures (see our Plates XLIl, 
XLV and XLVl), but there is as well the Cromwell of the Walker paintings, and 
the same mandible must have been behind the chin of both. If both are true to the 
living man, then the “s(|uare jaw” of Cromwell was muscle or flesh, not bone, and 
due to the development of puttiness with oncoming age. If the W’alker portraits 
clothe Cromwell’s jaw with the ordinary amount of flesh, then their mandible could 
certainly be contained inside the s([uare chin of the Cooper miniatures : but if these 
miniatures show a S(|uare mandible covered by an ordinary aniount of fl(?sh, then 
that mandible could not possibly be screened under the chin of Cromwell as painted 
by Walker ! The Walker paintings seem to us to indicate that Cromwell had not 
a massive square jaw, as far as his facial skeleton was concerned. We do not overlook 
the personal tendencies of Cooper and Walker. The former may have had some 
propensity to round his faces and s(juare their chins, the latter to lengthen his 
faces and narrow their chins. The portraits of Iretf>n* and Lambertf by Walker 
prove, however, that he did not narrow all his chins. Hence we are bound to con- 
clude that Cooper in the case of Cromwell either painted what was before himj, or 
that he was markedly astigmatic. In tln^ former case thc^ apparently massive sejuare 
jaw of Cromwell is the result of puffiness. In the latter it is an idiosyncrasy of 
Cooper. Whichever alternative we adopt, it cannot be raised as a fundamental 
objection to the Wilkinson Head. 

Neglecting the inconsistencies of the painted portraits and basing our judgment 
solely on the evidence of masks and busts, we find nothing improbable in the 
Wilkinson Head being that of Cromwell ; on the contrary, a very considerable 
probability. Taken in conjunction with the attributes of the Head itself, wc appear 
to have what Bernoulli and Buftbn would have termed a “moral certainty” that 
the Wilkinson Head is the actual head of Oliver Cromwell. 

* In the poBsossioii of Mrs Polhill- Drabble at Sundridge. 

t In the National Portrait Gallery. A further good exaniplo is Walker’s portrait of Riohard Cromwell 
at Chequers Court. 

X This alternative seems to have the support of the British Museum wax mask. Cf. our Plates LXV 
and XLVI. 
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SECTION V. 

19. Conclusions, 

The following paragraphs will siiiriTiiarise the results which seem to us to flow 
from our investigations. 

(i) There is no reason whatever for doubting that the bodies of Cromwell, 
Bradshaw and Irefcon were buried in Westminster Abbey; that their coffins were 
taken up and drawn on sledges to Tyburn ; that they were tht^re pulled from their 
coffins, hung on the triple gallows, and, after their heads had been crudely chopped 
off, the trunks were buried at the foot of the gallows. Whether at any later time 
they were exhumed could only be determined if the sepulchni at Newburgh Priory 
were opened and tho. headless embalmed body of Cromwell found to be there*. 
The record in the Speaker’s Library at the House of (Virnmoiis (see our Plate X) 
indicates that the Sheriff of Middlesex far exceeded the order of the (Convention 
Parliament. 

(ii) The heads of Cromwell, Bradshaw and Treton wen^ placed on the' south or 
farther ” end of W(\stminster Hall. Cromweirs was, we think, towards the cast, and 

Ireton*s to the west, Bradshaw’s on the pinnacle. This assumes that the heads faced, 
as they faced (ffiarles I at his trial. The possible western position of Cromwell’s head 
is linked with the position of the tavern calle<l Heaven.” 

(iii) Cromwell’s head was certainly up in l()8l, although Flatman possibly 
mistook Bradshaw’s for (.h’omvveU’s. It remained there till 1C84, and most probably 
to the end of dames IPs reign, when it disappeared, possibly thus creating the 
superstition which Grosshy found prevalent among the English commonalty. 

(iv) The next appearance of a head (not skull) asserted to be (Cromwell’s is in 1710, 
in the museum of Du Puy, who considered it the most curious of his many curiosities. 
Yon Uffenbach’s description of it tallies with what we know of the Wilkinson 
Head. Du Puy died in I7il8. We do not know whether the Head passed from 
his keeping at that <latc or earlier. 

* A very definite statcnicnt is made by Waylen {The Home of Cromwell, Edn. 1S97, p. 224) that 
two at least of the bodies were recovered by friends and carried off “as proved by Mr (Godfrey Meynell’s 
discovery of the coffins of Ireton and Bradshaw in the vault beneath Mugginton Church in Derbyshire.” 
Mugginton is close to Little Ireton whence the Ireton family sprung and near to Marplc the seat of the 
Bradshaws. The Rev. Godfrey Meyuell died in 1854. Waylen gives no reference to the source of his 
information. We have taken some trouble to discover the origin of ibis statenicTit, but in vain. Cox in 
his Churches of Derbyshire, Vol. iii. p. 223, speaks of a legend of this burial, but without reference to 
Meynell. The great-grandson of the antiquary, General G. Meyncll, who is in possession of the papers 
of his great-grandfather, most kindly looked through them, but could find nothing about the asserted 
discovery, although one vault was visited in 1817 by the Ilcjv. G. Meyncll, and ho found therein the 
body of Sir Thomas Sanders, M.P., of Little Ireton, who was a Colonel of Cromwell’s Ironsides. His 
granddaughter Elizabeth Sanders was the third wife of John Mortimer, M.P., F.R.S., whose son. 
Dr Cromwell Mortimer, was the well-known secretary to the Royal Society (see our p. 298 and Plates IX 
and XI). His only claim to the name Cromwell was that his father's first uife was Dorothy Cromwell, 
the daughter of the Protector Richard. 

We have thus been unable to reach any basis for Waylen’s statement. Its confirmation or refutation 
would be of value, but in the light of our inquiries the former does not appear probable. 
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(v) What is in all probability the Du Puy head of Cromwell reappears in the 
possession of an impecunious and bibulous actor Samuel Russell at, or shortly before, 
the date 1775. His accounts of how he obtained it are inconsistent, and we have 
not been able to find any evidence for his descent from the Fordham or Chippen- 
ham Russells. How he got possession of the Head remains unsettled. 

(vi) The tale that it was picked up by a sentinel on guard at Westminster 
Hall has no element of improbability, but also has nothing to substantiate it 
except a severe fracture of the occipital, which might have arisen from a fall on to 
the roof or leads of the buildings at the south end of the Hall. 

(vii) From 1775 (or 1773) the history of the Heiid is clear to the present date. 

(viii) The Head does not come in touch with anyone in the least likely to have 
had the ability to produce a plausible forgery before the time, 1799, when Cox 
sold it and Cranch embellished its story. It would have required an incredible 
amount of skill and historical knowledge, which it is certain that even Cranch did 
not possess, to reproduce so closc^ly a head which in its measurements and extcjrnal 
attributes is so like that of Cromwell. Such a forger would also be extraordinarily 
likely to make a fatal mistake such as cmbaltning the head after decapitation, or 
removing the skull-cap after embalmment, or severing the head from the trunk 
in a less crude manner than the executioner did. Therc^ would bo no sixfold cere- 
cloth to check his blows or screen tluj nock. We have* not the slightest hesitation in 
asserting that the Hoad is that of a person who had been embalmed and decapitated 
after embalmment, and that the Head has been exposed long enough on an iron 
spike fastened to an oak pole for the pole to rot and the worms to penetrate pole 
and head. It is what its externals proclaim it to be, a genuine Head carrying much 
of its past history with it. 

(ix) It seems impossible to think of any likely ‘‘head of some decapitated man 
of distinction” fitting the conditions other than those of Henry Ireton or of 
Oliver Cromwell. I'he former sticms excluded by the frontal breadth and probable 
age at death of the former owner of the Wilkinson Head. 

(x) We can find no external characters, nor any measurements which wo have 
found it possible to take, which contradict the hypothesis that the Head is that 
of Cromwell. 

(xi) The defective history of the Head hinders the deinomtration that it is 
Croin well’s, but many a man has been hanged on a smaller amount of circumstantial 
evidence for his crime than exists for the identity in this case. The probability 
for the identity is so convincing that any critic need not be considered who cannot 
produce a higher probability that this Head must be that of another embalmed 
and decapitated person of the seventeenth century. Who was he, and do his busts 
or portraits fit to a higher degree this Head? 

(xii) We started this inquiry in an agnostic frame of mind, tinged only by 
scepticism as to whether the positive statements made in the past with regard to 
it were not based solely on impressions unjustified by any attempt at a scientific 
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investigation. We finish our inquiry with the conclusion that it is a “moral 
certainty” drawn from the circumstantial evidence that the Wilkinson Head is 
the genuine head of Oliver Cromwell, Protector of the Commonwealth. 

20. Achiowledgments of Aid. 

It is impossible to conclude this memoir without expressing our most cordial 
thanks to the many who have aided us t‘ith(‘r by answers to our irnpiiries or by 
most kindly placing at our disposiil their Cromwellian treasures; without their 
aid our task wouhl have been impossible'. Iii the first place we are indebted to 
the Director and Staff of the National Portrait Callerx for their ready assistance; 
to the authorities of the British Museum, especially of the De[)artments of Prints 
and Coins, for help ; to the Clerk of the Privy Council, to the Staff of the Record 
Office, and to the Keeper of the Western Mamiscri])ts at tin* Bodleian for aid in 
our search for the Proceedings of the Lords of Council during the Protectorate 
of Richard Cromwell; and to the Mjirquis of Bath for a vain seai'ch for the lost 
volume after we had located it finally as btung formerly in his possession. To the 
late Keeper of the Ashmolean Museum wc are indebted for photographs of Edward 
Pierces bust and of the death-mask of ( 'romwell, as well as for answers to several 
(juostions. To the SjKiaker of the House of Commons for facilities for photographing 
the original resolution in his Library for the disintc'rment of the bodies of Crom- 
wcill, Ireton and Bradtshaw. To the Prime Minister for obtaining {X)rmission from 
the Trustees of Che(|uers Court for us to photograph some of the (/romw(.‘lliar}a in 
their keeping, and for his ready personal aid in the nctiud procciss of photography. 
To th(i Keefier of the London Museum for p(*rmission to reproduce some of the 
pictures and prints ir) the Tangyti Collection. To the Duke of Devonshire, the 
Marquess of (Jre.we and Viscount Harcourt for ptu'mission to repr<3duc.(‘. their 
miniatun'S of Cromwell. To the authorities of King’s College, (v^ind)ridge, for 
permission to photograph th(i bust of Cromwell in their Library. 'Po the custodians 
of Warwick Castle for information as to the (h-ornwelliana Ukuh^. To Messrs,!. H. 
Oldham and Pilcher, for photographs and measurements on the death-mask of 
Cromwell in the Library of Shrewsbury School. To Dr d. Bell for nunuirous searches 
in the British Museiim Library. To Major A. P. Frankland, D.S.O., for per- 
mission to n'produce his death-mask of Cromwell. To Mr and Mrs R. B. Polhill- 
Drabble for much information concerning their portraits of Cromwell and Ireton. 
To Sir John and Lady Ptiynti-Gallwey for particulars as to their picture and 
miniatures of Cromwell. Wo have also to thank for very special help the Rev. Paul 
Cromwell Bush, who took very great pains to give us information with reg.ard to 
his Cromwelliana. We owe our thanks to Mr A. If. Cerriird for information with 
regard to the state and preparation of death-masks. We further acknowledge the 
aid of Dr A. Davin, of the Linen Institute, Belfast, in preparing mi(jrophotographs 
of cotton and flax fibres ; of Dr Dudley Buxton, of the Anatomical Department 
Oxford, for work connected with skull-caps and Pacchionian <leprcssions ; and of Sir 
Arthur Keith for a letter regarding the skull-cap of the Wilkinson Head. 1\) Major 
Charles ffoulkes, Curator of the Armouries in the Tower, for information as to pikes. 
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To Messrs P. and D. (Jolnaghi and Co. for permission to reproduce their engraving 
of the Duke of Buccleiich's miniature of Cromwell. To the Town Clerk of the City 
of Westminster for permission to examine the old ratebooks of the City. To the Rev. 
G. A. Sykes, Rector of Mugginton, General Godfrey Meynell of Meynell Langley 
Mr Williamson, Curator of the Derby Museum and Mrs Hermione Money for 
answering various questions as to the statement that the Rev. Godfrey Meynell 
had discovered the coffins of Bradshaw and Ireton in a vault of Mugginton Church*. 
We have to thank Dr Jjaurence and Miss L. M. Tildesley, of the Royal College of 
Surgeons, Dr Thomas E. Anderson and Dr G. M. Duncan, of the Aberdeen Royal 
Infirmary, Professor Sir Flinders Petrie and Dr M. Murray for aid in a variety of 
ways. Lastly we owe a great debt to the able assistance of Miss Ida McLearn 
(Mrs Praser Larmor) and Miss Mary Kirby for their drawing work in connection 
with the fitting of the Head. 

Appendix. See Footnote, p. 348. The following reference to a Florence 
portrait of Cromwell occurs in An Essay towards an English School with the Lives 
and Characters of 100 Painters, which is appended to the English translation of Roger 
de Piles’ The Art of Painting, 170(5: 

MR. ROBERT WALKER was an PnijUah Eacc-Piiintnr conteiniJorary with Van-I.)yck, and 
whose W('rks hy tlie Life, iu^st speak their own praises. H(^ lived in Olivfr CromwdVs Days and 
drew the Portraits <»f that Usurper, and all his Offieers, h<»th hy Sea and Land. 'Phe Oi*cat l)uk(i 
of Tummy lM)ught an original of OHm' hy tliis inaste-r tlie manner thus. Having sent over some 
agent hero to purchase such a Picture for hini, the J^erson could light on none to his mind for a 
long while, till at length hearing of a Woman, a relation of the Usurper’s that had one, he went 
to see it, and found it, in all resp(‘ots, so well performed, that ho bid her a good Price, for it. Sh(', 
not wanting money, told him, siiaa^ slu? had the Honour to Ik* related to tlui Protector, shci would 
hy no means part with his Picture; hut the gentleman still insisting u])on having it, and desiring 
her to set what Price she pleased u])on it, she thinking to g<*t rid of his Importunity by exorbitant 
Demand, asked him HOO^. for it, when, contrary to her Expectation, he told luu’ she should have 
it, and accordingly paid down the money immediately, which she being bound by her Word to take, 
partml.with her Picture even with regret, tho’ at so gnsat a Rate. Tin’s is to be understood to liave 
happen’d in the Protector’s Life-Time. 

Thus wc have evidence of a portrait of Cromwell being in the possession of the 
Grand Duke of ’Puscany in 170(5. Unfortunattdy the writer attribute.s it to Walker, 
not Lely, to whom the “ancient” catalogue of the Pitti collection and the style 
agree in attributing the Florence portrait. 

* We still believe that historical research dcniauds that the vault under the chancel of this cliurch, 
and probably entered from out.sido the church below the visible base of the south wall, should be investi- 
gated, and with the same end in view tho truth of the legend that CroniweH’s trunk was taken out of the 
Tyburn pit and conveyed to Newburgh Priory should be settled by examining the vault in that house. In 
the latter case it might turn out that the vault contained not the trunk, but the ejecta including the 
heart of Cromwell (see our p. 295). A letter to Newburgh Priory, asking whether an investigation could 
not now be made, met with the same courteous refusal that the late Sir (ieorge Wonibwell gave to King 
Edward VII. The tradition kindly provided of how Cnunwcll’s trunk came to be in the vault was, how- 
ever, clearly erroneous. 
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CONTRIBUTION A L’ETUDE DE LA TH^IORIE 
1)E LA CORRELATION. 

Par CAllLOS E. DIEULEFAIT. 

I. 

Int7'oductio7i, La correlation (ist line relation inl erin6diairc entre la clependance 
stochastique et la correspondance fonctionrielle. 

Quand la correlation existes au sens de Galton-r(\'irson, (die entraine la depen- 
dance stochastique et elle s’approche, plus ou nioins, a une relation fonctionnolle. 

La dependance stochastique est la base pour la description de la correlation et 
la relation fonctionnellc, Tetalon do sa inesure. 

Toutes ces donnees (description et mesure) sont diHenninees quand on connait 
la fonction do la surface de correlation. 

Mais les surfaces de correlation connues sont en noinbre assez liinitcH‘s, ayant 
^choue lesprocedas parallMes k ceux avec lesijucls K. Pearson a trouve son repertoire 
dcs fonctions des freejuences d’une seule variable. 

Par cette raison, on reinplace I’etudci des surfaces par des (;alculs directs sur les 
tableaux ou le doniaine des elements. Les equations de regression, do sedasticite, de 
sym6trie et do normalite luVs (clitics et kurtics) sont, (‘n sonime, un ensemble de 
relations signaleti({ues de la dependance stochasthpie entrainees par la correlation, 
mosur(5o celle-ci au moyen des deux coefficients de Pearson: et. 7 ;;^. 

On sait que cst coinpris entre 0 et 1. 

Pour une form(*> determinee de dependance stochastique, la variation de if nous 
donne une famillo de surfaces. A tiu^sure que 7f s’approche d(' runil/^, les surfacjos 
individuelles correspondautes tendent a une surface cylindriqiui (pii est Timage 
d^une correspondance fonctiomuille de forme biunivoque. 

Mais la cormaissance de la valour de if ne suffit pas pour determiner la forme 
des surfaces correspondanles <iui no forrnent plus uni' famillo au sens mathematiqiie, 
ainon un ensemble de families. 

Si rdtude quo Ton fait a seulement pour objot la prediction des valours dcs 
autres ^li'unents quand Tun deux a 6te fixe, la valour do if suffit presque toiijours, 
et dans tons les cas semblables on suppose ijue Ton se rapporte ii la surface bien 
connue de Gauss-Bravais. 

Mais dans les questions biom6triques dans lesquelles aux erreurs accidentelles 
s’ajoutent dcs variations individuelles, la description du phenoinene est aussi 
importante que la mesure de Tun de ces facteurs. Nousdevons souligner ipic cettc 
description n est pas faite dans le sens qualitatif ni non plus dans le sens m6trique, 
sinon dans le sens fonctionnel. 
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Decrire une correlation signifie dormer (en defaut de la fonction do sa surface) 
uri ensemble de relations fonctionnelles : Equations s6dastiques, kurtics, etc. 

Habitiiellement pour la determination dea fonctions descriptives de la corre- 
lation, on doit opdrer avec des calculs tres penibles sans Taidc de formules 
siinplificatrices. Mais on peut se demander si Ton ne pourrait pas faire un < 
classeinent des surfaces au moycn do quelques elements caracteristiques des memes, 
etant donne quo retudo dirccte dos surfaces presente de grandes difficultes. 

C’est justement eette question qui fait le point de depart de ce travail au cours 
du(|uel nous croyons pouvoir donner les bases pour obtenir un repertoire de surfaces 
de correlation. 

L’eiement systematique quo nous avons utilise pour cettc etude a 6t6 le 
developp(*ment en serie des polynoines orthogonaux. On a choisi comme les elements 
plus caracteristiques des surfaces les fonctions ties frequences marginales, obtenant 
ainsi rexpression forinelle de la surface ail moyen d’une serie double avec des 
coefficients quo Ton calcule tres facihunent par la methode de Fourier. Ces 
developpements, d’ailleurs, sent connus dans deux cas particuliers, c'cst kdire, pour 
les surfaces du Type A-A et J^-B, mais la fa(;on dent nous les introduisons est tout 
k fait g6n6rale et comprend ceux-ci. 

Dans la seconde partie de ce travail nous traiterons ces developpements en 
general, c’est a dire, sans specifier la forme des fonctions do frequences marginales. 

C est ce procedi‘ (|ue K. Peaison a suivi, le premier, quand il donna les formules des 
rt^gressions paraboliques ju.s<[u’au quatrieine degre, en utilisant les rnethodes de 
generations orthogonahjs d(‘ J. P. Gram. Nous montrerons aussi (pie les developpe- 
ments donnes pour les lignes de r(*gression d’un degre (pielcoiKjuc par J, Neyman 
sent do la riuune nature (it (pi’il a fait appel aux polyn6mes orthogonaux, (pioiqu’il 
ait declar(5 qu’il se passerait d’eux. 

Comme r(5sultat de notre nuHliode il sera tres facile (tenant compte des 
gt'm^ralisations dtis courbes de Pearson, faites par Romanovsky et par nous avec 
des precedes diSerents) de donner un repertoire dt's surfaces de corrt^lation. 11 ne 
faudra pour cola (|ue substituer aux fonctions marginales indetermimaes les fonctions 
de Pearson. 

Mais il est necessaire, des mainteiiant, faire une observation importarite. Nous 
croyons, avec le professeur K. Pearson, que la generalisation des fonctiims do 
frequence est tres discutable, au double point de vue de la 16gitimite mathematique 
et de Tavantage statistupie de nous conduire a une plus grande exactitude. Ces 
g(!in6ralis€ations dans la nmthode (pie j’exposerai ne pr^tendent pas contredire ces 
principes qui remonUiiit d6ja aux objections que Cauchy opposa a Bienaym6 au 
sujet de la m6thode des moindres carres. 

Les generalisations des courbes de Pearson sont un auxiliairc utile pour T^tude 
des surfaces de corr(51ation et de ce point do vue ces courbes montrent leur 
superiority par rapport au d6veloppement on serie de la statistiqiie k une dimen- 
sion du type de Gram-Charlier et Poisson-Charlicr. 
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En effet, on pourniit faire la classification des surfaces au rnoyen do freqiKUici:!; 
marginales, ces frequences etant representees par des series dii type A ou B do 
Charlier, mais alors le d6veloppeinent pour la surface parai trait assez cornplique et 
moins riche en consequences. 


Les developpements des functions de frequences en series de polt/nonies orthogomiux, 

Cette partie de notre travail a pour objet de faire uii bref expose que noiu^ 
utiliserons dans les calculs de correlation. 

Occupons-nous d’abord de la laethode de Tschebysehew. Soit les variables 
iVi, xty ^ 3 , Xn auxquelles correspondent les frequences yi, yzy ya, //« avec les 
poids pi, p 2 , Pa, ...yPn respectivernent. 

Si r bn ecrit: 

jP ( it;) = rto Fq {x) + til Fi (x) -h -f- (lib Ff; (x) ^• < — 1 , 

les Fi(x) etant des polynomes orthogonaux en x de degre i, e’est a dire tel (pic 




alors la condition pour que: 


[yt-FMfp, ( 1 ) 




soit un minimum, est accomplie si Ton prend pour la valour (pii fait: 


dS-i 


" - 0 , 


cc qui conduit Ji: 
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^ ViluFtiiCi) 
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Pour obtenir alors les polynomes Ff(x), Tschebyschew fait appel aux propri(^tea 
des fractions continues*, trouvant pour eux la suivante fortnulo r6carrente: 

(X;\ + l) 


Fk+i(x) = Fk(x) 


bicn entendu que Ton ait: 


(X; X) 


I (X-1;X) ] (X;X) 

+ (x3i;X-T)J ' (X^TTX - 1) 


(X; X') = S PtF;, (Xf) Fy (x,). 

Si la variable x 6tait continue avec les valours correspondantes de y eb les 
poids p(x), alors on pojarrait conserver les id6es de Tschebyschew simplement en 
rempla^Jint Tant^rieure condition des moindres carries *f“ par cette autre que: 

= I [y - F(x)]*p (x) dx 

soit un minimum; I’int^gralo 6tant prise dans Tinbervalle de variation de x. 


* Consulter A co Hujet la note de IsserliB dans Biometrika, Vol. xix. p. S7 : “ On Ghcbyshell’fi 
Interpolation Formula.” 

t V. Oamillc Jordan, Coura (VAnalyae (1918), Tome ii. p. 301. 

Biometrika xxvi 25 
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Pour trouver les polynomes il suffirait d’6tendre au champ continu le 

raiaonnement fait par Tsch^byschew dans le cas ant6rieur. 

Dailleurs ces resultats d^coulent dii fait bien connu de Tanalyse que si Ton 
d^veloppe en fractions continues la function: 

f* pip) 


z — X 


dx, 


lea denominateurs des r6duites successivea pourrorit etre calculus directemcnt en 
donnant des polynomes qui seront justenient ceux que Ion cherche, parce qu’ils 
v6rilieront la condition d’orthogonalit^. pond<5ree : 

w. 

les Fn (oc) etant pr^cisement les d6nominateur8 des r^duites. 

Comme expression do ces polynomes Fni^^) on aura: 




1, 

X, 

IX?, . 




^n(^) = 

ryio, 

nil, 

m^, 


(3). 



mn-i, 

nin, 

nin^i. 

m,n-l 


oil: 



[h 

/ p {x) dx 

J a 


(3'). 


qui est le moment d’ordrc s. 


On peut v6rifier que les determinants (3) ^tudids par Jacobi, qui a d6montr6 
leur formula de r6currence* , accomplissent la condition (2), car si Ton multiplie les 
deux membrea de la forrnule (3) parp(iF)/L^; (^ = 0, 1, 2, yt — 1) et Ton integre 
entre a et 6 on trouve : 


rb 

p (x) Fn (x) X^dx — 



rHs+l> 





mi, 

7?l2, 

nin 

•(4), 

nin—ly 

win, 

Wln+1, 

m2n-l 



et ce determinant ayant deux lignes egales sera nul. 
Alors si nous supposons 




et Ton donne k s dans la formule (4) les valeurs 0, 1, 2, en multipliant 

chacune de ces 6galit68 par a*, 2 i respectivement et ajoutant on 

arrive k la formule (2). 

On pourrait remarquer aussi, en passant, que si les polynCmes 

Xoia;), Xi(x), ...,XnioD) 

sont orthogonaux avec un pdle p (x), ces polynomes pourront toujours 6tre mis 
sous la forme des d6terminants (3) multiplies par line constante. 


* Voir, par exemple, F. Pascal, I Determinantij Milano, 1922. 
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Rdciproquement, si les polyn^mes Xq{x\ Xi{x\ Xn{x) peuvent se mettre 
sous la forme des determinants (3), ces polynornes determinent une fonction p {x) 
avec laquelle ils seront orthogonaux. 


Pour demontrer la premiere de ces propositions, siipposons que: 


Oil Xf (tC) = 0 "i" 2 ^ • • • 4" j 

On aura alors: 


(5). 


h, i = «o, 0 f p (os) Xi dx = 0, 

J a 

[ P (os) Xi dic + [ p (oo) Xf xdx = 0, 

J a J a 

Ch rb rb 

l 2 j = o) 2 ,o p(x)X^dx-i- 0 ) 2^1 p(x) X^ xdx + 0 ) 2^2 p (x) X^ x^dx — 0, etc., 

J a * J a J a 

d\)u Ton deduit (jue: 

I J>(x)Xi{x)x^d(c = 0 (.s = 0,l,2,..., 

J a 

Alors si nous multiplions les deux rnembres de la formule (5) par p(x)afdx 
et nous integrons, nous aurons, en tenant compte des formules (6) et (3'): 

0 + W;, 1 mi + . . . 4- CD^, i nif = 0 pour s = 0, 

0 -f 1 wif + . . . 4" (Of, j = 0 pour « « 1, 

m^-.i 4“ 1 m^ 4” ••• 4“ msy—i = 0 pour s = jf — 1. 

Et si Ton ajoute a ce systeme Teejuabion formec avec le polynorne X^ (x) de la 
forrnule (5) niultipliee par une constante en 61iminant les cette eijuation 
pourra s’6crire : 


{x) = kj 


1, 

Xy 

X^y .. 

x^ 


rrio. 

mi. 

ma, .. 

m, 

-0 

m^_i, 

m,, 

m^+i, 

‘ • 1 



Si dans le polynorne (5) alors k^ sera le mineur compl6mcntaire do Xj, 

Dans le second th6oreme la succession Ao, Xz, Xn(xX admettait la 
forme des determinants (3). On connait alors ces moments m^ par rapport un 
p61e p(a) jusqu’ici inconnu, rnais les donnees des moments determinent le pole; 
done, le theoremo est vrai*. 

Alors, au fond, toute la question de Torthogonalite des polynornes JTo, Ai, 
Xzy Xnt se r6duit k la possibilite ou non pour que ces Xg puissent secrire 
sous forme des determinants du type (3). On sail (jue ces (|uestions pourraient 


* Voir G. Castclnuovo, Calcolo delle ProhahiliGi^ 1919. [This statement is not quite correct, real 
moments are subject to a series of inequalities: see Biometrika, Vol. xxi. (1929), pp. H61 — 375. En.] 


o 
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aussi so rattacher a la theorie des Equations diff6rentit‘llcB ct int6grales, mais nous 
devons nous con tenter dcs reinarqucs d6ja faites, ne desirant pas sortir du n^cessake 
pour notre expos6 purernent statistique. 

La ineth(jde de Tsch^byschew etant donnee, on a voulu presenter les resultats de 
son application d’un point de vue elementaire, cost a dire, pouvoir construire 
edectiveinent des polynoraes orthogonaux sans faire appel a la theorie des fractions 
continues. Telle est par exeinplc la position du Prof. K. Pearson* quand il utilise 
la generation de J. P. (jlrani et aussi — d autre cote — colic du Prof. Ronianovskyf . 


Nous allons nous occuper dcs calculs de Gram. Nous suivons pour cela le 
c61ebre nnunoire de K, Ptiarson quo nous exposerons uniquement dans I’essentiel. 

Soit la function >/r {x) et {a, h) son intervalle. On veut determiner la succession 
des polynOmes J5o (a?), Bi {x), (x), . . . , tels cju’ils soient 


(x) Bg (a;) B,' (x) dx 


= 0 pour s ^ s' 
^0 „ s=^ s 


.(7). 


On pourra prendre Bo{x) = 1 pour satisfaire ainsi la condition de probabilites: 

yjr (x) dx = 1 
J a 

et nous ecrirons: 

Bi((x) =s a^, Q Bq + a*,! + ... Bg-i -Ha?* (8) 

si Ton veut d6finir dcs polyn^mes, ou bien en changeant par fji>g(x) comme a fait 
Romanovsky, 6tant dcs functions univoques, par exemplc (;;;) = sin x, etc. 

En multipliaut la formule (8) par yfr (x) Bf^ (x) dx ct cn inU'^grant on aura, en 
tenant cornpte do la formule (7) et posant: 

[ yfr {x) Bs {x) Bj (x) dx = {Bg Bj\ 

J a 

pour s' =0 0 = a,, 0 (Bo Bq) -f (x^ Bq), 

pour / =1 0 = 1 (Bi Bi) + (x^ Bi), 


pour «' = 5 — 1 


(^«-i Bg^i) 4- (of Bg_i\ 


On obtient alors: 


et cn substituant dans la formule (8) : 


B^) 

(BiBi)' 


i^o {Bi Bi) 


(9). 


Observons en passant que K. Pearson en adoptant cettc m6thode pour les 
calculs des lignes de regression paraboHque retient la fonction ylr{x) comme la 


* Voir Karl Pearson, “On a General Method of determining the successive terms in a Skew 
Regression Line,” Biometrika, Vol. xiii. July, 1921, p. 29C. 

t Voir V. Romanovsky, “Note on Orthogonalising Series of Functions and Interpolation,” 
Biometriku, Vol. xix, July, 1925, p. 93. 



Carlos E. Dieulefait 


385 


foiiction marginalo des frequences des x et qu’il aboutit k des lignes de regression 
jusqu'au quatrieme degr6. Si Pearson avait precise, meme cn hypothese, des formes 
speciales pour ces fonctions inarginales, qu’il aurait pu prendre de son classique 
repertoire des courbes, ou bien 8*il Ics avait cxprim6eH faisant rccours aux deter- 
minants du type (3), alors les fonctions orthogonales auraient acquis une grande 
souplesse et ses calculs auraient gagne au point de vue pratique et theorique. Nous 
reviendrons sur cette remarque en faisant aussi reference a un autre memoire, cclui 
de J. Neyinan, dont nous nous occuperons eii particulier. 

Quaiid, etant doniiee une fonction yjr^x), un intervalle («, b) e‘t une succession de 
polynomes jPo> ^ 2 i ••• j (^)» ••• orthogonaux avec le noyau yjr (.r), on se propose 
en analyse de developpcr une certaine fonction arbitraire /(./;), on part du de* 
veloppernent: 

/ (x) = aoJ^d (x) + «! Pi (.r) 4- . . . -h a,! Pn 4* (f d), 

et en lui supposant un sens legitime, on calcule K's par la rnethode de Fourier, 
et Ton obtient : 

f f{x)y\t{x)P,{x)dx 

I y[r (x) P/ (x) dx 

J a 


Kn statistic jue les f(x) sont des fonctions de frc^cpience experinuui tales et les 
noyaux yjr{x) des lois de probability; e’est k dire quo souvcnit on pent, par ajuste- 
rnent des /(.'/’), obtenir des yfr (x) qui pourront nous donner des vaUnirs approchecs. 

C’est ainsi (jue J. P. Gram et Charlier out choisi, pour representer certaines 
fonctions de freciuence f(x), Ic noyau ^o(^) donne par la forrnule d(5 Ijaplace, et 
au lieu du developpement (10) ils sont partis de: 


ou: 


/ (x) tto yjro (x) 4- «i (x) 4- «2 (‘^0 4" ... 4- a, (x)-i- (II), 




1 

. -- e 

V27r 


.r" 

2 


f- CO 
(4- Z) 


et \lr^i^(x) — '\lro(x)H^(x) (12), 

les Hg{x) sont les polynomes d’Herrnitte multiplies par (— 1)'*. 

Grjice a la forinule (12) le developpement anterieur pent s’ecrire: 

y (x) ~ yjtQ (x) [«o 4- Ui Hi 4- «2 ^^2 + . . .] 


et conime Ton sait que: 




0 pour s = 

un simple recours k la methode de Fourier conduit a la determination des 
coefficients, par la forrnule : 

f + OO 

f{x)Hs(x)dx 

J ~cn 


[ dx 

J -00 
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Ce d^veloppement, comme tous les autres d6veloppements donnas par V. Roma- 
novsky ayant pour p)int de d6part les fonctions de Pearson, s'appuie essentiellement 
sur le th(M)r{)ine que nous aliens 6tablir. Auparavant, rappelons en passant les 
proc6d6s par lesquels Romanovsky a fait coniiaitre les developpements des courbcs 
de Types I et IV de Pearson. 

Essentiellement la fouction de Type I pent secrire: 

(.r) == (a + xY (b - 


Si Ton pose : Uh{x) — (x) (a + x)^ (b — = yfr (x) Pj^ {x\ 

on d6nioritre que: 

Pour Ic Type IV, ceat a dire: 


. / V , o arc tan ‘ 

yft (x) = (a^ sr) e 


on pose: 


{(«* 






et Ton demontre la condition d orthogonalite des Ph(of^) par rapport k la function 
de Type IV. 

Cette remarque suffit pour faire voir comment tons cos proced/*s ne sont an fond 
qu’une application dii thooreme auivant: 

Soit la fouction de probabilit(!i ylr{x) dorm6e dans I’intervalle (a; b). 

Si \fr (a) = yfr (ft) = 0, 


alors cette hy])otheae suppose (jue a et ft sont finis. Dans le cas ou u = — oo et 
ft = -f 00 il faudra la changer par la suivante: Limite ylr(x)x^ — 0 avec n = 0, 1, 
2, . . . pour .X’ = — oc et pour x = 4- oo . 

Si de plus il est possible de determiner une succession des fonctions Fh(^) 
telle que: 

U, {X) - (x) {x)\ = t (x) (,x) (13), 


Ph (x) ^tant un polynome de degr6 h, on aura: 



x) Ph {x) Pw (x) dx \ 


= 0 pour h ft/ 
= 5^0 pour h — lt' 


ce que Ton demontre facilernent avec la methode d’integration par parties. 

Le proc4de de generation des polyndmes Ph (x) orthogonaux avec ylr (x) 
s accomplit alors par derivation des fonctions de probabilite. 

C est la methode suivie jusqu mi. 

Si Ton part du d^veloppement 

/(w) = Xa,V,(x), 
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qui peut s’^crire gr&ce k la formule (13): 

fix)- P,(x), 

V 

la m6thode de Fourier conduit facilement k: 

j f(x)P,{x)dx 
[ ^ (x)Pl(x)dx 


(14) 


et avec le coefficient ainsi calcuI6 on a fait un minimum de Tint^grale: 

‘ " r - 7 «- <^ 5 )' 

Tapproximation du developpement pouvant ainai etre me8ur6e par la valeur de: 


f* [/(*)_]* 
Jo ^(<») 


S aj f (x) Pi ((/;) dx 
i»=0 J a 


(16). 


Iai comparaisoii de la formule (14) avec la formule (1') de la page 381 montre 
suffisamment qu’il ne s'agit plus dans ce developpement de la methode de 
Tschebyschew. Rappelons que la raethode suppose qu*il soit >^(a) = '^(6) = 0. 
Son doinaine d’application est alors restreint. 

Mais on peut modifier la fa(,:on conceptiielle pour arriver k ces d6vel()ppements, 
en les faisant applicables pour le developpement de toute fonction de frequences. 
Supposons que la fonction dea frequences ajustee par la methode des moments de 
Pearson nous conduit a la fonction theorique yjr (x). 

On aura alors : 


rl/ rb 

f{x)x^dx= ylr(x)x^dx pour .9 = 0, 1, 2, 3, et 4 (17). 

Ja Ja 

Pour transformer rajustcment en interpolation posons /(x) ~ yfr (x) ij (x), la fonc- 
tion corrective 7f(x) sc trouvant ainsi precisee. 

Si nous ^crivons i; (a;) = S Pp{x), ou les Py{x) sont des polyn6mes orthogonaux 

V 

avec y^(x), nous aurons; 

f{x) = ylr{x)'^a,P,(x) (18). 

V 

Aa^oc cela il n’est plus n^cessaire d avoir recours k la derivation de yfrix) pour 
gen6rer, selon les procedAs dejJi connus, les polynomes Ph(^)- A cot6 de cette 
m6thode on pourra disposer d autres precedes, par exemple determinants du type 
(3), ou bien la formule recurrente : 

f ^ (^) Ph (^) yp (^) dx 

Pp (^) = - 2 ^ Pb (x) + u, (x) 

ir(x)Pb(x)ub(x)dx 
J a 


de Gram-Romanovsky, d6ji trouv4e. 
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Maintoiiant, si par la indthode de Fourier on calcule lea coefficients du d^veloppe- 
rrient (18), on aura fait avcc cos valeurs un minimum pour Tint^grale: 


[b f/^\ -|2 


Lv^ (a’) 

line forme cn g6ii6ral differente de la formule (15) mais qui nous a conduit fi la 
meinc expression de la (16) pour la mesure de Tapproximation. Roinarquons que 
si Pn (if) yfr (x) = Un (*r) alors = S*. 

Cependant on n a pas suivi cette voie plus g^nerale. C’est en 1924 que Roma- 
novsky* trouva le d^velopperncnt pour les fonctions de Types I, II et III de 
K. Pearson suivant le proc6d6 do la m6thode derivative d^jk montree. 

(J est au moia de juillet do 1932 que nous avons cru obtenir pour la premiere 
fois les generalisations des fonctions de Types V et VI en employant la seconde 
voie directe et au moia de juillet de 1933f nous avons lu la communication que 
le professeur Rornanovsky nous envoya alors et oil il trouva les generalisations des 
courbes de Pearson qui faiaaient defaut. Rernarquons que dans Phypothese (17)^ 
le (leveloppement (18) se i-eduit. En effet, on a: 


M oO 


j 


f(x)P,{x)dx 
yfr (x) {x) dx 

0 

mais pour s = I, 2, 3 et 4, on a grace k la formule (17) 

f +oo r|-00 

/ («•) P,(x)dx= y}r{x)P^ (x) dx = 0 . 

OO J -CO 

Et alors on a elfeclivemont: 


f(x) = (a?) [1 + as + «6 A (^•) + . . .] (19). 

Rien qu a titre d exercice, nous montrerons comment on arrive au developpement 
concret pour la fonction de Type V de K. Pearson. Dans ce cas la fonction theo- 
rique est: 

En appliquant la formule de Gram -Rornanovsky, etendue au champ continu: 


(x) (x) x^ dx 

P,, («) = - ~ Py {x) + a;", 

^ *1 '>fr(x) Py{x) x* dx 
Jo 

* V. llomanovsky, “ Generalisation of some Types of the Frequency Curves of Prof. Pearson,” 
Biometriha^ Vol. xvi. p. 106. 

t Apr6a notre communication aux Annales argcntines nous avons pr^sent^ un article d6taill4 k 
Metron que nous annonoions depuis le mois de juillet de 1932, ^ I’occasion d’avoir pr^senU k cette revue 
rarticle sur “Le developpement des fonctions des frequences au raoyen des fonctions orthogonales,” od 
Ton trouvera exposee dans I’essentiel la methode suivie ici. Voir aussi AnaUs de la Sociedad Cientijica 
Argentina^ mois d’avril de 1933. Los articles od M. Y. Bomanovsky a fait connaitre ses generalisations 
des courbes do K. Pearson ont paru dans Biometrika, Vol. xvi. 1924, p. 106, et dans les AtH del Con- 
gresso dei nuUematici di Bologna^ 1928. 
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on trouve en particulier: 


Po = l, 


P.= 


Pi 


p-2 




et en general: 


(p-3)(jt)-4) p-4 




II ip-j) 




On en d^duit facileinent: 


j=^n-\s + l 


««=i 2 (- l)"*" — et fi,= [ fU^af'dx, 

n i = ✓ ‘v . 0 


11 (p-j) 

J-n+«+l 


ce qui eat le moment expt'irimental, et: 


(^) (*'®) dx — 2^^^ 

J 0 11 


71 ! 7^” 


et pour lea moments th^'oriques on a: 

roD 

\^ = I ^ {x) of dx = 
Jo 


n ip-s) n (p-i) 

/nfl 


7^1 


j»+l 

n(p-/) 

/-2 


Lea inti^grations interm('Hliairea n^cessaires pour arriver fi cea resultats n’offrent 
aucune difficult^. La m^thode eat done tout k fait elementairc. 

A la rigueur il restc a etudier la question de convergence de cea d6veloppe- 
menta. (J’eat une question d'analyse delicate qui pourra attirer Tattention dea 
thcoriciena et de lacpielle nous ne nous occiiperons pas dans ce travail, croyant 
pouvoir y revenir plus tard. 

II faut faire une remarqiie. Si le noyau choisi est la function du Type V, la 
serie est terminec et le dernier terme sera: 

P p—i (^)* 

Cela vient de ce que les momenta, 

foo 

yo I ^ ^ ^ dx 

Jo 

qui peuvent a’6crire en faisant “ = ^ 

H'n-yo 7 ^*+^ dg = ryW+l-p p ^ _ 1 

Jo 

ne sotit d6termint's que pour Targument j) — w — 1 >0, d’oii w- < p — 1. 

Si Ton avait suivi le proc^d6 de g6n(?ralisation de M. Romanovsky qui consiate 
a prendre: 

yjr (x) 1\ (x) = [-^Ir (x) x^^\ 
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on serait arriv6 aussi un dt^veloppement fini, mais rnoins 6tendu, car il arriverait 
seulement jusqu au terme d'ordre < ^ (p — 1). II est vrai que Roinanovsky a donn4 
un autre d6veloppement infini pour cette ineme fonction, mais les fonctions 
orthogonales ne se rapportent plus k la variable naturelle a? mais a 1/a?, changement 
pen pratique pour les applications. 

Nous avons abord6 ces points comme introduction n^ccssaire k Tc^tude que nous 
ferons de la correlation, car c*est Ik qu*ils trouvent une application int^ressante et 
utile. 

IL 


Nous avons parie auparavant du rnemoire de K. Pearson* ok il 6tudie les 
lignes de regression paraboliqucs jusqu au quatrieme degr^, Cest plus tard, en 
192G, que le professeur J. Neyman a generalise ces resulttatsf. Nous ferons 
remarquer prcmierement comme M. J. Neyman se trompe (juand il declare dans la 
page 261: "In this way we shall reach the expressions for successive regression- 
parabolas, without any appeal to the theory of continued fractions and of 
orthogonal functions.” 

En verite, il ne fait pas appel aux fonctions orthogonales, mais il les introduit 
sans s en apercevoirj. Nous montrerons aussi comme c'est simple de substituer les 
developjiements do Neyman en obtenant ces memes resultats directernent et en 
donnant des cas speciaux pour la mise en pratique des memos dans les applications 
il la statistique r6elle. 

Repletions le sujet pour notre compte. Soit ^ = f(ivy) la fonction do fr6quence 
des IV et des y. On aurait, quelque soit leur domaine de variation : 

M-oo f-j-oo 

I f{xy)dxdy = \, 

J —(T) J - 00 


car en dehors de ce domaine f {xy) = 0. 

Pour la ligne de regression on a, d'aprks sa definition : 

r+oo 



J —CO 

■f(x) 6tant la fonction de frequences marginale des x: 

r +00 

yjr (x) dx = dx f (xy) dy, 

J -00 

Au lieu de la valeur exacte (20) prenons le developpement: 

Vx -Pw (^’) ** + <^1^1 + • • • -f (^') 

avec les polynOmos (x) orthogonaux avec la fonction marginale ^ (x). 


( 20 ), 


( 21 ), 


* Voir ^*On a General Method of determining the Successive Terms in a Skew Begression Line,*’ 
Biometrika^ Vol. xiii. p. 296. 

t Voir ‘‘Further Notes on Non-Linear Regression, ” Biometrika, Vol. xvin. p. 267. 

X [There is no evidence in Dr Neyman’s paper that he was not aware that the polynomials he was 
dealing with were orthogonal. On the contrary, his statements, e.g. “For n ^ 4 these expressions have 
been given by Prof. K. Pearson...,” who deduced them as orthogonal polynomials, suggest that he 
was. £u.] 
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On imposera pour determiner lea a, la condition que 


soit minimum. 

Cela revient k fixer les de fa(;on que: 


da, 


“ - 0 pour .<? = 0, 1, 2, 


n. 


4-00 i* f 00 


d oi\; 


a. == 


I* f 00 

J -00 


i: 


+ 00 f 4 -O 0 


/(^'/) -B-W 


.( 22 ). 


Le probleme eat r^aolu. Nona ne faisona paa encore dca hypotheaca anr la nature 
de (a;); parce quo noua avona vu auparavant qu’on pent definir lea B,{x) par lea 
determinanta; 

I 1. a; af 




0» Ml, o» 


Ms-i.o, Ms.o» 


Ms.o 


M2s-1,0 


oi'i : 


r4cr) r I CO r +co 

M*.# = I / / (‘^.y ) «^dxdy=\ (*) a'* da;, — 

J —<ti J —00 ./ —00 


cost a dire le .s’-moment de To: marginal; mais pour plus de simplicitt^ meltons : 

1, au .v^ 


nsCT.) = 


(-ly 


.(23), 


M8,o> •••) M 2 s-i,o 

^'tant le mineur de of dans (23). Ces polynoines sont bien eonnus^ intcrvenant 
dans le probleme fondamental dcs moments, abordes apres Laplace et Poisson par 
Tschebyschcw, Markofi‘ Liaponotf et Stieltjes. Du restc, il eat ties facile de 
d^montrer que: 

-00 Pfi 

Alora la formule (22) pent s’ecrire: 


i* 1 CO M -oo 

1 /(«y)y(-i)" 

! y, (xy), 

..., (afy) 

dxdy 

—CIO J —CO 


. .., /i 2 s-l ,0 



c'est k dire : 





Mo.i, 

Mi,i» • 

Ma.l 

Mo.o» 

Mi,o* “ 

M«.0 


M*.o, .. 



ff'B = V~ 

Pa+\ 

* Voir Q . CaBteluuovo , Calcolo delle Prohabilith^ 1919 . 
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d’ou, en rcrnplayant a, dans la forrnule (21) et tenant compte de la formule (23), on a: 



A^.,1 


1, 

X, 

a:* 

/^,0» 

• • • 1 0 

• 

/^,0» 

Mi,o, . 





-1, 0 J 




Mo,o. 


• • • > Ms, 0 


A^.o, 

Mi.o, 


M*.o> 


• • • > f^ia, 0 


Mb— 1, 0 > 

M«,o, 

. . . , M2«-2, 0 


qui coincide entierernent avec le d^.veloppement donne par J. Neyman dans son 
in6moire (voir imge 262). Les determinants ou les x figurent dans la premiere ligne 
sont ceiix que Neyman d6signe par Vg{x) de nature orthogonale avec la fonction 
•^{x) qui determine les moments /i,- o- 

On a retrouve done, par des precedes directs, le developpement de Neyman. 
Mais a vrai dire, la solution etait dejk atteinte avec la formule (22) car on savait 
d’avance comment les {x) pouvaient etre determines. 

Le chemin est alors tout naturellement ouvert aux hypotheses. La fonction de 
frc^quence yjr (x) pourra etre prise d*une certaine forme, par exemple une des 
courbes de Pearson. 

On connait alors effectivement les polynomes (a;) qui lui sont orthogonaux, 
d’oh les formules pour le calcul des a,, avec quoi Pn(^) cst determine. S’il s'agit 
d*un cjis red, on ajuste la marginale des x et des y selon la ligne de regression 
consideree et tout le reste s’ecoule simplement de ce que nous avons dit. Mais 
faisons une reinarque. Soil : 


/: 


/(^’,y)#=/r, 


fa: etant la vraie fonction de frequences des x, et supposons que ^fr{x) soit la formule 
des probabilit6s des x, obtenues par Tajustement de J]^, Pour la theorie on pourra 
consid6rer yfr (x) = mais il est bon de tenir compte que pour la pratique cette 
identite n’est (jiifapprochee. Si Ton fait, comine il est plus commode et generalement 
permis, la supposition que I’identite est siiffisamment accoinplie, toute la methode 
est directe. Mais aussi on pourra conserver des indices en mesurant les ecarts (pie 
Ton pourra commettre et si Ton veut, revenir aussi facihiment sur les formules 
tht^oriques approch6es jusqu’ii les rendre rigourcus(\s. On aura Tocciision de traiter 
avec quelques details cea diverses questions; mais pour le moment nous allons 
nous occuper des surfaces de correlation, desquelles nous allons (jbtenir les lignes 
de regression, coefficients de relation de correlation et Equation sedastique, etc. 

Occupons-nous maintenant de T^tude des surfaces de correlation on conservant 
la methode jusqu mi expos^e. Le lecteur d^sireux d’etre au courant des principaux 
problJjines qui se posent dans ces questions, peut avoir recours h Tcxcellente 6tude 
de Dr S. J. Pretorius* qui contient des informations tres d6taill6es au point de vue 
actuel et technique de notre sujet. 


* Voir “Skew Bivariate Frequency Surfaces, examined in the light of Numerical llluBtrations,” 
Biometrika, Vol, xxii. p. 109. 
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Soil z (x, y) la surface de frequence ot soient : 

r f 00 r-foo 

zdy = ylrix), I zdx=^p{y), 

-CO J _oo 

les distributions niarginales des et des y respectiveinent. Si, et iiniquciiient si, 
ces variables sont inddpendantes, on aura: 

/(.r, y) = yfr (x) p (y) (24). 

Pour (|u'il existc uno dependance stochastique, il est nocessairo que r6galite (24) 
ne se v^rifie pas. Lti condition de dependance stochastique est iiecossaire nmis pas 
suffisante pour qu’il existc la corr61ation. 

Dans le cas de dependance stochastique on aura: 

/ 0^) <f>x (y) = p(y) Tty (x) (25), 

<l>x{y) etant la fonction des probabilites des y liees aux x et Ry{x) inversernent. 
Mais au lieu de (25) nous ecrirons: 

f(x,y)-^ylr(x)p(y)r)(x,y) (2G), 

et puis nous adopterons pour t) (x,y) Ic devcloppemcnt : 

V y) (x) Yi (y), 

« i 

oil les Xg (x) et Vj (y) sont des polyndmcs on x et en y do degrt'^s .v et J, et 
orthogoriaux avec les fonctions ylr (x) et p(y) respectivemont. On aura alors: 

/ («. y ) = "^ (*) p (y) S s w,. ^ .Y, F, (27 ), 

« J 


d’ou, par la methode de Fourier, on deduit facileinent: 

f foo r+co 

I f{a-,y)X,Yidxdy 

<X) J - CO 




/* +00 /*+00 
I ylr(x)X^,dx p{y)Y)dy 

J - CO J -00 

et en particulier : 

0^0,0 o>«,o ~ = 0, 

pour 5 = 1, 2, 3, ..., et j = l, 2, 3, .... 

Faisons voir (ju'effectivernent < 0^,0 = 0. On a, par la formule (28), 


.(28), 




r+00 r+00 

f{‘f^,y)X,dxdy 

J -00 -00 

- QD 


mais le nuni^rateur pent aussi s'4crire; 

r +00 r +00 r +00 

• X,{x)dx\ f{x,y)dy=\ ^ (x) X ,(x) dx = 0. 

J —CO J - CO J —00 

La formule (27) pent alors aussi s*6crirc: 

fix, y) = ir(x)p (y) [1 + tXaujX.Y^] (29), 

J? j 

d’oh, pour toutes les = 0 on a la formule (24) en particulier, de sorte que cc 
sont les coefficients qui mesureront, comme nous le ferons voir, la forme et le 
degr6 de dependance entre les x et les y. 
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En vertu de la formule (25) on a: 

<f>:.(y) = p(i/)[l+XXuy.jX,r,l 

J 

doii pour la ligne de regression des y en on aura: 

f +co r +00 

iy) ydij = piy)[i + S2<»,.,X,F,] dy, 

. -OO J —CO s j 

r + CO r + 00 

c’estadire: y*=/ p(y)ydy + tX,%(o,,t p{y)yYjdy. 

J —QO « j J -00 

Mais si Ton mesure les variables xetyh partir de leur moyenne arithrn^tiquc comine 
origine, alors on trouvera que la premiere int^grale estnulle. Pour simplifier les calculs 
des secondes int^gralcs il suffit de choisir les (et on pourra faire de incme avec 
les Xg) de fa(;on que si, etant: 

(y) ~ 0 + a/, 1 y 4- «^,2 y* -1" • • • + ccj,iy^f 

on ait toujours: 1* 

Pour g4n6rer ainsi ccs Yj (y) il suffira de prendre le determinant (23) de la 
page 391 oii la formule de Gram-Romanovsky de la page 388 avec la base (y) * y*'. 
Ces remarques faites, on aura alors: Yi (y) =■ y, d ou: 

r I 00 r+oo 

p {y)yYidy = ®,,i I p {y) y*dy = 

j J -OO J —00 

d’oh: = (30). 

ft 

D\ine fa(;on tout analogue pour I’autre ligne de regression des x en y, on 
trouvera*: 

Xy = allai,iYj(y). 

J 

* 11 eftt facile de s’apercevoir que ccs Equations coincident avec cclle que I’ou a trouv^e prealablemcnt 
(pp. 391 - 392) et qui satisfait la condition des jnoindres carr^s. En oiTet on a : 


r+« r+./o 

I I /(x,y) X.Y^dxdy 

J -X, J 

Vi “ / f-® /■+« ■ 

/ ylf{x)Xidx / p(y)Yldy 

J ~Vi J -so 

/ +« 



1 , X, 



r+co /•+» ( i\K 

I 1 

7 -Of y -OO P« 

A^), 0 » Pk 0 » ■ ' 

’ • » 0 

1 dxfly 


P«-l,n» M*, ()» 




Pi 


4tant 
et alors 




o'est k dire : 




= <rl; 


Po,l» 


•••» P*.l 

» 




P«.o» 

...» Pai-i.o 


^0,1* 

Pi, 1 1 • • • 1 

p«,l 

1 (-!)■ 

1 





A 



M«-i. 0 1 

1 P«, 0 » • • * » 

P2«-l. 0 


••• > 

Pas-i.o 

11 •••» 

M.. 1 1 

1, 

• ■ ■ 1 

.. 1 





Mg-i.p > 




PnPn 


et alors les a, dc la formule (22) de la page 391 satisfont r4galit4 : 
Kelations analogues existent pour I’autre ligne de regression. 
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D'oii, si dans la formiile (27) pour quelques s ct j il y a d6pendancc 

stochastiqiie et pour quc cette d^>pendance entraine correlation de y en x il est 
necessjiire qu’il soit pour quelques s et pour quelques y pour 

qu*il existe correlation de x en y. Cfes deux dernieres conditions entraineiit la 
bicorreiation. 

Par exetuple, on pourrait avoir pour quelques s et j et alors rneme en 

existant dependance stochjistique, cela n’entraiuerait pas la correlation parce que 
k c6te des anterieures conditions pourrait se trouver o), ^ = 0 oil q}ij = 0. Mais 
Tin verse n’est pas viai, car s’il y a correlation, cela entraine pour quel<iues 

s, oil Q)ij^0 pour quelques y. 

On pent aussi transferer ces considerations, grace k la formule (28), aux moments 
doubles qui sont: 

r+oo /•+00 

A*». 1 = / (^1/) ‘o’yi dxdy. 

J — 00 J —oo 


Les conditions n^.cessaires et suffisantes pour qu’il existe une correlation de y en x 
oil dc X en y, sont: 


pour quelques ct 

respectivement 


,(/). 


D^inontrons que la condition est n^cessairc. Le num^rateur de co,,i selon Tt^galite 
(28) pourra s’ecrire: 

^ = 7«. 0 /^o,i 4- 7«,i + • •• + prenant Yi = y, 

ot Xg = 7«,o + 7^,1 -f 7^,2 + . . . + A** ^.tant 7,^, = 1. 


Done, si o)^ il on sera de m6me pour N et alors n^cessairement on aura 
0 pour quelque i. La condition est done n6cessaire. 

D6montrons qu cllc est aussi suffisante. Supposons pour cela (jue fii i est le 
premier moment double de la succession fii i, ... qui ne soit nul. Alors, 

on aura, en tenant compte de la formule (28) et de la definition des X, etdes 
sous forme de determinant (23): 

I I ■ dady 

J —CO J —00 Hi 

Mi.O 

/Si 'fil 

0, 0, ••• , /^i, 1 

(- 7 1 ) *^ /^.o» •••» H,o 


d’ofi: 

done si on a: 






= ir+'Vi.! 


fii 

A+i <’■» ’ 
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Renianjuons que, dans les conditions de notre 6tude, los /S* sont toujours non 
nil lies*. 

Les conditions (/) au-dcssus obteniies si facileinent nous montrent le rOlo 
fondamontal des moments et pour Texistence on non de la correlation. 

Avant de quitter le d6veloppemcnt (27), insistons sur une remarque importante. 
Le calciil do r sc fait sur la base de Bien; il ne siiffit pas d’avoir trouve r = 0 
pour nier Icxistence de correlation, car celle-ci existcra du moment qu’il soit 
oil pour quelque i ou j. Les jugements portt^s uniquement sur la 

valour de r supposent les lignes de regression droites; cela exige que Wj.i ^ ^ 

pour i = 2, 3, ... et j = 2, 3, ...; mais pour que ces 6galit6s so verifient on aura ou 
bicri fjLi i — fiij==0 pour i = 2, 3, ... ct ^’ = 2, 3, ..., ou bien — la valour N de la 
page 395 devant etre nulle en dehor.s de ces cas — il faudra que: 

7a.oMo,i + + ... -f /i,,i = 0 aveC6* = 2, 3, (31), 

ainsi qu’un quelconque de ces soit une combinaison dirccte de 

Mais 5 ctant ^gale k 2, 3, etc. la forrnulc (31) donnera, en remarquant que /xo,i » 0 : 

7 «, + 7,,2 /^ 2, 1 4 * ... + = 0 , 

pour s^2: 72,1 A^i.i + = 0, 

pour ,9=3: 73.1 4 73,2^2.1 4- = 0, etc. 

D*ou doit fitre une combinaison do e’est k dire, une expression contenant 
Mi.i comme facteur. Cost pr^cis6ment ce qu’il arrive pour la fonction de Bravais, 
qui est k regression droitef. 

Les lignes de regression paraboliques 6tant d^jJi trouvees, occupons-nous du 
calcul dos coefficients de relation de correlation 7/3;^. 

D’apres la definition de Karl Pearson on a: 

2 1 4 

Vyx =* 1 2 

^ V 

$1 etant la dispersion par rapport k la ligne de regression de y en (c. On aura: 

*v =■ [ f /(*. y) [y - yf ^ 

J ~00 J -00 




mais: 


f-foo r+00 r+00 f+oo r+00 

/{^,y)y’‘dxdy=\ y^dy\ f{x,y)dx=\ p iy) y^ dy ^ al', 

J-ooJ-00 J -00 J-00 J -00 

a 4 00 r+00 f hoo 

f<J»y y)yyxdK:dy = a\to>,,i\ f{x, y) y X, dx dy ; 

a i 00 /•+«> f+co 

f(j»> y) yl dx dy = 2 < 1 f{x,y)X^,dxdy 

-00 t J -^00 J -00 

f+oo r-foo r+00 

= <rJ2®J,i ^(a:)XJd«r = <rJ2 w,.i /(x,y)y X,dxdy. 

a J -00 a J -CO J -00 


* Voir G. Castelnuovo, loc. cit. p. .S2.3. 

t Voir Tschowprow, p. 58, dans son Grundhegriffe und Gnindprohleme der Korrelationtheorie^ 
Berlin, 1926. 
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Cea derniers r^sultats s’obtiennent en siibstituant la valeur d*un et — lea doubles 

produits disparaiaaant — il r6sulte alors: 

r-foo /••l-oo 

«?/ = «•? - ^ 1 /(a^, y) y X, daidy 

a J —00 J —00 

* ~ ^ I 00 1 oo"^ ^ . 

d on : - ®*.i /(^, y) y X, <la;dy, 

a J —CO J - CO 


ou SI I on veut: 


et ausai: 


[ J ^00 J -00 


71 ^ = _ V 

Vvz 2 - 

«// a 


r+oo 

rj f(x)Xldx 
J -00 

I ll 


+ 00 r + orj 

-CO J —00 

/(^. y) y 



/^0,0, 

A^i.o. 

/^s-1, 0, 

M-o, . 


1^8 1 , 0 * ^ 8,0 t »•»! M2S-1.0 

^a+ll ^8 


Doierniinons maintenaiiL lYi(|iiation sedasbicjue. On a: 

<^L=f <l>x(y)[y-yzfdy. 

J -00 

u : <Th = - 4^ P ty® - 2y y* + y;] dy, 

8-() j-ii J -CO 


puiS(pio: 


«/>* (y) = p (y) - - w»,i 


alors; al^ = S Xg j^ft?a,o \<Ty + yjl + <w,.i {mo, 3 - 2ya;0-i/! + w *,2 , 

/J / r+oo 

ou: b ' = P (y) y^y^dy ct /3,' cst Ic miiicur do y, 

P2 J -00 

dans le deterinirianfc des Vg, Mais comine wo,* = =“ 0 pour ** 1, 2, 3, . . . et ft)o,o= 1 


on aura; 


== + yi + - ^ 8,1 1/^,3 - 2y^ al] + ^ i w^,2 i 

a-l P2 a -I 

^tx — ^lyyi + 1^,9 ^ “..i-Sr,- 2y* a“ S Q>,,i + S Wj.aJT,. 

«'L = ®’? + yx + Po.8^2-2yJ+^, ^ «,.a^Y,. 

Oy P2 


P2 


Biometrika xxvi 


26 
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mais: 


r+oo r+co 

f(x,y)X,Yidxdy 

J ~oo j - 00 

A ^82' 

1. y. y* 

n f 00 

f{x,y)X,‘ fio,o, f^o.z dxdy 

-00 


R M-00 r+Qo 

“•’* = fx 1' 1 1- ’ 

W..2 = - /^o.a ^ ®,.i + I ^ ^sy^dxdy, 

ct aloi's subsiituant dans la fonnule (82), / 32 ' etant 6gal k /xo, 2 , on a: 

^<^ 1 - yl + /^o,3 - mo ,3 s z, + 2 /* z, (^7(«'’- y) y* rf^'^y ; 

^// «--l s^lHs +1 J-ooj-00 


Mo,i» Mo .2* Mo , 8 

^«U p / 

/8. 


mais alors com me : 


A7 


«•// - yx + - ^ A”, y) y* 

« — iMa-i-l J~QoJ-oo 


= n-'^ — ?7!i 4- V 

p 

«=1 P«+J 


f+00 ^+00 

^8 I I J 

J -(X> J - 00 


(_1 I, .r, ..., af 


dxdy 


1, X, ..., x^ 


/^0,2> Ml, 2, •••> Ma.2 


< = -y^+2 


^std,+l 


Cherchons inaintenant los Equations “clitics” et “kurtics,” e’est a dire : 
que nous appellerons de symetric ct d(‘ normalitc particlle do y en x. On a: 

ya (y)^ = </>» (y) [y - yj® dy = 2 A', 2 J p {y) K, [y - dy, 

J -<X) j-{^ J ~Q0 


Ms {y)x — ^ Xz (Mo.3 — '^Vx Mo, 2 — yi) *f eOg 1 (/aq.i - *^yx Mo, 3 + Mo, 2) 

tf -0 { 

+ (/^o,4 - 3^,, ^0, 8 + 3i/^ /A), 2) 2 w,, 1 Z, + 1^1 P (y) y^i^dy - 3y* j 

X 2 »,,8Z, + ^, 2 ®,,8Z, (33) 

•-1 Pa »=i 



Carlos E. Dieulekait 


399 


Nous pouvons simplifier ce r^sultat en substituant les valeura de w,,* et ®,,8- 
On a: 


“>»,8 ’ 


f+oo r +00 

f{a:,y)X,Yidxdy 

J -00 J -00 


^1/8*' 

/3. 





1 . 

y. 


?/ 

y9. 

)8H-iy84' 

r +00 r +00 

J —00 J —00 

y)X 

Mo,Oj 

Mo,i 

Mo.i, 

Mo. 2 . 

M0,2> 

Mo, 3, 

Mo. 3 

Mo, 4 




y'0,2» 

Mo, 3, 

Mo, 4, 

Mo, 6 




- 

Mo.oj 

M0,2> 

Mo. 3 


r + 00 r + 00 

- f 1 /(^ 

J - 00 - 00 

,y)>^> 

-y 

Mo.i, 

Mo. 3, 

/A). 4 




» 

M«,2) 

Mo, 4, 

Mo. 6 


dicdy, 




Mo.O) 

Mo,i» 

Mo, 3 

Mo.i , 

M0,2> 

Mo, 4 

Mo,2) 

Mo. 3) 

Mo. 5 


"a,3== ~ 


0. 


-2/*/83' 


/^0,0» /^,2, ^0.8 
0, /^,3» 

Mo, 2> M0,4» M0>5 


^dy pour .s* — 1, 2, 3, etc., 




Mo, Of 

0, 

0. 

Mo, 3 

(-1)* 

Mo,2f •• 

•» Ma,2 

Mo, 2 » 

Mo, 4 

/8. 



M0,2> 

Mo,3» 

Mo, 5 


Ms-i, 0 



ly 


/A), 8 , 




/^».8 


mais aiissi: 


^2 I / 1 \« ^ 

<•>8,2 = Mo , 8 <^>a,l + V"“ 0 


Keinpla^ant &>« 2 dans la forinule (33), on a: 


/A), u» 


M«-i, 0 




pour . 9 = 1, 2, .... 


Ms (y)* » Mo, 3 “ 3mo, 2yx- yl + 


Mo, 4 — 3 mo, 3 y^e + 3 mo, 2 yi' 


/ / \ 17- 0^3^ - \ Mo,8^2^ , ^2^ 


1, 

Mo, 2 , 

Mo, 3 


0, 

M0,3» 

Mo, 4 


/^.a. 

Mo, 4, 

Mo. 6 

- 


S Ci)a,iA"a 
«=sl 


26—2 
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*(ry « ^ 5 ') w.?, 




^8,2 


^8-1,0 


X, 


1 

■ySa' 


1, 

0, 

Mo. 3 

s 

s=i A+1 

Mo, 2» •••» ..Ms, 2 

0, 

M0,2> 

Mo. 4 

i 

Mo, 2 » 

Mo, 3, 

Mo, 6 


Ms-1,0 


X, 




«-l 


y3.+i 


Mais: 


Mo, 8, 


I Ma-1,0 


M®,3 


X,. 


r + 00 1 /• F-OO 

J _^P (y) Y^fdy = j ^p(y) 


el ausai: 


i. y. y* I 

i“o,o. /*o,i. Mo , 2 ’ y^dy 

i 

M0,1> M0,2» M<),3 ! 

Mo,3> Mo,4> Mo, 6 

1 » 0, /io, 2 

0> M0.2> ^,8 

Mo, 2 


2 Mo, 5 Mo, 2 M o, 8 Mo, 3 Mo, 4 
Mo, 2 



Mo,o, Mo,i> Mo, 2 


1, 

0, 

Mo, 2 

/33' = 

Mo.ii Mo, 2 » Mo, 3 

=s 

0, 

M0,2> 

Mo, 3 

1 

1 Mo,2» Mo,3> Mo, 4 


Mo, 2 , 

Mo,3» 

Mo, 4 


= Mo, 2 Mo, 4 ■“ Mo, 2 "" Mo.S; 


apres quelqucs aimplificatioua on arrive finalcincnt i\: 


M 3 (y)x «= 2yJ - Hy* S 

ii-0 


1, ..., *■* 


M0,2» 


Ms, 2 


1 , ..., 


+ 2 J • 

s=-0 


Mo, 3, 


Ms, 8 


/3./9.+X 


Nous dovons calculer maintenant /i-3(y)»» inais: 

f f cc ^ 

(y) [y - y*? <^y. 

- CO 


Bi Ton veut tenir compte de I’^quation s^dastique on aura: 


1 , X* 


d*oi!l : 






^0, » » • • • ♦ 


ft ft+1 


1, ...» .'C* 


Mo,8» •••» /*S,3 


ftft+1 
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et Ton a: 


/*a (y)» = = - y" + 2 
« = 0 


AA« 

Et alors, pour T^quation de aym6trie partielle, on a: 

=-T- 


I 1, uf 2> •••! 2 

sli 

»=0 

1 , ..., of I I /i 0,2 /*,,2 I 1 


1 1 1 Mo, 2, M»,i 


*-0 


1 , ..., /10.2 M»,2 


1, . 

a,* / 

- + 2 



y* - 3y* S - 

J»-0 


Ur ; ) 9 ,) 8 .+t 

que Ton poiirra 6criro, la dispersion partielle unc fois connue: 

r I 1 •«* I 1 Mo. 2. •••. M.,a 


^1+1 

1 , .... of I I flo, 3 , ..., M«,3 


'^/3i(;V)* = ^ |2y3-3y. S 

L J » = 0 


#==0 1^8 ^8'^! 

D6terminons Icqnation de normalite partielle: 




II nous font calculcr: 
r +00 


r +00 

M4 (y)* = <f>x (y) [y - y*? y 
—00 

r+oo 

= 2 A", S M (y) F, [y« - 4y»y* + O/y; - 4yyJ + yi] dy. 

# = 0 j = 0 J -00 

M4 (y)* 

= Mo, 4 — ^Mo, 8 y* + 6/1*0, 2 y'x + yi + (mo, s — 4 yo, 4 y» + 6/40, a yi — 4 ^o, a ]/!r) 2 o),, 1 Aj 

+ (I ^ M (y) J^ay^dy - 4y*| ^ p (y) Fg^dy + 6yJ ^2 «.,8 A, 

+ (/*> w - 4|; "M-f.. 
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Pour simplifier cette formxile il suffira de calcnler (iDa^ 4 , car nous connaissons 
les autres : 

y. y*. y®. f\ 


«..4 = 


f l crj r + co f 4 00 f+oo 

I f{oc,y)X,Yt(h:dy I f{x,y)X, 

00. -GO J —CO J —CO 


dxdy 


/3«+i 

/?. A' 

et apr^H (juel(|nos simplifications, on a: 
di (y)x 


-Hyl +d S <o,,iX, + e,yl t 

S-\ .v-0 


^6 


■y9. 


1. of 








84-1 


-4y. 

8-^0 


1, af 


Mo, 8, • 

M8.3 


1. ... 

, of 


M0,4» •••> M8,4 

t 


• 



• 



• 


^8 ^a+t 




avec: 


^ _ Mil. 2 Mo. 8 Mo. 5 (mo. 2 ) (mH 3 + Mo, 4 Mo. s) 


III. 


Jusqii'ici nous n’avons pas precise des formes particulieres pour les fonctions 
marginales et p{y)t et nos d^veloppernents ont un caractore gen^rale. 

Copendant il ost facile de se convaincre (pie selon le choix quo Ton feit pour cos 
fonctions on adoptant di verses courbes du repertoire de Pearson, Ton aboutira a des 
formubis concretes qui constitueront un ensemble tr^s cornplet pour les applications. 
Nous n'allons pas accomplir cette tA.cho dans cet article, la laissant pour une occasion 
prochaine qui scj pr6scntera lots d’une communication dans laquclle nous pensons 
pouvoir le faire, en donnant un groupe d applications numeriques. 

Pour terminer nous allons nous occuper des changements (ju'il faudrait faire 
aux forrnules donn^es pour pouvoir les conserver en touto leur rigueur dans les cas 
quand on traite des surfaces de correlation avec des marginales ajust^es par les 
fonctions de Pearson, mais sans <pi'il s’agisse d'une veritable interpolation, comme 
dans la th^orie Ton a d6 supposcr. 

All nmyen de la serie double (27) le calcul des coefficients fait par la 
methode do Fourier donnait un minimum a la valour: 





^irlx)p{y) 


« J 


®8.i 



e’est a dire alors (|ue si Ton extendait la s4rie double jusqu’aux termes tels que 
s+j:^k, le degr<S de Tapproximation serai t mesur^ par la valour de: 





#4-7 < k 
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Occupons-nous maintenant des corrections annonc^es. 

Soit /(*, y) la snrfiice de corr^Lation ct: 

r-foo r+oo 

/(*,y)d?/=/*; f(x,y)dx=f„, 

- 00 J —CO 


fx et fy ctant les frequences niarginales experi men talcs. Supposons que — en les 
ajustant par la methocle des moments — on arrive aux fonctions: 


On aura alors : 


(a:) et p (y). 


r \ CO 

I f\afdx 
J 


r 4 00 

I yjr (x) of dx, 

J —00 

f-\-co r+oo 

-oo / — 00 

pour s etj — 0, 1, 2, 3 ct 4. 

Supposons que nous conservons le d6vcloppemcnt dcjfi etudie pour la surface 
f(x, y\ Alors, com me expression de la ligne de regression, on aura: 




/ I OO 

f{.x,y)ydy 

— CO 


mais: 


r f 00 * 

/ fi^,!/)<h/ 

J -00 

f /(^. y) (•*■) 2 -S’, :£ j [p iy) Yj y dy, 

J -CO S j ' 

et, tenant comptc des avertissements d^jfi faits, on aura: 

r+oo 

I y) y dy = <T^ + (a;) 2 

J —00 # — (1 


Analoguement on aura: 


d ou : 


r+oo 

I f y) dy=^fr (x) 2 o»,,,o X , (x), 

J —00 ^ = 0 




On voit que le cas particulier de ce developpemcnt rigoureux pour la ligne do 
regression arrive quand le dc^nominateur se r^duit a Tunite, cest k dire, quand 
W8,o = 0 pour s =1 , 2, 8, 4, .... 

De semblables corrections sent facilcs i\ donner pour les autres equations. 



THE USE OF CONFIDENCE OR FIDUCIAL LIMITS 
ILLUSTRATED IN THE CASE OF THE BINOMIAL. 

By C. J. CLOPPER, B.Sc., and E. S. PEARSON, D.Sc. 

(1) General Discussion. 

In facing the problem of statistical estimation it may often be desirable to 
obtain from a random sample a single estimate, say a, of the value of an unknown 
parameter, «, in the population sampled. It has always, however, been realised that 
this single value is of little use unless associated with a measure of its reliability 
and the traditional practice hjis been to give with a its probable error (or more 
recently its standard error), in the form 

a±p.e{a) (1). 

From this information it Wiis possible, if the sample was not too small, to dmw the 
conclusion that the unknown value of a lay within the limits 

ai = a — 3 and aj^a + S xp.e(tt) (2) 

with a high degree of probability. But it was neither Civsy to give any precise 
definition of this measure of probability nor to Jissess the extent of error itivolved 
in estimating the value of p.e{a) from the sample. 

The recent work of R. A. Fisher introducing the conception of the fiducial 
interval has made it possible under certain conditions to treat this problem of 
estimation in a simple yet powerful manner*. It is proposed in the present pjiper 
to illustrate on the following problem the ideas involved in this method of approach. 

A sample of n units is randomly dntwn from a very large population in which 
the proportion of units bearing a certain character. A, is p. In the sample x indi- 
viduals bear the character A and n — a; do not. p is unknown and the problem is 
to obtain limits pi and pt such that we may feel with a given degree of confidence 
that 

Pt<P<Ps (3). 

In the tir.=it place, how is this degree of confidence to be defined ? The under- 
lying conception involved in all problems of this type is extremely simple. In our 
statistical experience it is likely that we shall meet many values of n and of x‘, 
a rule must be laid down for determining pi and p 2 given n and x. Our confidence 
that p lies within the interval {pi,p^ will depend upon the proportion of times 
that this prediction is correct in the long run of statistical experience, and this 

• B. A. Fisher, Froc. Camh. Phil. Soe. 26 (1930), p. 628 ; Proc. Boy. 8oe. A 139 (1933), p. 343. 
References to the discussion of these concepts in lectures may also be found in papers published by 
students of J. Neyman. See for instance pp. 28 -29 of a paper by W. Pytkowski written in 1929 — 80 
and published at Warsaw in 1982, entitled, The dependence of the income in small farms upon their 
area, the outlay and the capital invested in cows.” 
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may be termed the confidence coefficient Thus subject to certain approximations 
discussed below, arising from the fact that x can assume only discrete integral 
values in this particular problem, it is possible to choose the fiducial or confidence 
limits Pi and p 2 in such a manner that, for example, the prediction 

(1) will be correct in 95 of cases met with in the long run of experience, 
and wrong in 5 7^, in 2*5 7^ because p and 2*5 7^^ because p 

Or again, 

(2) will be con-ect in 99 7^ of cases and wrong in 17 ^, in 0*5 7^ because 
P ^ Pi, and in 0*5 because p>p 2 . 

J hcse intervals (pi, P 2 ) may be termed either the central* confidence or 



FIG. 1 

* In the charts described below the coefficients *95 and *99 were chosen as giving two useful pairs 
of limits. It is not essential that the intervals chosen should be “central,” but for many purposes this 
appears to be the most convenient arrangement. 
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central fiducial intervals and are associated with confidence coefficients of *96 and 
•99 respectively. In his development of the subject, R. A. Fisher has used the 
term '‘fiducial probability*' to describe the chance that in the long run a correct 
prediction will be made of the limits within which the unknown parameter falls. 
The concept of fiducial probability cannot, it appears, be distinguished from that 
of ordinary probability, and it seems possible that the use of this term may lead 
to some misunderstanding, especially when associated with a “fiducial distribution." 
We are inclined therefore to adopt the terminology suggested by J. Neyman, and 
to convey what is fundamentally the same notion by specifying the confidence 
coefficient associated with an interval. Thus the confidence coefficient may be 
regarded as a particular value of the fiducial probability selected to form the basis 
of the calculation, to, be employed in repeated experience, of the confidence 
interval 

The method of solution of the problem may be illustrated with the help of 
Fig. 1, in which n = 10 ; p and x have been taken as coordinate axes, so that p 
may lie between 0 and 1, while x may assume any of the integral values 0, 1, ... 10. 
In our experience with samples of 10 individuals, no point (x, p) can lie outside 
the S(juare of the diagram. For a given value of p, the chance of occurrence of 
different values of x will be given by the terms of the binomial expansion (</4-p)^® 
Let (a) S (p, n; 0 . . . x), and (b) S (p,n ; x . . . w), denote the sum of (a) the 1st /r + 1 , 
and (6) the last n — x-\'i terms. Then while it will not in general b(^ possible to 
choose value.s of xi and x^ so that both S{p, n) 0 ... .ri) and S{p, n; .- 372 ... n) C(pial 
exactly sotne selected value, say ’025, it will be possible to choose .t’l and x^ so that 


8{p,n\ 0 .,.Xi)^’025< S(j), n; 0 ... ,ri -f- 1) (4), 

S ipy n; a ’2 ... /?) 3^ 025 <S(p,n; (. 7*2 — 1) ... 71) (5). 

The position is illustrated diagrammatically below : 







• 

0 ^ M . 

• «■ Hf 

FIG.g. 

k H k 



If it is supposed that such values are determined for Xi and X 2 throughout the 
whole range, p = 0 to 1, we shall obtain two series of stepped lines running across 
the diagram as shown in Fig. 1, all points on which satisfy conditions (4) and (5) 
respectively. It follows that in the long run of our statistical experience from 
whatever populations random samples of 10 are drawn, we may expect at least 
95 of the points (x, p) will lie inside the lozenge shaped belt, not more than 


* J. Neyman, **0n the two different aspects of the repreuentative method: the method of stratilied 
sampling and the method of purposive selection,” Jourmil of Royal Statistical Society ^ xovii. pp. 668 — 006, 


1934. 
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above the upper boundary and not more than 2^7o below the 
lower boundary. If then as a general rule, when x alone is known these boundaries 
are used to determine points (.r, and {x, P 2 ), we may have confidence that we 
shall be correct in the estimate p\<p<p^ in about 05 7o cases. If greater 
confidence is desired, we may determine wider limits leading to a higher value of 
the expected percentage accuracy, e.g. 99°/^,. In the diagram, values of px and p^ 
corresponding to 5?= 2 are shown. 

This plan has been carried out below with the following modifications adopted 
for practical convenience: 

(1) The charts prepared ani entered with p and O — xIn, so that and 

boundaries for a number of values of n can be drawn on the same chart. 

(2) Instead of the stepped boundaries, curves have been drawn as in Fig. 1 
passing through the inner “corner'' points, i.e. the points (xip) and (x 2 p) for 
which p is such that S ( p, 0 . . . x{) and /S7 p, n ; . . . n) are exactly e([ual to the 
desired chance (in the cases chosen, these chances are 025 and 005). These curves 
are more convenient than the stepped lines for interpolation for internuKliate 
values of ??. Since no possible point (/r, p) can fall inside the ar(?a between a curve 
and the steps, no error is involved in using tlu^ curves. 

(3) While th(^ “corner” points could have beeri calculated precisely and the 
curves drawn through them, it was considered sufficiently accurate for tlie purpose 
to obtain the curves by an approximate method of interpolation described below. 

Before describing the charts and illustrating their use, it may be well to make 
clear the sense in which this method of estimation in terms of a confidenc(^ or 
fiducial int(?rval does not depend on any a priori knowledge regarding possible 
values of p. Consider the following situation. Suppose that in the course of our 
experience sarnphis of 30 are continually drawn, and that although we are not 
awar(i of the ta(;t, these are taken from populations in which p has three different 
values only, namely ^ and Further that the proportions of times these three 
cases are met with are as ^ : jV respectively. 

The expectation, on a basis of 10,000 draws, is shown in Fig. 3, in which the 
axes of p and x have been reversed for convenience. For example, for p = \ , 
X = 12, the expectation is 881, while for p = ]f, x = 2H, it is 1. The chart of Fig. 4 
described below will provide for each of the 31 possible values of x the limits for 
the confidence interval, with coefficient '95, for p. Thus when x = 15, we find 
Pi = *31, P 2 = *69. Taken over the whole experience, these intervals include the true 
population value of p in 9676 out of the 10,000 cases, and in the remaining 324 
do not, that is to say we are wrong in less than 5 % of cases. This is the risk of error 
that we have accepted, and it is quite independent of the particular set of three 
values of p introduced, or the relative frequency with which they are encountered 
in our experience. 

It will be noticed, however, from the figures in the margin, that the percentage 
of wrong judgments differs according to the value of x, from 100 to 0. We cannot 
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FIG .3. 

tlxerefore say that for any specified value of x the probability that the confidence 
interval will include p is *95 or more. The probability must be fissociated with the 
whole belt, that is to sjiy with the result of the continued application of a method 
of procedure to all values of x met with in our statistical experience. 

Indeed it will be clear that if we had information a priori regarding the values 
of p likely to be met in our experience, and if this information could be expressed 
in precise numerical form, it would be possible to shift the confidence belt and so 
narrow the limits of uncertainty while retaining the same risk of error. For instance^ 
if we knew that we should certainly cut off the two points of the lozenge 

by lines at p *= J and p * 

In practice, however, it is rare 

(1) for the a priori information to be expressed in exact form, 

(2) even when it appears so expressible, for the working statistician to have 
time to calculate suitable modification for the limits. 

Under general conditions, therefore, the statistician will usually be satisfied with 
limits which are ‘‘safe” in the sense that they give an expectation of long run 
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accuracy which is precisely known*, and thus avoid the uncertain risk of error 
involved in an attempt to introduce a priori information. 

(2) Calculation and use of the charts. 

The following method was employed in obtaining points from which to draw 
the curves in Figs. 4 and 5. 

Samples with n= 10, 15, 20, 30. 

Use was made of the tables giving the continued sum of the binomial terms, 
published in one of the Medical Research Coiincirs Reports f. From these tables 
it is possible to find the sum of any number of binomial terms for p = '025, '05, 
*075, *10, 15, '20, ..., *85, *90, *925, *95, *975. It will happen only rarely that for 
these values of p, Sf(p, n ; 0 ... ^ri) or S(p, w; ... n) approach the desired values 
of '025 or '005, i.e. that we can obtain directly the inside ‘"corners'* of the steps of 
Fig. 1. For the purpose of the charts, however, it was considered that sufficient 
accuracy would be obtained by interpolation for x in the tables. Take for example 
the case of n = 20 and consider the sums of the binomial terms for p = 0*45 given 
below. At what points should the two curves Jissociated with 7i = 20 cut the lines 


•T 

iS(-45, 20; 0...X) 

X 

,S’(-45, 20 ; 0...a:) 

0 

•00(X) 

8 

•4143 

] 

•0001 

9 

•5914 

2 

•0000 

10 

'7507 

3 

•(X)4l) 

11 

•8092 

4 

•0180 

12 

•9420 

r* 

•0553 

13 

•9780 

6 

•1299 

14 

•9930 

7 

•2520 

16 

•9985 


p = *45 in the charts? The point a; = 3 (j?//i = '150) is approximately a “corner" 
point, since the sum of the first 4 terms equals almost exactly '005, but the other 
points must be obtained by interpolation. Thus we argue : 

,(rt) The lower point The sum of the terms 0...4 is '0189 (< *025), and 
the sum of the terms 0...5 is *0553 (> '025); a linear interpolation J gives for a*, 
4'17 (a;/u « *208). 

(6) The upper *025 point. The sum of the terms 13... 20 is 1 — *9420 == 0580, 

and the sum 14 ... 20 is 1 — *9786 = *0214. Take x == 13'90 {xjn — *695). 

(c) The upper *005 point. The sum of the terms 15... 20 is 1 —*9936 = '0064, 

and the sum 16 ... 20 is 1 - '9985 = *0015. Take a? = 15*29 {xju = '764). 

* This is not strictly true of course, since only an upper limit to the error is known, owing to the 
fact that X can assume discrete values only. As n increases, however, the true risk will rapidly approach 
the limiting value. In cases where the coefficient, x, is a continuous variable such as a sample mean or 
standard deviation, this difficulty does not arise. 

t Reports on Biological Standards^ ** II. Toxicity Tests for Novarsenobenzene,” oy Durham, Gaddum 
and Marchal. 

{ This form of interpolation, if crude, appeared adequate for the curve drawing. 
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Conseijuently in Fig. 4 the curves marked 7z. = 20 cut the line p = *45 at 
cr/?i = ’208 and 095, and in Fig. 5 at ^://i = ’l50 and ’764. 

Fresh calculations of binomial terms were made for 71 = 50, 100 and 250, while 
the limits were obtained from the normal curve in the case 71 — 1000. 

It will be noted that the curves cut the axis a;//i= 0 at points at some distance 
from p = 0 when 71 is small. The points of intersection correspond in the two 
diagrams to those values of p for which the first term of the binomial fy” = (l — 
equals 025 and *005 respectively. On the other side, the end points on the axis 
u;/n = 1 correspond to values of p for which the last term, p^, equals *025 and *005. 

The charts have been prepared to give rapid answers in problems such as the 
following : 

(1) A sample has been drawn (n and a; known), to obtain the confidence or 
fiducial interval for p. 
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Confidence Belts for p (Confidence Coefficient - 99) 



SCALE OF ^ 

r iG..5. 


Example A. The toxicity of a drug may be measured by the proportion, /), of 
mice in a standard laboratory population that will die after injection with a dose 
of given strength. Out of a sample of 80 mice randomly selected from the popula- 
tion, 8 die after injection ; within what limits may we expect that p lies I Turning 
to Fig. 4, and taking a = 30, ./;/a = 8/30 ^ *267, it will be seen that we may say that 
*12 < p< *46, if we are prepared to accept a risk of error of not more than 1 in 20. 
To obtain greater confidence in prediction (risk of error 1 in 100) we must turn to 
Fig. 5 and obtain *00 < p< *52. 

(2) To plan in advance the size of sample necessary to provide a desired degree 
of accuracy in estimation. 

Example B, In a manufacturing process a crude index of quality, P, has been 
the percentage of articles which pass a certain test. This index has fluctuated in 


412 


The Use of Confidence or Fidmicd Limits 


the past round P = 60, but it is proposed to make an intensive effort to improve 
quality (which will mean the raising of this percentage) by tightening the control 
of manufacture. Improvement is to be judged by studying the changes in the 
proportion of articles (xjn) passing the test in a random sample of n articles. How 
large would n need to be to obtain from the sample an estimate of P, with a range 
of uncertainty of not more than 5 ? 

At the start, the value of p = P/100 in the material sfimpled is not more than 
*()0, and we wish to determine n so that the confidence belt will be of breadth 
about ‘OS. On the assumption that a confidence coefficient of ’96 is adequate, we 
may use Fig. 4. It will be seen that for xjn having values between *6 and *8, n must 
be more than 1000 for the interval pa — pi to be as small as *05*. In many crises 
the testing of so large a sample would be quite out of the question, and this result 
points to the fact that an index of this type is not an efficient measure of quality. 
Much more information of changes could probably be drawn from a smaller sample, 
if the index could be based on the mean value of some measured character deter- 
mined for each article of the sample. 

(3) To determine the limits of sampling variation that may bo expected in x 
when p is known, and so determine the size of sample needed. 

Example C. There are two alternative hypotheses regarding the chance of an 
individual in a certain population bearing a given character; the alternatives are 
thatp = i orp = Such might be the case in some genetic investigation. How 
large a siimple must be planned to make it practically certain that we can dis- 
criminate between the two hypotheses ? 

In this case we arc concerned with the sj\mpling variation of x for p = i and 
p = J, and n should be chosen so large that there is no “overlap” of any conseejuence 
between the two distributions. Suppose we choose n so that the upper *005 point 
of the X distribution for p = |, as judged from the curves of Fig. 5, corresponds to 
the lower *005 point of the distribution for p = J. This will occur when n is slightly 
over 100, say llOf. 

* Since for larf{e values of n the upper and lower bounds of the confidence belt are very nearly 
parallel lines making an angle of 45'^’ with the axes, and the binomial may be represented by a normal 
curve, the breadth of the belt is approximately 4 Jp (1 -p)/», which if equated to *05 gives 71=1600 for 
p = *60 and n = 1000 for p = *80. 

t [It is interesting to consider what the solution would be, if the two binomials, + and 
+ were replaced by normal curves. The means of these curves will be iipj and wpg (p^^Pi) while 
their standard deviations will be tr^^slnpiq^ and <T,^—\/np.yq.j, Let I represent the overlap and re- 
present the distance from mean to overlap in first curve and X 2 represent distance from overlap to mean 
in second curve. Accordingly 

= + (i). 

If I be the overlap, and J (1 ~ a^) be the area cut off from the first curve and J (1 -> Og) from the second 
curve, it will be reasonable to take 

Thus xilffi and xjx^ must be obtained from the tables of the normal probability integral with 
J (1 + a) = 1 - Jf, or say they have the value 



C. J. Cloppkr and E. S. Pearson 


413 


If we were prepared to accept a greater risk of an inconclusive result, which we 
might well be prepared to do if the sample could be readily increased in size in a 
doubtful case, then we might choose n so that the upper and lower *025 points of 
the X distributions correspond. Turning to Fig. 4, it is found that this occurs when 
n is about 65. 

It follows from (i) that _ 

or + (ii). 

In the case in the text Pi = l, ;^ 2 =i and f = -00r), 1 -Jf=-91»7r>, which corresponds to ^ = 2*81 nearly. 
Thus >//*=: 2*81 (n/ 3 f 2) -2*81 X 3*7205 =10-456 and =109-3, according well with the value in the 
text. If we desire to alter the overlap, the first factor ^ only is changed in (ii). If Z = -025, then 
J (1 + a) =s *9875 and 4 = 2*2410 = 2*2416 x 3*7205 = 8*34 and a = 09*0, or 70 as against 05 of text 
above. Ed. ] 
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TflE ROUMANIAN SILHOUETTE. 

By MARIOARA PERTIA AND OTHERS. 


The Editor of Biometrika is glad to have the opportunity of presenting to his 
readers two further racial silhouettes — those of the Roumanians from Old Roumania 
and from Transylvania, which latter before the Great War was part of Hungary. 

Sketch Map of Old and New Rouiytanta. 



The circumstances under which these silhouettes have been prepared are the 
following. Mile Marioara Pertia came in 1930 to the Biometric Laboratory, as a 
post-graduate student for special statistical training. The then Director of the Labora- 
tory was able to interest her in anthroiwlogical statistics, and in particular made 
inquiries as to the possibility of obtaining a series of Roumanian silhouettes, on 
which to base a type silhouette. Miss Pertia took great interest in the proposal, 
and the nature of the silhouetting apparatus in the Biometric Laboratory as well 
as the system of coordinates employed for the measurement of the life-sized 
silhouettes were very fully explained to her, and training in taking the measure- 
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rnents was given by Dr G. M. Morant. On returning to Cluj in Roumania 
Mile Pertia was able to interest Professor Victor Papilian, Director of the Depart- 
ment of Anatomy in the Faculty of Medicine in the University of Cluj, in the 
proposal. He most generously placed at Mile Pertia s disposal not only a room for 
the work, and apparatus built on the Biometric Laboratory model, but all material 
needs, and invited the students of his department in their first and second years to 
have their silhouettes taken. Thus most of the hundred silhouettes taken were 
those from students registered in the Faculty of Medicine at Cluj. Without Professor 
Papilian s active interest in the scheme the work could not have been carried out. 
His claim to an ample share in the production of the silhouettes is here most fully 
acknowledged*. Fifty of the silhouetted students were from Old Roumania, pure 
Roumanians for three generations, })arents, grandparents and great-grandparents. 
A second fifty students were from IVansylvania including the Banat; these also 
had three generations of pure Roumanians behind them. One of the points of 
interest to be considered was whether the Roumanians from either side of the 
Transylvanian Alps were sensibly differcuitiated. Of course the term ‘'pure 
Roumanian” is of doubtful significance. Independent Roumania is of very rt‘cent 
growth, and we should anticipate considerable Slav, Greek, Turk and Magyar 
influences on the population in various districts of the Roumania of today. All vve 
understand by the words “pure Roumanian” is that there has been among their 
direct ancestors no intermarriage with persons of Slav, Greek, etc. blood for at 
least three generations. Until we have silhouettes of the adjacent and intermingled 
racial groups, it will not be possible to measure the degree of divergence between 
the Roumanians and these groups. 

The entire work t)f measuring the hundred silhouettes and taking the means of 
their numerous coordinates was carried out by Miss Pertia and from hm* measure- 
ments Figs. 1 and 2, with the silhouettes themselves have been constructed. The 
original life-size silhouettes were prepared by Miss Ida McLearn (Mrs Fraser Larmor) 
and accurately reduced to half-scale. 

In order to remind the readier of the terms used in our silhouette analysis the 
figure from the initial paper on this subject in Biovietrika^ is reproduced here. 

Fig. 1 gives for Old Roumanians the mean values of the various lengths upon 
which the plotting of the type contour is based. The full description of th(^ manner in 
which this coordinate system is arranged is given, together with the names selected 
for various points of the silhouette, in Biometrikay Vol. (1928), pp. 389 — 397. The 
Frankfurt Horizontal makes an angle of 12°*6 with the line A A, joining the auricular 
point A to the hyperrhinion. In the silhouette formed from this index figure the 

* With the apparatus installed at Cluj it would be of much interest if the members of oilier Balkan 
races could be silhouetted, c.g. Magyars in Transylvania, and Bulgans in Dobrogca. 

t **On the Importance of the Typo Silhouette for Racial Characterisation in Anthropology.” 
Biometrika^ Vol. xx®. pp BS9 — 400. The figure is on p. B90. A further paper used below is “The 
Albanians of the North and South,” by Miriam Tildesley and otiiers, Biomeirika, Vol. xxv. pp. 21 — 51. 
Both these papers like the present one contain tissues of the silhouettes, admitting of easy superposition. 
These are the bases of the comparisons made in this paper. 

27—2 
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The Roumanian Silhouette 



Diagram of Cephalic Points on Silhouette. 

Frankfurt Horizontal was taken parallel to the bottom edge of the plate. The 
original typo contour constructed to life-size was reduced to half-scale in re- 
production: see Plate I. We regret that the draughtsman — Miss Ida McLearn 
(Mrs Fraser Larmor) — by an oversight was not instructed to add a collar to the 
neck as in the case of previo\is silhouettes. It would have rendered comparison 
merely by sight less disturbing. Fig. 2 gives the mean values of the coordinates of 
the Transylvanian Roumanians; and Plate II is the corresponding half-scale 
silhouette, with the Frankfurt Horizontal again made horizontal. The angle between 
the auricular-hyperrhinion line arul the Frankfurt Horizontal is here slightly less, 
namely 12‘'*2. 

We will now make the few comparisons that it is possible to make at present with 
the Roumanian silhouettes. We may note that no method of comparison has at 
present been used as standard; therti is not sufficient material available to justify 
a choice of method. But five methods naturally suggest themselves for trial: 

(а) To place auricular point on auricular point and bring the AN lines into 
contact. 

(б) To superpose the hyperrhinions, N, and bring the AN lines into contact. 

(c) To bring the Frankfurt Horizontals into contact and superpose the 




Plate I 


Biometrika, Vol. XXVI, Parts III and IV 

M. I’crtisi : J'hc A'ott/naniim Silhoueifc 



Type Silhouette, based on fifty male students from Old Roumania. 
Reduction Half-Linear. 


Plate II 


Biometrika, Vol. XXVI, Parts III and IV 

M. I’ertia: The Kouwauiatt Silhouette 



Type Silhouette, based on fifty male students from Transylvania. 
Heduction Half-Linear. 
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(d) To bring the Frankfurt Horizoiitfils into contact and superpose the nasal 
terminals of these lines. 

(e) To adjust as closely as possible the two hices by superposing the hyperrhinions 
and turning one tracing round until the maximum closeness is reached, possibly 
with a slight shift of the point of rotation. This is not difficult in the case of 
most European groups, because the facial resemblance is great, and it enables us 
to compare advantageously the relative positions with regard to the face and the 
relative sizes of the brain-boxes. 

All these methods of comparison are easily made by means of the tissues 
in the pockets at the end of the volumes of Biometrika containing racial type 
silhouettes. 

(i) Comparison of the tivo local Roumanian races with one another. 

(a) and (6), (c) and (d) give very little difference in effect. They make the fore- 
head of the Old Roumanian slightly recedent and the chin somewhat protuberant 
in relation to the Transylvanian Roumanian. Th(i divergence might be produced 
by a slightly more V(‘rtical position of the face, possibly by a more upright holding 
of the body. The shape of the chin, owing to the muscles of the neck, is influenced 
by the 'angle’ at which the head is set to the trunk. 

(e) Turning the Old Roumanian type silhouette round the hyperrhinion until the 
faces almost exactly fit, we find scarc<dy a difference in the features of the two 
faces. The car as judged by the relative positions of the two auricular points is slightly 
higher in the case of the Old Roumanian. The back of ,thc head, however, of the 
Transylvanian projects from the plakion at the vertex to the lophion at the back 
of the neck beyond that of the Old Roumanian. Unless the Transylvanians wear 
longer hair at the back* — and this would hardly apply to the part about the 
lophion — this seems the only really distinguishing racial difference. 

To draw a conclusion from this comparison: We have been unable to discover 
any marked racial difference in the face between the Old and the Tmnsylvanian 
Roumanian types. There is a possibility, however, that the latter hi\s a somewhat 
larger brain-box. The two groups are clearly close "local races.** 

(ii) Comparison of the Northern Albanian mth the Roumanian Silhouettes. 

(«) With the Old Roumanian type. 

There is only a slight difference in angle between the auricular-hyperrhinion 
line and the Frankfurt Horizontal. Further the auricular-hyperrhinion distance is 
almost exactly the same for the two races, so that there is again little differentiation 
to be made between the methods (a), (6), (c) and (d). 

(a) and (6) show the receding forehead of thcOld Roumanian type and aprotruding 
nose, and the back of the Old Roumanian head protrudes from obelion^rachion (R), 
but recedes from plakion to obelion. If we try (c) it agrees practlSlly with (a). 

* To judge by the hair at the crinion (i.e. the start of the hair on the forehead), the Old Koumanians 

are the more hirsute. 
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b’i^'. 1. Typo Koumauian rf silhouftte based on fifty students from Old Houniania,-— showing the network 
of mean coordinates from which it was plotted, and the Frankfurt Horizontal, as indicated by the 
continuous line through the auricular point A, 
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Fig. 2. Type Kouraanian fiilhouette baaed on fifty atudents from Transylvania,-— showing the network 
of mean coordinates from which it was plotted, and the Frankfurt Horizontal, as indicated by the 
continuous line through the auricular point A, 
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(d) shows us an emphasised recedence of forehead and a lessened but still marked 
protuberance of lower face from the subnasalc to the gulion, while the Old 
Roumanian brain-box is now in excess from obelion right away to lophion. 

(e) Bringing the faces into close contact, we find the facial contours from glabella 
to subnasalc fit each other excellently. The upper lip of the Old Roumanian is 
longer and the lower lip is also longer and more protub(‘rant. The vertical walls of the 
chins fit well, but the horizontal base of the mandible from progenion to gulion is 
higher in the Albanian silhouette. But tin* most marked racial differences are to 
be found above the hyperrhinion. The forehead of the Northern Albanian is more 
nearly vertical (i.c. more infantile) in character, and sensibly higher, the crinion 
being well above that of theOld Roumanian type. Notwithstanding, from crinion over 
the top of the head through plakion and obelion right round to rachion, the head of 
the Old Roumanian is in very considerable excess of the Northern Albanian. Does this 
connote that the brain-box of the Northern Albanian is less than that of the Old 
Roumanian ? Not at all ; for, if starting from the best facial fit in (e), we shift tlu^ 
Albanian tracing up verticalhj so that the two auricular points coincide, there is 
practically no differentiation in size of the two brain-boxes. If there be a difference 
in the skull capacity of the two races it must be due to parietal breadth rather 
than to glabella-occipital length or auricular height. 

There are, we judge, sensible racial differences between the Old Roumanian and 
the Northern Albanian, whic.h might be crudely expressed by saying that while 
the features of their faces are very similar, the laces th(‘mselves appear set at 
different angles to their brain-boxes. 

(/3) With the Transylvanian Roumanian type. 

(a) The Northern Albanian silhouette lies almost entirely inside the Transyl- 
vanian. The forehead of the former being somewhat more vertical does indeed pjuss 
outside the latter for the upper third, just below the crinion. There is internal 
contact with the Transylvanian betw('di plakion and obelion, but otherwise th(^ 
Northern Albanian falls well inside the Transylvanian from gulion right round to 
lophion. 

(Jb) Th(3 Transylvanian forehead n^cedes, and from hyperrhinion downwards 
through protion to gulion, nose, lips and chin protrude. The glabella and the 
district just above the crinion have contact, but above the bregma to contact just 
behind the plakion and so onward to the rachion, the Transylvanian contour 
shows a larger brain-box. (c) shows little difference except that the bounding lines 
of the two silhouettes now show no contact above the crinion, and little contact 
beyond the plakion till we reach the rachion. {d) The forehead of the Transylvanians 
is now more recedent on the Northern Albanians and the region below the subnasale 
less so, but the Albanian contour from the vertical through IV' now lies well inside 
the Transylvanian right round the head to the lophion. 

(e) The nose, the forehead halfway up and the upper lip fit reasonably well. 
The stomion is, however, higher in the Northern Albanians and the chin more 
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protuberant, the progenions again coinciding. If we slip the tissue up vertically 
from the {e) position so that the auricular points are on the same level the glabellas 
practically coincide, but the lower part of the face of the Northern Albanians is 
shorter than that of the Transylvanians from protion to gulion. Nor is the excess 
of brain-box in the latter removed. 

We conclude that the Northern Albanians differ more widely from the Tran- 
sylvanians than from the Old Roumanians, having a smaller brain-box in addition 
to a sensibly smaller lower face. They are indeed more removed from the Northern 
Albanians than the Old Roumanians ani, and this at lt*ast is in acc«)r(lanco with 
geographical position. It is a pity that we have not Serb or Bulgar profiles, to 
sec whether they would provide any intermediate stages. It would be of interest to 
discover whether the small difference between Old and Transylvanian Roumanian 
types is due to any admixtures of Slav blood with the former or Magyar blood with 
the latter. 

(iii) CoiHparison of the Southern Albaniifn with the Roiunaman Silhouettes. 

(a) With the Old Roumanian type. 

(a) Here we have a much more marked racial difference. With the exception 
of the small region above the glabella to the crinion where the vertical forehead of 
the Albanians crosses anteriorly to th(5 Old Roumanians the entire Albanian contour 
lies inside the Old Roumanian ! There is no doubt that the Old Roumanian type has 
a much larger head, (h) If we superpose the hyperrhinions and the AA lines, the 
vertical forehead of the Albanians carries the Albanian contour outside tlu^ Roumanian 
from glabella to a point about halfway between the verticals through III' and IV', 
but the Old Roumanian face from hyperrhinion to gulion is protuberant, and the 
excess of the Old Roumanians over the Southern Albanians is most remarkable. 

(c) Making the Frankfurt Horizontals and the auricular points to coincide, then 
except for a very small frontal length near the crinion, the Southern Albatiian lies 
entirely inside the Old Roumanian, and in the position (d) this is still nearly true. 

(e) Making the closest facial fit, which is very nearly achieved by superposing 
hyperrhinions and progenions, we see that the faces from hyperrhinion to progenion 
are in close accord. The vertical forehead of the Albanians again shows a slight 
frontal excess below the crinion, but from that point right round the head t(j the 
lophion the contour of the Old Roumanians stands extravagantly outside that of 
the Southern Albanians, 'fhe upward shift of the auricular point of the latter to 
the level of that of the former, owing to the very vertical back of the head in the 
Southern Albanians, while it throws out the correspondence in the facial contours, 
does practically nothing to reduce the excessive occipital difference. 

(j3) With the Transylvanian Roumanian type. 

(a) With the exception of less than a centimetre at the crinion the whole of 
the Southern Albanian silhouette lies inside the Transylvanian from gulion right 
round to lophion. (b) From hyperrhinion to gulion the lower face of the Roumanian 
protrudes; the glabellas are in contact, but from that point to the crinion the 
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vertical forehead of the Albanian stands out beyond the Roumanian ; thence after 
coiitiict for about two centimetres of contour, over the vertex round the occipital 
region to the lophion we have the same remarkable excess of the Transylvanian 
head, (c) gives the same results as (a), except that it lessens the short distance 
near the crinion in which the Southern Albanian protrudes, {d) leads to no further 
information of any importance. 

(e) giv('8 a moderately good fitting of the facial contour of the two races from 
glabella to sublabrion ; it shows the projection of the South Albanian chin and its 
vertical forehead above the glabella, and emphasises the large excess in brain-box 
of the Transylvanians, if we pay no regard to the parietal breadths. 

We may conclude then that both the Transylvanian as well as the Old Roumanian 
types show a marked racial divergence from the Southern Albanian type which is 
especially marked by the rounded forehead of the former and the vertical forehead of 
the latter, and further by the very much larger midsagittal section of the Roumanian 
brain-boxes. On the other ,hand the Old Roumanians, while differing racially in 
some respects from the Northern Albanians, show a greater resemblance to them 
than the latter do to the Transylvanian Roumanians. The two Roumanian contours 
are certainly far closer together than the two Albanians are to each other. 

It is regrettable that so few comparisons can at present be made with other 
races. The superposition of the West African negro silhouette with the Roumanian 
silhouettes would serve no useful purpose. We may, however, compare that of the 
English students with thos(5 of the Roumanian students. 

(iv) Comparison of the English Student Silhouette with those of the Roumanian 
Students. 

{a) With the Old Roumanian type. 

{a) From the vertex to th(i hystation the contours are in close agreement. 
From hy.station to lopion the Old Roumanian is more protruding. From apex 
to crinion (both of which are on the same level) onward past nasion, protion down 
to Hupralabrion, the English silhouette protrudes considerably. I'he mouth and chin 
of the two silhouettes show contact to progenion after which to gulion the Old 
Roumanian chin drops below the English. (6) Sliding the English A backwards 
horizontally until the hyperrhinions are superposed, it will be seen that from protion 
to glabella there is now close contact and even the crinions are but slightly apart; 
from protion t(» gulion, however, the Old Roumanian lower fiic(; protrudes. But now 
from crinion to IV' the English protrudes, from IV' to plakion the Old Roumanian, 
and beyond the English right round to lophion. (c) In this case the entire English 
face protrudes except from supralabrion to gulion, where the Old Roumanian is 
slightly in front. There is a small protrusion of the Old Roumanian on the oecipit<al 
side. On the other hand if wc take (d) as our criterion, there is very little divergence 
ill the occipital region. But the English frontal protrudes from glabella to well 
above the crinion, the nose is longer, but from subnasale to gulion the Old 
Roumanian is protuberant. 
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{e) If wo make a close fticial fit, which may be done fairly well by superposing 
glabellas and progenions, it will be seen that the English forehead is more vertical 
than the Old Roumarnan, the nose and upper lip are longer, the stomion lower and 
thus the chin shorter than among the Old Roumanians. The English contour 
projects at the occipital, and is much less high from the vertical at IV' to the 
obelion. 

On the whole it seems to us that (d) gives the best comparative position, and 
in this case the longer nose, the rccedent lips and chin, associat('d with occipital 
excess arc the characters which distinguish the English from the Old Roumanians. 

We see, however, that the differentiation of English from Old Roumanians is 
scarcely greater than that between the Old and Transylvanian Roumanians, while 
distinctly less than that betwetm the Old Roumanians and the Southern Albanians. 

(j8) With the Transylvanian Roumanian type. 

(a) The English silhoiU'tU; is very close to the Transylvanian especially in the 
facial portion, but th(‘ lattcir (‘xcc'.eds the former in height of head from the vortical 
through IV' even to the hystation. (6) The facial corres[)ondenc(j is still further 
improved, but the English are seen to have a somewhat longer nose, 'fhe greattir 
height of the Roumanians is maintained but from hystation to lophion the 
English contour protrudes, reaching a maximum at the rachion. (c) The English 
facial contour protrudes, the Roumanian still indicates the greater height, 
(d) Almost as good a fit facially as from (e), Roumanian (*xcess at crown and smaller 
English excess at rachion maintained, but slightly longer English nose and protrusion 
at chin. 

(e) Superpose stomion and hyperrhinion for the two siIhouett(‘S, the facial fit 
from glabella to near the progenion is excelhmi.. The English brow projects a little 
below and above the crinion, the excess of height of the Transylvanian Roumanian 
type is slightly reduced and the English rxccss at the rachion has practically vanished. 
The btise of the English chin from progenion to gulion lies inside the Roumanian. 

It would be difficult to obtain a closer relation even between two admittedly 
allied races*. Indeed the English type*, appears almost :us close to the Transylvanian 
Roumanian as the latter is to the Old Roumanian type. 

Such a result may socmi to discredit the silhouette a.nalysisof racial differences, 
but what that analysis is bringing out is the close facial resemblance, at any rate 
in the midsagittal plane, of most members of the European family. 

On the basis of this we suggest that thi5 methotl (e) of comparison is hotter 
than (a) — (d), although (d) often gives results closely akin to (f?). It would o( 
course be of great advantage to have type silhouettes of non-European races, so 
that we might judge of how far the facial contour can vaiy from racial group to 
racial group. The negro silhouette shows the possibility in this direction, but we 
need silhouettes of American Indians, Chinese and Australian natives, etc., before 

* An investigation of the relationship of the English skull to the Transylvanian Roumanian skull 
would be of great interest. 
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wo can appreciate the racial value of the silhouette. With the slender material at 
present available, it seems to us that the shape of the midsagittal section of the 
brain-box has more discriminative value within the racial family than the facial 
midsagittal contour. But here again we are met by the difficulties attaching to the 
growth and fashion of the hair*. 

So far as the data of the present paper are concerned we may conclude that: 

Th(j Old Roumanians and the Transylvanian Roumanians are closely allied, but 
hardly identical stocks. 

The Old Roumanians arc closer to the Northern Albanians than the Transyl- 
vanian Roumanians arc; closer indeed than the Northern Albanians are to the 
Southern Albanians. The Transylvanian Roumanians are singularly close to the 
English, as far as their silhouettes are concerned. Thus we should conclude that 
the Old Roumanian typo differs from the Transylvanian Roumanian inamannerwhich 
causes the former to approach the Northern Albanian, and the latter the English 
silhouette. Little further can be asserted until Magyar, Serb, Bulgar, and Turk 
.silhouettes are available. The great influence the Turk has had on the modern Greek 
may find itself to some extent paralleled in the case of the Old Roumanian. 

* Tho short-cut hair of soldiers has advantage in this rospcct, but the student class today throughout 
Europe tends to adopt a close crop. 



ON A NEW METHOD OF DETERMINING 
“GOODNESS OF FIT/’ 

By KARL PEARSON. 

1. Thts paper is devoted to an account of a very simple method for testing 

“goodness of fit/’ that is to say of finding a measure of the probability that a given 
sample of size N classified in k categories 712 ^ rig, can be reasonably 

supposed to have been taken at random from an indefinitely large population in 
which the probability of drawing an individual from the sth category has the 
known value p,. 

The method has certain advantages over my Fx^) method, in that the 
demonstration is very simple, and the assumptions made are fewer, and can be 
very briefly stated. There is no assumption that binomials can be replaced by 
normal curves, and it can consequently be applied when the frequency in any 
category is quite small ; that is to say there is no need to club togiither small 
terminal frequencies. 

2. Let us assume continuous fre<piency with any variate x for the parent 

jKjpulation. Let its frequency curve be y = Theti the probability integral of 

the value .r, if the total range be a to h, would be 

Px = I F (x) d:v j ^ F (^’) dx. 

Now let the parent population be divided into k categories with ascending 
value of X, If we take the frequency in these categories to be in the panmt 
population 

vii 4- 'ni2 + . . . + vig 4- . . . + //ifc = M, 
and write p, — 

then on the hypothesis that these categories are indefinitely large (or that each 
individual be returned to his category before a second draw is made), we can obtain 
the probability integral of an individual Xg i falling into the .sth category. 

Let us suppose the area of the parental fretpiency curve between the vertical 
through ^.and the boundary between and to Ix^ then the pro- 

bability integral of Xgj will be 

PB,t = « 5 , « + P«+l 4- p,+2 + • • • + Pfc , 

and denoting the Ug individuals in the sth category who may occur in a sample of 
N taken from the above parent population as 

‘^V2» *•* ••• 
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we have for the product of their probability integrals, i.e. 

the (!xpn!saion 4- 7 .,) («,.2 + 7,> • • • + 7 ,) . . . I- 7 ,), 

whoro 7 , - p,, , + />»+2 + ••• + ••• + }h- 

We shall make here an assumption, which proved very profitable when Halley 
suggested it to 1)(; Moivr (3 for solving another problem in the theory of probability : 
Let us replace the geometrical mean by the arithmetical mean, or take 

Mean a., , + 7 , n, V + 7 ,) («<,,2 + 7 ,) . . . (a, , 4 - q,) . . . f q,). 

Now the most reasonable thing would be to divide the area into equal 
areas and place an x^ t fhe median of each of these sub-areas. We should then 
have 



These give a mean =^^>.<,(1 -1)== <>r 

d* ~ (^^.‘<,1 ^ ^^s,2 “t 7s) • • • {^s,ns d" 7 s)’ 

Thus our assumptions lead us to the same result as if we had placed all the 
individuals at the median valu<‘ of the area in the evth category. 

With these assumptions, wo have, if be the product of all the probability 
integrals of the N individuals in the sample, 

l<>gi» — ^^1 legio ( I Pi 4- p 2 + • • • 4" pk) 

-h if 2 logio (-J P2 4- />3 4* ... 4- pk) 

4- n.i logio ( 2 pii 4t /)4 4- . . . 4- pfe) 


f /a h)gio(2pii)» 

and the probability of a sample occurring with a greater probability than the 
observed sample will bo {liiometrika.^ Vol. xxv. pp. 379 — 410) 




h*gi() \ 

ViV logp 1 ()/ 


In a similar manner if W (3 take pj - 1 — p^, i.e, measure our probability integrals 
from the other end of the curve of frequency, we have 
login X,/= Vx login (^Pi) 

+ ?? 2 logio( 2 p 2 4-pi) 


4- //;jlogi«(.iy>;j4-p2 4-pi) 


and 


4- nje logio (^p* 4- Pk-i 4- ... 4- pi). 




logio Xn'_ 

V N log, lo/ ’ 
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where in both cases 1 (q, u) is the incomplete r-fnnction nxtio 

pts/q + l / TOO 

= 1 afle~'^dir j x^ie^^dcv. 

The value of this function for all values of u up to 7 = 50 is provided in the 
Tables of the Tncomjdete r-Finwtion*. When ^=100, we can replace the curve 
by a normal curve with some degree of accuracy, but when we get 
beyond small samples, i.e. N>^0 up to j/V==100, the normal curve is only roughly 
approximate, and if great accuracy is requinul either ont^ or other of the methods 
described on pp. xvi — xix of tht‘ Introduction to the above work or the method of 
continued fractions must be used (see Biometrika, Vol. xxii. pp. 285 — 297). 

Given the curve y = yax^e~^y its 

Mean = ry + 1, Mode = q, and Standard Deviation = ^7-1- 1. 

Now will, when iV'^^lOO, be equal riearl}^ to the area of a normal curve up to 
7 + 1 — 5^0 b*<»m the mean (i.e. =iV^ — logioX^r/logio^?) = i (1 — a) if iV^be >logioXjv/logioe, 
and eijual to ^(l4-«) if N be < logioXjv/logjoe. Here we are supposing our 
probability integrals measured from left to right with increasiitg x. On the other 
hand, if wo use X.,/ we are measuring our probability intt^grals from right to left, 
and if logic bs < N we require ^ (1 ~«), but if it is greater than N we 
require J (1 *fa) to determine 

Tf Pxn be larg(', most samples will be more probable than the observed one; if 
P\n be small, few samples will be more probable than the observed on(‘. In other 
words Qa,j= 1 ~ P\n loeasures the pro{)ortion of samples less probable than the 
observed oiu'. Similarly will measure for the other series of probability integrals 
the proportion of samples loss probable than tlu'. observed om*. Wo have thus two 
series of probability integrals associated with any sample. If one of these leads to 
a Q very small and much smaller than tlu' other, it should be chostm, bocaus(‘ if 
one characteristic of a sample shows that the sample is very improbable, it will 
not be made a probabh* sample by another characteristic being far less improbable. 
If the form of the nasal base renders it highly improbable that a skull should be 
that of a European, the fact that its orbital indt^x might reasonably be that of 
a European will not cause us to assert that it is the cranium of a European. 
Accordingly we must judge by the characteristic of the sample which is the mon‘ 
stringent, i.e. renders the hypothesis we are testing the more improbable. In other 
words we select the smaller Qa„ as our criterion. 

At present therefore in using this test we must determine both X;* and X,/; it 
is only in sipall samples that we can ascertain a priori by mere inspection which 
will be the larger. It would certainly save much labour if a method could be 
devised of selecting at once the appropriate si*t of probability inti^grals, so that 
double working might be avoided. We will now proceed to illustrations and 
comparisons of the (X,* , P\^) and Px^) methods. 


lleiHsiie IViometriha Oliicc, University College, Uondon, W.C. 1. Price 42^. net. 
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3. Illustration (i). The following data for Whooping Cough cases are given by 
Dr E, S. Martin*: 


Age 

Observed 

Frequency with 

Frequency 

Type I Curve 

0—1 

212 

212*5 

1- 2 

427 

419-3 

2—3 

344 

363-8 

3-4 

270 

267-9 

4-5 

210 

182-0 

5- 0 

101 

117*1 

0 7 

08 

72*1 

7-S 

43 

42*8 

H 0 

20 

24*0 

9 10 

15 

13*6 

10-15 

14 

14*3 

Totals 

1730 

1730 


Tho computed fre([uericie.H liav^j been adjusted by *l in two places to give the total 1730. 

Dr Martin finds for ] 1 groups ~ ^*21 and Px^ = *Gl, a good fit. 

In the following Table, column (a) gives the observations, (b) the theoretical 
group chances, pg, found from the Type I curve, (c) the halves of these sub-group 
chances, (d) the probability integrals taken from right to lefty (e) the logarithms 
of these integrals, an<l (/) their values when multiplied by the observational 
frecpiencies in (a): 

TABLE K 


Right to Left Probability Integrals, 


(a) 

(6) 

ic) 

(<i) 

(«) 

(/) 

212 

*122,8324 

•0(il,4162 

•001,4162 

- 1-211,7171 

- 250-884,0252 

427 

•242,3099 

•121,1849'' 

*244,0173f 

- -012,5793 

-261*571,3011 

311 

•210,2890 

•105,1445 

•470,3168 

•327,5819 

112*088,1730 

270 

•154,8555 

•077,4277'' 

•602,!)im/‘ 

- -185,1 403 

- 19-987,8810 

210 

•105,2023 

•052,601 V‘ 

•782,9 479f 

- *100,2071 

- 22*310,0910 

101 

•007,0879 

•033,8 139'^' 

•86!),:«t30» 

- -060,7839 

- 0*139,1739 

08 

•041,0703 

•020,838 If 

•i)24,075K‘ 

- •0:11,2926 

2*331,8968 

43 

*024,7399 

*012,3699^' j 

•957,28:12* 

- -018,9595 

1 - *815,2585 

20 

•014,2196 

•007,1098 1 

•976,76:10 

- -010,2108 

*205,4808 

15 

*007,8013 

•003,9306f 1 

1 -987,8034* 

- -005,3295 

•079,9425 

14 

•008,2659 

•004,1329'‘ 

•995,8670* 

- -001,7987 

•025,1818 

1730 

1 *000,0000 

•5(X),0000 

7-922,832:1 

- 

-713*104,4602 


IHometrikay Vol. xxvi, pp. 35 et seq. 
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The numbera at the foot of each column are the totals and these serve to check 
the accuracy of (a), (6) and (c) at sight. The sum of the (d) column 

= i — {pi + + 3/)3 -f ... -h k'Pk) = in our case ll o - 3*577,1 617 = 7*922,8323, 

thus checking (d), the value of S{spg) being found by a continuous operation on 
the first column, exactly like finding its mean. 

The value in the (c) column of ena])les us by a continuous operation to 
ascertain the probability integrals in (d). We place the first mnnbcT in (c) on the 
machine and this records the first number in (d). We turn the handle again and 
then add the second number in (c), this gives the second numlxu- in (d). We turn 
the handle once more and then add tlui third number in (c) and so. obtain the 
third number in (d). This process is repeated till all the numbers in (d) are 
obtained. The process is very rapid. 

Column (c) gives the logarithms of the numb<M*s in (d) ; they an? hen' prt*sente<l 
as entirely negative, i.e. with the positives characteristics subtracted from the 
negative rnantissac. 

Column (y’)is column (e) multiplied by the corresponding figures in {a)y and 
summed at the foot. The numbers in it would not in practice bo enter(jd, the 
whole multiplications and additions being one process on the machine. 


We have now logioX,i = — 713*104,4662. Dividing by *434,2945, we have 
— log<.\,t = 1 641 *1 984, and our answer is 


P 





164I*1984\ 
\/l73() / 


But there is no table of the incomplete F-functions which ext(‘nds to 1730 ! 
Accordingly we must replace the F-function curve by a normal curve. 

The distance of the mean from the start of the F-function curve 


= p+l=/,-l.M =1730. 

Had we taken the mode it would be p=1729, but this makes no difterence for 
present purposes. The standard deviation about the mean 

==\/p + l==Vw = 41*593,2686. 

The distance at which we finish the rcipiired integral is 1641*1984, or 88*8016 
from the mean of the auxiliary normal curve towards the start of the F-curve. 
What we need accordingly is the area of a normal curve of standard deviation 
41*5933 from — oo to —88*8016 from its mean. The ratio of 88*8016 to 41*5933 is 
2*135, and the tables of the normal probability integral give 

P,^ = p = i(l^«)=0164. 

Hence == *9836 = proportion of samples less favourable than the observed one 
Biometrika xxvi 28 
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to the hypothesis that they were drawn at random from the given Type I curve. 
It is clear that judged by this criterion there was a marked ‘‘goodness of fit.” 

For comparison we have 

Px“ = -609, and Qa„ = *984. 

It is clear that, while our general conclusion would be the same, i.e. that the 
observations may be reasonably <lescribed by the given Type I curve, the divergence 
between the final results is very considerable. The source of this divergence may 
be due to : 

(а) taking the probability integrals from right to left; we may possibly get 
a lesser value when we take them from left to right; 

(б) the assumption made in the iV) method of replacing a binomial by a 
normal curve. This is clearly a very weak assumption in the case of the hist three 
or four sub-frequencies ; 

(c) the assumption made in the method that the individuals in a sub-group 
may be distributed in equal areas upon the sub-range at their median points. 

If none of the three alternatives will account for the divergence found, then 
we must suppose that the two methods do not distribute their probabilities in at 
all a similar manner along the range 0 to 1, which is (juitc possible. 

We can test (a) directly. We start from a new column (rf') obtained by 
subtracting the numbers in {d) from unity. 


TABLE P. 

Left to Right Probability Integrals. 


(fl) 


(<•') 

(/') 

212 

•038, .5838 

- -027,5209 

- 5-835,7028 

427 

•755,0820-' 

- -121,4882 

- 51-87.5,4614 

.344 

•629,0532 

- •276,(K)92 

- 94-947,1648 

270 

•347,0809“ 

- -459,5092 

124*08.3,6840 

210 

•217,0520“ 

- -003,4361 

- 139'321,r)810 

101 

•130,6069“ 

- -884,0337 

- 89-287,4037 

08 

•075,9248“ 

-1-119,0160 

- 76-133,8880 

43 

•042,7167“ 

-1-309, 401 8 

- 58*884,6644 

26 

•023,2370 

-1-633,8199 

- 42-479,3174 

15 

•012,1965“ 

-1-913,76-29 

’ 28-706,4435 

14 

•004,1329“ 

- 2-383,7398 

- 33-372,3572 

1730 

3-077,1677 

— 

- 744^927,6682 


logiq^ ^ 744 9 27, fi(] 82 
logioa “ *434,2945’ 


1715*25927. 
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Again, 


and 


1730 - 1715-26927 = 14-74073, 

U:74073_ 

41-5933 


which gives 3615 and = *6385. 


Thus Qa„=* 64 is well in accordance with iV = *Gl, and we need not search 
further than (a) for the divergence of the two criteria. In fact the final divergence 
= *03, is in my opinion hardly enough to account for error introduced by (6), and 
it appears that (b) and (c) may b(i acting in opposite or corrective senses. 


Illustration (ii). We will now take an example from Dr Protoriiis’ paper on 
“Skew Bivariate Frequency Surfaces'’*, which is of interest as giving an example 
of a very good and very bad fit on the sanio material. He deals with 14615 
observations of the barometric hiught in the summer season at Greenwich. He 
fits them with a Pearson ^Pype III curve and a Charlier Type Aa curve, dividing 
the. observations into 17 groups. The data are as follows: 


Barometric 

Observed 

Tlieoretical 

Theoretical 


Fre<|Uoncy 

from Typo 111 

from Type Aa 

:i0‘ 15 and above 

10 

10*5 

11*2 

:w-.35 

81 

70*0 

102*0 

:i()-25 



311*3 

30- 15 

83(J 

86*2*2 

825*4 

:jo*o5 

1570 

1580*3 

1513*1 

20M)5 

2250 

2100*3 

2182*3 

20 *85 

2t27 

2146*1 

2510*2 

20*75 

2*270 

2274*1 

2353*8 

20*()5 

1812 

1818*4 

1827*2 

20*55 

1230 

1280*4 

1220*1 

20*45 

822 

808*7 

75()*4 

20*35 

•184 

161*8 

152*0 

20*25 

252 

246*1 

202*7 

20*15 

122 

121*2 

1 10*0 

20*05 

47 

50*0 

01*8 

28*95 

27 

24*4 

25*2 

28*85 and below 

10 

10*3 

10*8 


14015 

14015*0 

14015*0 


Applying the Fx^) method Pretorius obtains 

for Type III: 7*73, and iV=1^56. 

for Type Aa: = 33*76, and iV = '006. 

As he is making a comparison of the “goodness of fit” of two theoretical dis- 
tributions, and keeping his fitting moments the same for the two theoretical 
distributions, i.e. not considering the sample as one out of many samples from one 


Biotnetrika, Vol. xxii. p. 215, Table XIIL 
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or other of these distributions, I am inclined to think he should have looked out 
his Pv-* under ?i'= 15, not n' = 17. In this case he would have found 

for Typo III: 7*73, and iV = ’902, 

for Type Aa : 33*76, and Px^ — *005. 

The numbers of course make no difference in our judgement of good and bad 
fitting. 

'J'ABLE IK 

Left to Right Prohahility hitegrals for Type A a. 


(«) 

(®) Vn 

( 0 ) hv. 

(d) P.L*8 

(.) log,.IM.’8 

(/) = (a)x(^) 

10 

•(XKJ7,0034 

•0003,8317 

•1)996,1683 

- •0(X),1664 

•001,6640 

81 

•0070,2018 

•0035, 1 (X)9 

•9957,2357 

- •001,8612* 

•150,7612* 

338 

*0235,5799 

•0117,7S!)<J* 

•9804,3418'- 

- -008,5814 

2*900,51.32 

830 

•0564,7022 

•0282,381 1 

•9404,1738 

- -026,6794 

- 22*14.3,9020 

1570 

•1035,3002 

•0517,0531 

•8004,1390 

- *005,2920 

- 102-901,1370 

2250 

•1493,1919 

•0746,5<)5!)‘ 

•7339,8905* 

- -134,3105 

- 303*004,4880 

2427 

•1721,6558 

•0860,827!) 

•5732,4067 

- *241,0584 

- 586-504,9368 

2279 

•1610,5371 

•0805,2685'- 

•4066,3702* 

- •390,7931 

- 890*617,4749 

1812 

•1250,2224 

•0625,1112 

•2035,9905 

- •579,0501 

- 1049*249,0532 

1230 

•0838,9320 

•0419,4063 

•1591,4130 

- *798,2171 

- 986*596,3350 

822 

•0517,5505 

•0258,7752^ 

•0913,17146 

- 1-039,4477 

- 854*426,0094 

484 

•0300,8871 

•0154,9435'i 

•049J),45266 

- 1*301,5057 

- 029*928,7588 

252 

•0179,7408 

•0089,8734 

•0254,0357 

- 1-594,08(K) 

- 401*708,3112 

122 

•(.K)95,7920 

•0047,8900 

•0110,8603 

- 1 •93*2,3 100 

- 235*741,8932 

47 

•0044,3380 

•0022,l()9O 

•(H)40,8013 

- 2*329,7421 

109*197,8787 

27 

•0017,2426 1 

•(XK)8,6213 

•0010,0110 

-2*795,5815 

- 75-480, 7(K)5 

10 

•(K)07,3897 

•0003,09186 

•0(K)3,09486 

-3*432,4032 

- 54*918,4512 

14015 

1-(I0(X),0000 

•5000,0000 

7-0982,8265 

— 

6305-772,8695'- 


Now i + i - (pi 4- 2jo2 4- . . . -f kpk) = 17-5 - 10 - 4017,1735 = 7 0982 , 8265 , 
hence column (d) is checked 


logioXn „ 6305-772,8695® 
logioe “ *434,2945 


14519-578004, 


and this stretches from the start of the r-function curve to a distance 295*421,996 
short of the mean. Divided by the standard deviation ^~N — 120,8925, this gives 
•7893128. Looking up this value in the tables of the normal probability integral 
we find 

Pa„ = *7850, 


and = probability of a worse result = *2150. 


We must next proceed to consider whether a more or a less probable result 
will be obtained when we read our probability integrals the other way about. We 
thus have Table II®. 
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TABLE IP. 

Right to Left Prohahility Integrals for Type A a. 


(«) 

K)-i (d) 

(«9 

(/) 

10 

•CX)03,8317 

4-58.3,3915 

- 40 4- 5*833,9150 

81 

•0042,7643 

3-631,0814 

- 2 43+ 51-1 17,59.34 

338 

■0195, 6551^5 

2-291,4013 

- 676+ 98-524,0594 

830 

•0595,8262 

2-775,1 196'i 

-1660+ 64.3-349, .3095 

1576 

•1395,8004 

1*114,8420 

- 1570+ 228-270,9920 

2256 

•2660,1094'^ 

l-424,S995'’- 

- 2256 + 958 -573,38 18 

2427 

•4267,53,33 

1-630,1769 

- 2427 + 1 529-439,3363 

2279 

•5933, 6297*'^ 

1-7 73, .3205 

-2279+1762-397,4195 

1812 

•736 4, 0095 

1-867,1144 

- 1812 + 1571-211,2928 

12.36 

•8408,5870 

1*924,7231 

- 12.36+1142-957,7516 

822 

•9086,8285^' 

1*958,41.34 

- 82-2+ 787*815,8148 

484 

•950(3,547:i** 

1-977,7486 

- 484+ 47.3-23(),3224 

252 

•9745,3613 

1 -988,7981 

- 252+ 219-177,1212 

122 

•9883,1 ;137 

1-994,9847 

- 122+ 121-388,1331 

47 

•9953,1987 

1 -997,9(527 

- 47 + 16-904,2469 

27 

•9983,9890 

1-999, .3040 

- 27+ 26-981, 2080 

16 

1 

•9996,;K)51'‘ 

1-999,8395 

- 16+ 15-997,4320 



14615 

9-9017,1735 


- 15975 + 9713*169,3330 
= -0261 *830,6670 


To tost ((/'), its sum should be /• 4-^ — (A;/)i + (/i’ — 1)/}2 4- ... +Pa:)> but 
kpi 4- (A? — 1) P2+ ... 4- Pit A; 4- i — ( 4- "Ipz 4' ... 4* 

Thus S {(P) = i (d) = 1 7 - 7 0982,8208 = 9*901 7,1 735. 

It will be observed that in column (£?') we have not subtracted the mantissae 
from the characteristics. 


The rea<ler can select which method he prefers, but if the present method be 
chosen there will b(^ two multiplications to be performed by continuous operation 
on the machine. 


\\T I logioAt» 62()1'8.IO,6070 

We now have — , = — Trrrz^Trr^ — = 1441 8-.597, 348, 

ogioe *434,2940 


and the difference of the mean 14615 and this = 196*002,652, and this divided 
by the standard deviation, 120*8925, gives 1*62626. This by the tables of the 
probability integral gives 

PAn--9481, 

and accordihgly Qa„ = *0519. 

This is a lower probability than the left to right probability integrals provide and 
accordingly, as more stringent, is to be taken as our measure. 


Thus the probability of a worse sample by the Px^) method is *006 and by 
the (\„, Pa„) method is *052. It might be argued that the Px*) method giving 
the more stringent result should be adopted, and this would be correct, if the 
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assumptions made were equally valid. But the reader must exercise his judgment 
as to whether it is more reasonable to represent curves of the form y = 
or binomials of the type (*97 + (*996 -f and (-9993 + *0007)^"^® by 

the normal curve. 

It may be doubted whether a skew-binomial of greater asymmetry than 
(*9 4- *1)^ can legitimately be represented by a normal curve for the purpose of 
computing probability integrals, 1'he relative legitimacy of representing the 
binomial and the curve by normal curves would be well worth a 

special study*. 

By either method, however, we can conclude that the Type Aa curve gives 
a poor fit. 

We now turn to the Type III curve where Pretorius, using iV), finds a 
good fit. 

I^ABLE 1II« 

Left to Riyht Probability Integrals for Type IIL 


(") 

((') i>« 

(<■) 4/'. 

{d) IM.’s 

(<’) H'ioP.I.’h 

10 

•0007,1844 

•0003,5922 

•9996,4078 

- •(X)0,1561 

81 

•(^054,0541 

•0)27, 0270'- 

•9965,7885^' 

- -ex')!, 4884 

338 

•0225,7270 

•01 12,86:15 

•9825,8980 

- •007,6277''' 

'830 

•0589,9418 

•0294,9709 

•9418,0636 

- -026,0383 

157(5 

•1081,2863 

•0540,64315 

•8582,44950 

- •066,:3887 

2256 

•1502,7712 

•0751,:i856 

•7290,4208 

- -1:37,2474 

2427 

•1673,8067 

•()830,9483'> 

*5702, 0868'' 

- -243,9062 

2270 

•1556,0041 

•0778,002O- 

•4087,1 36 4f> 

- -388,5808 

1812 

•1241,2012 

•0622,UX)6 

•2687,0338 

- -570,7268 

1236 

•0876,0862 

•0438,0431 

•16*26,8901 

- *788,6417 

822 

•0553,3356 

•0276,6678 

•0912,1792 

- 1-039,9198 

481 

•0318,0201 

•0159,0147 

‘0476,4967 

- 1-321,9401 

252 

•0168,3886 

•(K)84,1943 

•0233,2877 

-1-6:32,1081 

122 

•0082,0285 

•0041,4642'* 

•01 07,629 P 

- 1 -968,0701 

47 

•0038,3168 

(X) 1 9,1 584 

•(H)47,0065 

-2*327,8421 

27 

•1X)16,6052 

•0(X)8,3476 

•(X)19,5(X)5 

- 2-709,9543 

16 

•(K)l 1,1520 

•0(K)5,5764'* 

•0005,5764^ 

- 3*253,6422 

1 1615 

1 '0000,0000 

•5(XK),00(X) 

7-098:3,8517 

-6305 •83.5,0432 





-- (e) X (flt) 


Column (d) checks since 

AV(rf) = 17*5 - (Ay), + (k - l)p2 + . .. + Pk) = 17-5 - 10*4010,1483 = 7*0983,8517 

_ logioXn ^ _ 6305*835,026 3 
logio^ *434,2945 


’ = 14519*721,1254. 


* Valuos of the Incomplete T-Funotion an found for the normal curve might be tested against the 
true values by aid of Muller’s method (see Biometrika, Vol. xxii. pp. 284 — 297). It is known, however, 
that the normal curve does not give very accurate results for such values at the point where the Tables 
of the Incomplete V ‘Function cease, i.e. n=50. 
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This is less than the mean by 95*278,8746 which, divided by the standard deviation 
120 8925, gives *788,1289, and hence 

(!-«) = *2153, 

leading to Qa„ = *7847, a high degree of probability. 

It remains to consider the probability integrals taken in the reverse direction. 


TABLE IIP. 


Right to Left Probability Integrals for Type III, 


('•) 

(iV) P.I.’h 

(«') logiol'-I ’* 

(«') («) 

10 

•0009,5922 

-3-444,0395 

- 34-440,3950 

81 

•<X)34,2114f- 

- 2-405,8285 

- 199-732,1085 

338 

•0174,1020 

- 1-759,1905 

- 594-008,1170 

830 

•0581,0.304 

-1-235,1215 

- 1025-153,3350 

ir)7() 

•1417,5504‘» 

- -848,4015 

-1337 175,:i24() 

52250 

•2709,5792 

- •567,0980 

- 1279-373,0880 

2427 

•4297,9131" 

- *300,7424 

- 890*083,8048 

2-279 

•5912,86355 

- -228,2021 

- 520-072,5859 

1812 

•7312,9002 

- -135,9005 

- 240-202,5780 

1230 

•8373,1099 

1 - -077,1132 

- 95-311,9152 

822 

•9087,8208 

- -041,5402 

- 34-140,0444 

484 

•9523,5033 

•021,2032''* 

10-202,2373 

252 

■9760,7123 

- -010,2517 

2-583,4284 

122 

•9892,37()8<'> 

-- •(.)04,0090 

•573,3512 

47 

•9952,0035 

- •(X)2,04G3''’ 

•096,17846 

27 

•9980,4995 

- •0(X),8478 

•022,8900 

10 

•9994, 423r/' 

- •0(X),2422'^ 

•003,8760 

14015 

9-9010,1483 


-0209-907,55776 


The {lV) column checks since 17 — 7*0983,8517 = 9*9016,1483, which accords 
with Table IIP, column (d). 

A • 6269-907,5577^ 

Again, ~ = 14436 99i), 075. 

^ logioe *434,2940 

Subtracted from the mean we have 178 004,925 and this, divided by the standard 
deviation, gives us 1*4724, whence from the normal probability integral tables 

= J (!-«) = -0705, and Qa„=*9295. 

This is nearer to the iV result (i.e. *956 or *902), but as we feel compelled to take 
that distribution for probability integrals which gives the lowest we have to 
select the Tabic IIP value. Thus we conclude for this material : 



(x‘-=. ToBt 

{K< 

Type Aa Curve 

Type 111 Curve 

•006 ( 005) 

•956 (-902) 

•0519 

•7847 
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Thus, although the Px*) test makes a greater distinction between the two 
curves, the (\„, Pa^) test very adequately measures the relative goodness of fit. 

IllxLstration (iii). In Biometrika, Vol. xxiv. pp. 384 and 39o, the observed 
frequencies of 500 samples taken from a normal population of correlation 0*9 are 
compared with the results obtained by Fisher’s transformation of the true curve. 


Value of r 

Fisher’s Curve 

Observations 

Pb 

•9 

•95 

26-41 

34 

•05282 

•02641 

•90 

103-7 1 

97 

•20742 

•10371 

•85 

108*62 

92 

*21724 

•10862 

•80 

83-59 

86 

•16718 

•08359 

•75 

58*53 

46 

*117*)6 

•05853 

•70 

:w-04 

56 

*07928 

•03964 

•05 

2G-51 

23 

•05.302 

•02651 

•(>() 

17*67 

21 

•03534 

•01767 

•55 

11*78 

15 

•02356 

•01178 

•50 

7-87 

15 

•01574 

•00787 

•45 

5-25 

4 

•01050 

•(M)525 

Uniler *45 

10*42 

11 

*02084 

•01042 


500-00 

500 

1*CHXK)0 

*50000 


Here the (x^, 1\^) test gives 7V = '024. 

TABI.E IV«. 


rrohdhility Inteyrals, Left to Right. 


(") 

(</) IM.’s 

(e) log,„P.I.’rt 

(«) X (<•) 

34 

•97359 

- -011,6239 

- -.395,2126 

97 

•81347 

~ -073,9304 

- 7*171,2488 

92 

*63114 

- *199,8743 

18-.388, 4.3.56 

86 

•43893 

*357,6047 

- .30*754,0042 

46 

•20681 

- *527,5215 

-24*265,9890 

5(i 

•19w64 

- *701,9.333 

-.39*308,2648 

23 

•13249 

•877,8169 

-20*189,7887 

21 

•08831 

-1 •0.53,9901 

-22*1.33,7921 

15 

*05886 

-1 **230,1797 

18-452,6955 

15 

•03921 

- 1-406,6032 

21-099,0480 

4 

•02609 

l*.58;i, 52.59 

- 6-.3.34,1036 

11 

•01042 

1*982,1.323 

- 21 *803,675.3 

500 

3-73796 


- 230-296,2582 


Taking the from the bottom as we have taken the probability integrals, we 
have 

A? + ^ — (kpx + (A: — 1)^4- ... 4- 4* A?) 

- 12-5 - 8*76204 * 3*73796, which checks. 
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Again, 


logio^j _ 230*296,2582 
logioe *434,2945 


530*276,709. 


Mean = 500, or the bounding point is 30*276,709 beyond mean. This, divided 
by the standard deviation VoOO = 22*360,680, gives 1*3540, and area up to this 
point = Pa,j = *9121. 


Hence 


()„- 0879. 


We have yet to examine the value of with the prt)bability integrals read 
from right to left. 


TABLE lYK 

Prohahility Integrals^ Right to Left. 


00 

pP) P. I.’rt 

{e') lo(r,„lM.’s 

(«) X {<■') 

:u 

•02G41 

- 1 -578,2316 

- 53-659,8744 

97 

•15653 

- -HOS.IO-i l 

- 78^1 24,0328 

9‘J 

•30880 

•433,1384 

- 39*848,7328 

HO 

•56107 

- -250,9830 

- 21 -584,5380 

40 

•70319 

- 152,9273 

- 7-031,6558 

r)(; 

•80130 

« -096,1723 

5-385,6488 

23 

•8G751 

- -061,7255 

- 1-419,9165 

21 

•91169 

- -010,1528 

- -813,2088 

15 

•9411 J 

- •026,3458 

- -395,1870 

15 

•96079 

•017,3715 

- -260,5725 

1 

•97391 1 

- 011,4812 

- *045,9248 

11 

•98958 

- •(X)4,5491 

- -050,0401 

500 

8-26201 

— 

-208-652,3323 


Column (d') is checked since 8*26204 + 3*73796 = 12, 


logioXu _ 208*652,3323 
logioc^ ”434,29'45 


480 439,72995. 


This is below mean 500, by 19*560,270, and dividing by the standard deviation 
22*360,680, we have for the ratio *87476 and for the value *1909, giving 

Qa„ = -8091. 

It is clear that the right to left probability integrals give a very reasonable 
system, in 81 per cent, of drawings we should get a less probable system. But the 
system as measured the other way is more stringent and must be taken as our 
criterion. The in that case being about *09 is more favourable to Fishers 
approximation than the Px^) test with its 02. But we cannot at present deter- 
mine whether the Px*) test on account of its greater stringency is therefore to 
be accepted. It is clear that there are at least seven, if not eight, values of jh in 
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the table on p. 436 which give binomials, which it is very risky to replace by 
normal curves as the Px*) test requires. We must conclude that the goodness of 
fit of the correlation coefficients in this example, if not very probable on the basis 
of Fishers approximation, is far from so improbable as to tell heavily against it as 
a practical method. More experimental comparisons are desirable. 

Illustration (iv). The following data are given by Dr J. M. de Roux in 
Biometnka, Vol. xxiii. p. 168. They consist of the variances of 500 samples of 
10 drawn from a Type III curve and fitted respectively with the curve of the 
frequency of variances as drawn from a normal curve, and with a Type VI curve 
as the appropriate distribution of variances for samples from a Type III curve. 
The object of this investigation was to test how far the normal curve distribution 
of variances could be applied to a skew distribution. Dr de Roux found with 
19 groups that the normal curve distribution gave a = 35*441 and Px2=a*008, 
while the Type VI curve gave with 20 groups = 19*301, Px^ = *438. It was thus 
clear that for this sample the normal theory distribution was inadequate, and the 
Type VI distribution Wiis adequate. Would any difference of judgment have 
resulted had the Py^ test been applied ? 


TABLE V^ 

Observations and the two p^t's. 


(“) 


iO 

(</) 




(<V) 

ObservationB 

Normal 

Theory 

Ps 

il>a 

Observations 

Type VI 

Ph 


20 

20 

■04(X) 

•02<X) 

20 

•27 •a 

•0544 

•0272 

37 

20- f) 

*0410 

•0205 

37 

28-1 

•0562 

•0281 

27-5 

28-0 

•()5(i0 

•0280 

27-5 

35*2 

•0704 

•0352 

40*r) 

34*1 

•0682 

•0311 

40-5 

39-1 

•0782 

•0391 

30 

38-1 

•0762 

•0381 

36 

40-3 

•080(; 

•0403 

r)3 

4()-l 

•0802 

•0401 

53 

39-4 

•0788 

•0394 

3r>*5 

40-2 

•0804 

•0402 

35-5 

37-2 

•0744 

•0372 

28*5 

38-7 

•0774 

•0387 

28-5 

34-1 

•0682 

•0341 

35 

30-1 

•0722 

•0361 

35 

30-7 

•1)614 

•0307 

27 

32-8 

•0656 

•0328 

27 

27-2 

•0541 

•0272 

33 

29*1 

•0582 

•0291 

33 

23-8 

•0176 

•0238 

17 

25-4 

•0508 

•0254 

17 

20-6 

•0412 

•0206 

15*5 

21-7 

•0434 

•0217 

15-5 

17-7 

•0354 

•0177 

16*5 

18-4 

•0368 

•0184 

16-5 

15*2 

•0304 

•0152 

11 

15-3 

•0306 

•0153 

11 

12-9 

•0258 

•0129 

13 

12-5 

•0250 

•0125 

13 

11-0 

•0220 

•0110 

17 

J8'G 

•0372 

*0186 

17 

17*2 

*0344 

•0172 

14 

16-2 

•0324 

•0162 

14 

17 

i -0340 

•0170 

23 

14-2 

•0284 

•0142 

11 

12-6 

i -0252 

•0126 





12 

13-5 

•0270 

•0136 

500 

500 

1-0000 

•5000 

500 

500 

1‘0(XX) 

•6000 
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TABLE V^ 


Prohahility Integrals, Normal Theory Variances. 


(«) 


Left to Bight 


Bight to Left 

Observa- 







(rf) P.I.’s 






tions 

(<-) logloP.I.’H 

(«) X (<-) 

or) P.l.’s 

O') logiolM-’s 

(a) X («') 

520 

*08(.K1 

- •(K)H,7730 

- -175,4780 

•()2u0 

- l*698,07fK) 
-1*218,2440 

-33*979,4000 

37 

•0305 

- -027,1032 

- 1 002,8184 

*0605 

- 45*075,0502 

27.5 

•8910 

- -050,1223 

- 1-378,3632“ 

*1090 

- *062,5735 

- 26-470, 77H“ 

40-.5 

•8289 

- -081,4070 

- 3-300,6649- 

•1711 

— ‘766,75(.)0 

-31 •05,3,3750 

36 

•7567 

- -121,0703 

- 1*358,7468 

*2433 

- -613,8579 

- 22-098,8844 

53 

•6785 

- *168,4501 

- 8-927,8553 

•3215 

•49*2,8100 

-26- 11 9,4070 

35-5 

•5982 

- *223,1536 

- 7-021 ,0.'-)28 

*4018 

- *395,9001 

- 14-057,6485“ 

28-5 

•5103 

- *284,5817 

- 8-I10,5784‘* 

• 1807 

- •31K,12f)() 

- !)-0(>(),r)881“ 

35 

•-14 15 

•352,1282 

- 12*324,4870 

*5555 

•255,3159 

- 8-936,0565 

27 

•.3756 

- -425,2744 

- 11-482,4088 

•6214 

*204,5371 

- 5-52-2,5017 

33 

•3137 

- •503,4855 

16-615,0215 

•6863 

- -163,4860 

- 5-;W5,0380 

17 

•2592 

- *586,3650 

- 9*968,2050 

•7108 

- *130,2990 

- •2-215,0830 

15-5 

•2121 

- *673,4593 

- 10*438,61 9 

•7879 

- *103,5289 

1 -604,6979'- 

16-5 

•1720 

- *764,4716 

-12*613,7814 

*8280 

- *081,9697 

- 1-352,5000“ 

11 

•1383 

•859,1778 

- 9*450,0558 

•8617 

- -064,6439 

- -711,0829 

13 

•1105 

•056,6377 

12*436,2901 

*8895 

~ *050,8510 

•661,1020 

17 

•0794 

- 1*100,1795 

1 -350,6651 

-18*703,0515 

*9206 

- *035,9200 

- -610,7930 

- -277,4072 

M 

•04 16 

-18-000,3114 

*0554 

- -019,8148 

23 

•0142 

-1*817,7117 

42*497,3691 

•9858 

- *006,2112 

- -142,8576 

5(X) 

8*3562 

— ■ 

-210-615,9587 

10*64;}8 

1 

- 235-350,2444“ 


'I'ablc V*' gives the probability integrals both ways on the normal curve theory 
distribution of the variances and Tabic V'' the same (juantities on the Type VI 
hypothesis. F urther : 

k+h- (Pk + 2pt_i + . . . + kpi) = 19-5 - 11-1438 = 8-35()2, 


and 19 — 8‘35G2 = 10-6438, thus columns (d) and {d') are both checked, 
for the left to right probability integrals, 


logip A^n 

logioe 


210-615,9587 

•434,2945 


484-961,1068, 


Further, 


and this gives a distance from the mean, 500, of 15-038,8932, which has a ratio to 
the standard deviation, 22-360,680, of -67256 corresponding to a value of 


P;,„=.-2506 and 


For the right to left probability integrals we have 

_ 235-350,2444® _ , ,.91 o q , j q 
logioe “ -434,2945 “ * ’ 

which gives a distance beyond the mean of 41’918,9419, and a ratio to the standard 
deviation of 1*87445. This gives = *9696 and *0304. Clearly, as the more 
stringent, this is the Qx^ we must select. 
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We now turn to the other series of probability integrals in Table 

TABLE 

Prohability Integrals^ Typ& 


(a) 

Observa- 

tions 


Left to Bight 


Bight to Left 

(d) P.I.’s 

{€) logioP.I.’a 

(a) X (f) 

{iV) P.l.’B 

(«') log’io P.I.’s 

(a)x(«') 

20 

•9728 

-- - 011,9764 

- * 239,5280 

•0272 

- 1 - 565 , 4.311 

- 31 - 308,6220 

37 

•9175 

- - 037,3939 

- 1 • 383,5713 

•0825 

- 1 - 083,5461 

- 40 * 091,2067 

27*5 

•8542 

- •( M 38,4404 

- 1 - 882,1110 

•1458 

- - 8 . 36,2425 

- 22 - 996 , 6687 » 

40*5 

•7799 

- - 107,9611 

- 4 - 372 , 4245 » 

•2201 

- - 657,3800 

- 26 - 623,8900 

36 

•7005 

- - 154,5919 

- 5 -, 505,.3084 

•2995 

- - 523,6032 

- 18 * 849,7152 

63 

•6208 

- - 207,0483 

- 10 - 97 . 3,5599 

•3792 

- - 421 , 1.317 

- 22 * 319,9801 

36*6 

•5442 

- - 264,2415 

~ 0 * 380 , 5732 '' 

•4558 

- - 341,2259 

- 12 - 1 1 . 3 , 512 . 3 * 

28-6 

•4729 

- - 325 , 2.307 

- 0 - 269 , 0740 -> 

•5271 

- - 278,1070 

- 7 - 926,0495 

36 

•4081 

- * 389 , 2.334 

- 13 - 623,1690 

•5919 

- - 227,7517 

- 7 * 971,3095 

27 

•3502 

- - 455,6839 

- 12 -. 303,4653 

•6498 

- - 187,2203 

- 5 * 054,9481 

33 

•2992 

- - 524,0384 

- 12 - 052,8832 

*7008 

- - 1 . 54,4059 

- 3 -. 551,3357 

17 

•2548 

- - 593,8006 

- 10 - 094,6102 

•7452 

- - 127,7272 

- 2 * 171,3624 

15*6 

•2165 

- - 664,5421 

- 10 *. 300,40255 

• 78.35 

- - 105,9610 

- 1 * 642,3955 

16-6 

•1836 

- - 7 . 36,1273 

- 12 - 146 , 1001 ^ 

•8164 

- * 088,0970 

- 1 * 45 . 3,6005 

11 

•1556 

- - 808,2696 

- 8 * 890 , 96.56 

-8445 

- * 073,4003 

- - 807,4033 

13 

•1316 

1 - • 880,7441 

- 11 * 449,6733 

-8684 

- - 061,2802 

- * 796,6426 

17 

• 10,34 

- - 985,4795 

16 * 7 . 53,1515 

•8966 

- - 047,4013 

- * 805,8221 

14 

•( H 392 

- 1 * 159,8939 

- 16 * 238,5146 

•9308 

- - 031,1436 

- ' 4 . 36,0104 

11 

•0396 

- l - 402,.3048 

- 15 * 42 . 5,3528 

•9604 

- - 017,5478 

- * 193,0258 

12 

•0135 

- 1 * 869,6662 

- 22 * 436,0004 

*9865 

- *^> 05,9029 

- * 070,8348 

— 

— 

- • --- 

— 

— 

— 

— 

500 

8-0880 


- 204 - 780 , 44 . 32 - 

11-9120 

1 


- 207 - 184,3343 


Here A: + ^ ( /Jjt + + 3jt9^_2 + . . . + kpi) = 20*5 — 1 2*41 20 = 8 * 0880 , 


and 20 — 8*0880= 11*9120, and thus columns {d) and (d') are chcckc<l. Of course 
each corresponding P. I. in (d) and {d') should have a sum equal to unity, which 
will be seen to be fulfilled. 


For the left to right probability integrals we find 

_ logioXr* ^ 204*780, 4482"^ 
logio^? ~ *434,2945 


= 471*524,3763, 


and accordingly the distance before the mean, 500, is 28*475,6237, and dividing 
this by the standard deviation 22*360,680, we have for the ratio the value 1*27346, 
giving us Pa„ = 4 (1 “ ~ Qhi ~ '8986. 

Turning now to the right to left probability integrals we have 


logioXn _ 207*184,3343 
logioe *434,2945 


477*059,5398, 


or the limit is at a distance 22*940,4602 before the mean. The ratio of this to the 
standard deviation 22*360,680 is 1*02593, which gives from the table of the normal 
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probability integral Pa^*=‘ 1525 and QArt~*8475. This latter value being less than 
the former is to be selected. Wc accordingly conclude that by the (^u, i^) test that in 
random sampling from the normal theory of variance, a more probable distribution 
of probability integrals than the observed one would occur in 97 per cent, of cjises, 
while in random Siunpling from a Typti VI distribution of variances 15 per cent, of 
samples would have a more probable distribution of probability integrals. The 
general conclusion may be said to be the same as that deduced from the Px^) test, 
but the improbability of the sample being attributable to the normal theory of 
variances is lessened, and the probability of the sample arising from the Type VI 
theory is considerably increased. 

Conchmons, We have taken six cases of observations of fliirly diverse character, 
and the results of the two tests are given in Table V^I. 

TABLE VI. 



(x***. Py 2 ) Test 

■■ 1 

(K, 1\ ) TeKt 

Nature of ObBervations and Theory applied 



Whooping Cough : Type 1 Curve 

•CO!) 

•839 

Barornetrif Heights : Charlior Type Aa 

•005 

•052 

„ „ Pearson Ty|K» T 1 1 

•902 

•785 

Samples of correlation coefficient from a normal ) 



bivariate po])ulation ; Fisher’s transformation | 

VIZ4 

Unn 

Distribution of Variances from a non-normal 



population : 



(i) Normal Distributi<)n Theory 

•(X)8 

•030 

(ii) Type VI Theory 

•438 

•848 

i 


It is clear from these illustrations that the two tests in their general sense 
agree, but there is considerable differences in the values of the probabilities they 
provide. Nor is it easy to see which test provides the “better” series of proba- 
bilities. We have noted, however, that in most of the above cases sub-groups have 
been taken in which it is far from legitimate to replace the binomial + (1 —2h)T 
by a normal curve; to do so must influence the resulting probability. On the 
other hand the (\n,P\n) test, while avoiding such an assumption, has been based on an 
assumption of its own as to a “ reasonable ” distribution of individuals in the 
subrange frequency. We may possibly be able to get over this hindrance to 
comparative applications by considering the results of applying both tests to 
discrete observations, such as theoretical tossing or dice returns ; but again this 
might be handicapping the test, if it were applied to all categories 

without clubbing groups together, which it must be if we arc to get rid of the 
distribution assumption in the (\„, Pa„) test. 

Two difficulties have presented themselves in the course of applying the 
(X,j, Pxn) I'he present illustrations. First we have used the normal curve as 

adequately giving the area of the F-curve, when the power of the variate is 500 
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or more. The areas of the curve y ar<3 so important for statistical 

purposes, that it is needful to have ready methods for determining them for n > 50. 
I propose therefore to investigate for a series of values of n, at stated multiples of 
the standard deviation, the errors made in using the probability integral of the 
normal curve to replace the incomplete F-function beyond the range of the 
published tables of the latter. 

The second difficulty arises from the labour of determining the value of 
from two sets of probability integrals. It is true that the work is only duplicated 
from the point at which the first series have been found, for the second series are 
the fy/8 = l — of the first series, but the double series of logarithms hiis to be 
found. I have failed on the basis of this actually small scries of illustrations to 
obtain a criterion for the a priori discovery of whether = is 

greater or less than = — Pi)”i(l --P 2 F 2 ... (1 - P^y^k^ where 

+ ps+i + Ph^2 4- . . . + Pfc , 

and 1 ~ P« =i?i + 4- . . . 4* p,^i 4- 

Until such a criterion is forthcoming it seems very needful to find both \,j and 

It may be argued that as w(^ have two sets of k probability integrals, both of 
which may be looked upon as random selections from a rectangular population, we 
should treat them as a combined system of 2k probability integrals, but this over- 
looks the fact that they are not independent random samples, which is a requisite 
of the theory. The additional labour is fixr from prohibitive, and the assumptions 
made in the (X„, test seem to mo more reasonable than those of the Px^) 
test, especially in the case of small categories which do not appear to need any 
limitation in the case of the (Xn> Pxn) 



A STATISTICAL STUDY OF THE DAUCUS CAROTA L. 

(SECOND AKTIOLE.) 

By william DOWELL BATEN, Pk.D., University of Michigan. 

The object of this article is to compare statistically two samples, each of 
one thousand, of the Dauais carota L. taken from the roadsides in Michigan and 
Indiana; and then to compare two samples grown from seeds taken from these 
two plots, but grown under the same conditions in the Botanical Gardens of the 
University of Michigan. 

The first article, which appeared in Biometrika*, presented a comparison 
between a sample from Michigan during the summer of 1930 and a sample from 
Indiana during the summer of 1931. In the beginning of that article will be found 
a picture of cross-sections of inflorescences of the Daucus carota L. and also a short 
description of the plant and flowers. 

In order to prevent the influences of seasonal changes from entering into the 
problem, samples were gathered from the two localities during the satne summer. 
Seeds from these plots were obtained from the plants maturing in 1931 and 
planted under the same conditions during the spring of 1932. 

I. Comparison of the samples taken from the roadsides in Michigan 
AND Indiana during the summer of 1931. 

The sample from Michigan was taken from the Saline road about three miles 
from Ann Arbor, while that from Indiana was taken about three miles west of 
Terre Haute in a country lane. The following presents the chief characteristics of 
the distributions of the number of bracts from both samples and also those for the 
distributions of the number of rays or flower arms. The significance of the diSercnce 
of the means is given, together with the linear correlation between the number 
of bracts and the number of rays. 

(a) Chief Characteristics of the Distribidions of Bracts. 

The table on p. 444 gives the frequency distributions of the number of bracts 
for the 1931 samples. 

The two distributions differ in several ways. The range for the sample from 
Michigan is 12 bracts, while the range for the sample from Indiana is 8. There 
were no flower clusters on the Indiana plants which had less than 8 bracts, while 
there were 113 plants from Michigan which had less than 8 bracts per cluster. 

* W. D. Baten, Statistical Study of the Daucus carota L.” Biometrika , Vol. xxv. May 1933, 
pp. 185 — 195. 
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Number of bracts 

Michigan 

Indiana 

per cluster 

Frequencies 

Frequencies 

5 

10 

0 

() 

9 

0 

7 

94 

0 

8 

318 

98 

9 

253 

143 

10 

1.53 

159 

11 

92 

205 

12 

40 

201 

13 

26 

189 

14 

4 

3 

15 

0 

2 

16 

1 

0 

Totals 

1000 

1000 


Mean 

Standard deviation 
Skewness 


Michigan 
0-()I5 bracts 
1*54298 „ 
•6576 


Indiana 
10-857 bracts 
1-6151 „ 

-•2150 


, Difference of Means 

» igni calico o cans — Krror of Difiiirenco of Means 

= 38*66. 


Most of the clusters from Michigan had 9 or less bracts per cluster, while most of 
those from Indiana had 1 1 or more bracts ; yet there was one cluster from Michigan 
which had 16 bracts, while the highest number from the other sample was 15 bracts. 
83*7 per cent, from Michigan had 10 or less bracts per cluster, while 75*9 per cent, 
from Indiana had 10 or more bracts per cluster. 16*3 per cent, from Michigan had 
11 or more, while GO per cent, from Indiana had 11 or more. 31 clusters from 
Michigan had 13 or more bracts per cluster, while 194 from Indiana had 13 or 
more bracts per cluster. 

Another difference between these distributions is manifested by skewness; 
that for the Michigan sample is *G576, while that for Indiana is —-2150. One 
distribution is skew to the right and the other is skew to the left. 

The frequency polygons in Fig. 1 help the eye to distinguish these differences to 
some extent. 

The significance of the means shows that the two samples were not the result 
of random sampling. The probability that one mean would differ from the other 
so much suggests that it is almost impossible for these samples to have been taken 
from the same parent population at random. The significance is nearly 39 probable 
errors of the difference of the means, which shows clearly that the samples are not 
consistent with random sampling. The vertical lines in the figures indicate the 
means. 
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{b) Characteristics of tlie Distribution of the Rays, 

The tabic on p, 446 gives the frequencies relating to the flower arms or rays in 
clusters of the flowers of the Wild Carrot. 

There were no flower clusters from Jndiana that had 27 or less rays, while 
there were 71 from the Michigan sample, lo clusters from Michigan had 70 or 
more rays, while 68 from Indiana had 70 or more. More than two-thirds of the 
distribution from Michigan had 47 or less rays per cluster, while more than seven- 
tenths of the distribution from Indiana had more than 47 i-ays. More than 84 per 
cent, of the distribution from Michigan lies below the mean of the Indiana sample, 
while more than 84 per cent, of the distribution from Indiana lies above the mean 
of the distribution from Michigan. 

The frequency polygons in Fig. 2 show clearly how the distributions differ, as to 
range, means, and the nature of the distributions at the ends. The large frequencies 

Biometrika xxvi 29 
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Number of 
rays 

Michigan 

Frequency 

Indiana 

Frequency 

Number of 
rays 

Michigan 

Frequency 

Indiana 

Frequency 

13 

1 

0 

53 

22 

36 

14 

1 

0 

54 

17 

58 

15 

2 

0 

55 

14 

26 

16 

2 

0 

56 

17 

50 

18 

3 

0 

57 

14 

37 

19 

3 

0 

58 

16 

31 

20 

3 

0 

59 

8 

20 

21 

6 

0 

60 

12 

41 

22 

3 

0 

61 

4 

21 

23 

7 

0 

62 

9 

28 

24 

4 

0 

63 

5 

12 

25 

8 

0 

64 

4 

17 

26 

13 

0 

65 

3 

8 

27 

15 

0 

66 

6 

22 

28 

13 

1 

67 

6 

13 

29 

20 

0 

68 

6 

17 

30 

24 

4 

69 

1 

14 

31 

18 

0 

70 

2 

9 

32 

17 

4 

71 

0 

5 

33 

21 

4 

72 

1 

8 

34 

26 

7 

73 

1 

4 

35 

23 

3 

74 

1 

7 

36 

51 

5 

75 

2 

2 

37 

34 , 

5 

76 

1 

6 

38 

49 

22 

77 

1 

2 

39 

42 

9 

78 

1 

2 

40 

44 

28 

79 

1 

1 

41 

32 

13 

80 

2 

4 

42 

44 

34 

81 

0 

2 

43 

33 

23 

82 

0 

5 

44 

40 

35 

83 

1 

2 

45 

25 j 

17 

84 i 

0 

2 

46 

35 

36 

85 

0 

0 

47 

24 1 

22 

86 

0 

0 

48 

39 ! 

53 

87 1 

0 

0 

49 1 

28 

24 

88 

0 

0 

50 

33 

44 

89 

0 

1 

51 

14 

44 

92 

1 

0 

52 

21 

49 

105 

0 

1 

1 




- 

Totals 

1 

1000 

1000 


Miclugait Indiana 

Mean ... ... 42*777 rays 53*509 rays 


of the Michigan sample correspond in a measure to the small frequencies for the 
other sample and vice vei'sa. The vertical lines indicate the means and help the 
eye to see at a glance how one distribution is located with respect to the mean of 
the other. 

The frequency polygons in Fig. 2 show that the frequencies for even numbers 
of rays are greater than those for odd numbers. This was true for the clusters 
from Michigan and Indiana. The table on p. 447 is a portion of that given above 
on this page. 



Vref^uenci^ Frec^uenc^ 
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Number of 

Michigan 

Indiana 

Number of 

Michigan 

Indiana 

rays 

Frequency 

Frequency 

rays 

Frequency 

Frequency 

33 

21 

4 

42 

44 

34 

34 . 

26 

7 

43 

33 

23 

35 

23 

3 

44 

40 

35 

36 

51 

5 

45 

25 

17 

37 

34 

5 

46 

35 

36 

38 

49 

22 

17 

24 

22 

39 

42 

9 

48 

39 

1 

40 

44 

88 

49 

28 

24 

41 

32 

13 

50 

33 

44 


8^2 
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This rise at the even numbers and fall at the odd numbers can be easily seen 
by allowing the eye to move along the polygons on p. 447 from A to B. For the 
Indiana sample the sum of the frequencies for the even numbers is 610, while the 
sum for the odds is 390. Just why there are larger frequencies for the even 
numbers of rays I cannot say. 

Since there were so many irregularities caused by the predominance of the 
plants with even numbers of rays, it was thought best to arrange the data in groups 
of fives. This smooths out the data. The following table gives the frequency 
distributions of the numbers of rays for the two samples in groups of fives. 


Classes 

Michigan 

Indiana 

Classes 

Michigan 

Indiana 

Kays 

Frequency 

Frequency 

Hays 

Frequency 

Frequency 

10 IJf. 

2 

0 

55 -50 

69 

164 

ir»~. 10 

10 

0 

tit) 04 

34 

119 

20 24 

23 

0 

05 - 60 

22 

74 

25 ^20 

69 

1 

70 74 

5 

34 

20—5/^ 

106 

19 

75 - 70 

6 

13 

25— 20 

199 

44 

SO- S4 

3 

15 

40—44 

193 

133 

S5- SO 

0 

1 

45-4^0 

151 

1.52 

00—04 

1 

0 

50—54 

107 

230 

105 100 

0 

1 




Totals 

1000 

1000 


Mciin 

Standiinl deviation 
SkewnosH... 


Michigan 
42*76 rays 
11-9278 „ 
•1746 


Indiana 
53-51 rays 
10-1526 „ 
•5097 


Difterenoos of Means 


= 32* 18. 


The standard deviation and skewness for the grouped data were obtained by 
using corrections similar to Shepperd’s corrections for continuous 'uriates. Since 
the variates, which are grouped, are discrete variates tlui following formula* was 
list'd : 




<1 


(1 - 1 (31-1 + 3/C) 

1344 


240 


r„- 


where k is the number of groups combined into a single group. See Annals of 
Mathematical Statistics, Vol. iv (1933), pp. 243 — 277. 

Histograms of these distributions appear in Fig. 3 and show the nature of the 
two samples of the rays when grouped in fives. The two vertical lines again point 
out how much of one distribution lies to the left or right of the mean of the other. 
A smooth curve has been drawn in with free hand to aid the eye. 

* H. C. Carver, “Editorial,” The Ainmh of Mathematical Statistics, Vol. i. No. 1, Feb. 1980, p. Ill, 
and J. H. Abcrnethy, “On the Elimination of Systematic Errors due to Grouping,” Ihid. Vol. iv, 1938, 
pp. 263-*-277. 
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The significance of the means is 32T8 times the probable error of the difference 
of the means, and again shows that the two samples were not drawn at random 
from the same parent population. 

(c) Correlation Coeffijoient between Numbers of Bracts and Rays, 

While counting the bracts and rays, clusters were found with 8 bnicts and 
29 rays, one with 8 bracts and 41 rays, also some with 11 bracts and 71 rays, and 
others with 11 bracts and 54 rays. The natural question was whether clusters 
with a large number of bracts had also a large number of rays, and those with 
a small number of bracts had a small number of rays. The linear correlation 
coefficient was considered to be the answer to this question for both samples. The 




Number of bracts per cluster Numljer of bracts per cluster 
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linear correlation coefficients between the number of bracts and the number of 
rays for the two samples are; 

Michigan '5495, 

Indiana *6297. 

These coefficients show that there is a rather definite relation between the 
number of bracts and the number of rays per cluster. This denotes that on the 
average clusters with a small number of bracts will also have a small number of 
rays. On examining the data from Indiana it was seen that there were only three 
clusters with 8 bmets which had more than 64 rays, while there were two which 
had 15 bracts and these had 70 rays or more. Most of the clusters with 8 bracts 
contained 44 or less rays, while most of those with 13 bracts contained 60 or more 
rays. The following two tables show how the clusters were distributed for the 
number of bracts. 


Numl>cr of Rays por Cluster of the Daucm carota L. from Michigan, 19f31 
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The following equations, obtained by the method of least squares, give the 
straight lines which fit the data best: 

Michigan y «= 4*464 -I- 4*248^ 

Indiana y = 10*588 + 3-959«!t. 

In these equations x represents the number of bracts per inflorescence, while y 
represents the average number of rays per inflorescence. These lines are plotted in 
Fig. 4. The point G on Fig. 4 is the actual average number of rays for the 

T^EiOREjSSTOri LrN£^ OF RaY3 per Cuu^ter on Nuittbefi 
ICO n Bracts, (daucus carota l.). 


IVTtCHTGAN - * y = 4** 4-64 -f 4*248 a. 

90 Indiana ^ — ^y = io*553 + 3-9spx. 



so 

5 6 7 8 ^ to 11 12 13 14 15 16 17 18 

Number of (x) 

Fig. 4, (Wild plants, 1931.) 

clusters with 18 bracts from the Michigan sample, while the circle at point F 
represents the actual average number of rays per cluster for the clusters with 
8 bracts from Indiana. The crosses and circles represent the averages for the 

* For number of brftots on flower arms the regression line is £=5*975 -i- 071 ly. 

t For number of bracts on flower arms the regression line is £=5*579 + * 
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(iitierent number of bracts, and show how the average number of rays for the corre- 
sj)()nding bracts are related for the different samples. In every case the circle is 
above the cross, showing that the plants from Indiana on the average produced 
more rays per cluster than those from Michigan. The Table below shows what is 
revealed in Fig. 4 with regard to the averages of the arrays of the y's on the a?*s. 

The circles lie rather close to the heavy line, showing that the fit is very good 
for the averages of the rays for Indiana clusters. The dotted line does not fit the 
crosses so well. 

The following table gives the average number of rays for the various number of 
bracts. 


Bracts 

Michigan 

Indiana 

.5 

4-10 


6 

4 -.50 

— 

7 

4-71 

— 

« 

4-78 

. 5-15 

0 

4*93 

. 5*18 

10 

1-07 

4-10 

11 

1*61 

4*84 

12 

4 -08 ! 

4-87 

IS 

4-35 

4-78 

14 

4 *. 5 r ) ! 

4-79 

15 

.. 

. 5*13 

10 

2*09 : 

— 


The following two figures give the average number of rays for the entire dis- 
tributions: 

Michigan 4*74 rays, Indiana 4'93 rays. 

(Jn the average the Indiana clusters had more rays per bract than the clusters from 
Michigan. 

The above detailed study of the two samples shows clearly that the Indiana 
plants produce larger flower clusters, with a greater number of bracts and a greater 
number of rays. From all appearances, as one passes these on the road, they seem 
alike, but the present type of analysis reveals the vast differences between the two. 
The (juestion arises as to whether these differences are due to environment or 
heredity. 


II. Comparison ok riiE samples grown from seeds under 
THE SAME conditions. 

Seeds were gathered from the plots from which the samples discussed in Part I 
were taken. These seeds were obtained during the early part of April of 1932 and 
planted later under the same conditions at the Botanical Gardens of the University 
of Michigan. 38 per cent, of the plants which came up from the seeds from Michigan 
bloomed, while 31 per cent, bloomed from the seeds gathered from Indiana. This 
indicates that the Daucus carota L. is an annual as well as a biennial. 
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(a) Chief Characteristics of the Distributions of Bracts, 

The following table gives the distribution of the bracts taken from plants which 
grew from seeds from Michigan and Indiana. 


Number of 

Michigan seeds 

Indiana seeds 

bracts 

Frequency 

Frequency 

6 

2 

5 

7 

29 

28 

8 

1.56 

185 

9 

227 

224 

10 

216 

208 

11 

178 

154 

12 

100 

123 

13 

73 

65 

14 

15 

16 

3 

8 

Totals 

1000 

KXX) 


Mioliigau Indiana 

Moan 10*042 bracts 0*920 bracts 

Standard Deviation ... 1*64567 „ 1*627^9 „ 

Skewness ... ... ... *3636 *2758 

Significance of’ Means — 2*29, 



Nunzl3«r of 


Fig. 5. (Annual cultivated plants, 1932.) 
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On Fig. 5 (p. 463) frequency polygons are given which exhibit these two distribu- 
tions more clearly. The ranges are 9 and 8 respectively and the means are almost 
the same. The two vertical lines in Fig. 5 reveal how little the averages of 
the bracts per cluster really differ. The significance of the means shows that the 
two distributions might have been the result of random sampling from the same 
parent |X)pulation, for it is only 2 29 — well within the range of fluctuation due to 
random sampling. To appreciate just how near the means are to each other com- 
pare the distance between the vertical lines in Fig. 1 with those in Fig. 6. The 
frequency polygons of the two samples now have the same general shape and differ 
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very little in skewness. It appears from the distributions of the bracts that 
environment is an important factor in determining the characteristics of the cluster 
in the Wild Carrot and that the plants from Indiana arc not new species and are 
similar to those from Michigan when grown under the same conditions. 

(6) Characteristics of the Distribution of Rays. 

The table on p. 454 gives the distribution of the rays of the Dauciis carota L. 
grown from seed taken from Michigan and Indiana and grown under the same 
conditions. 

Fig. 6 shows the frequency polygons which still have many peaks, but they are 
not all at the even numbers as before. The peaks are not as high as those in 




Part I ; also the difference between adjacent peaks is not as large as that found in 
Part I. The ranges are about the same for these two distributions which are, 
however, spread out more than those in Fig. 2. 
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The following table gives the frequency distributions of the number of rays 
for the two samples when thrown into groups of fives: 


Classes 

Rays 

Michigan 

Frequency 

Indiana 

Frequency 

Classes 

Rays 

Michigan 

Frequency 

Indiana 

Frequency 

/.9 

0 

5 

05- -09 

61 

78 

'20~fU 

3 

6 

70-74 

33 

58 


21 

30 
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11 

32 

30- 

44 

60 
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7 
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Totally 

1000 

KXK) 


Michigan 

Mean 50*435 rays 

Standard deviation 1 1 *359 „ 

Skewness *4401 

Significance of the Means = 6*488. 


Indiana 
52*92 rays 
13*907 „ 

•1839 (see page 448 for corrections made) 


Fig. 7 shows the frequency distributions with the vertical lines indicating the 
means. These two distributions are not as much alike as those for the bracts (see 
Fig. 5), yet the means are not separated by such a great distance as those in Part 1. 
The significance was 32*3 before and now it is only 6*488. This significance of 6*488 
is too large for the samples to have been chosen at random from the same parent 
population^, yet it seems reasonable to Jissert that growing the plants under the 
same conditions has caused the means to be nearer each other by a vast amount, 
and has produced distributions which do not differ so widely and in so many respects 
as before. Compare Figs. 2 and 5 with regard to the distances between the vertical 
lines, and also as to how much of one distribution lies to the right or left of the 
mean of the other. 

(c) Correlation Coefficient between Breads and Rays. 

The tables on p. 458 give the frequencies for the respective number of bracts, 
and enable the eye to observe more details of the two distributions. 

The correlation coefficients between the number of bracts and rays for the two 
samples grown from seeds are given by the following figures : 

Michigan *4506, 

Indiana *6613. 

‘ The probability of the two series being samples from the same parent population for 6*488 is 
/^=000,006. En.] 




Frec^ueticij Fre^^uenc?^ 


W. D. Batkn 


467 




Fij;. 7. (Annual cultivakMl plants, lOjri.) 


Number of bracts per cluster 
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Numbfer of rays per cluster of the Daucus carota L. from Michigan seed, 1932 



Number of rays |)er cluster of the Damns carota L. from Indiana seed, 1932 
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TIui correlation coefficient between bracts and rays for clusters from Indiana 
seed increased, while it decreased for plants from Michigan seeds. 

The following ecpiations, obtained by the method of least squares, give the 
regression straight linos of number of rays on bracts : 

Michigan y = 19-18 + 8*108^;*, 

Indiana y *= - 3*171 4- r5*G49^;f . 

Ill these equations x represents the number of bracts per cluster, while y repre- 
sents the average number of rays. These lines are drawn in Fig. 8 (p. 459). The actual 
averages of rays for the various numbers of bracts are represented for the Indiana 
sample by circles and for the other sample by crosses. The crosses fit the dotted 
line much better than the circles fit the heavy line. It appears as though the 

* For the number of bracts on rays the regression line is .T-G'SBT-f ’0629^y. 
t For the number of bracts on rays the regression line is 2=5’883 + *0774y. 
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op Ray3 per Cluster on Nuiytber 



circles would fit a sccorid degree better than a first degree equation. As in Part I, 
the circles are in most cases above the crosses. The differences between the crosses 
and circles are larger than the differences in Fig. 4. 

The following table gives the average number of rays per bract for various 
numbers of bracts : 


Hracts 

Michigan 

Indiana 

(> 

5*75 

3*47 

7 

5(53 i 

4-49 

« 

5-37 

5*27 

9 

5*25 

5-41 

10 

5-il 

5-33 

11 

4*93 

5* 14 

12 

4*76 

5*32 

13 

4-34 

5*28 

14 

4-28 

5-11 

15 

4-67 

— 
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From the above table (p. 459) it is seen that the number of rays per bract for the 
clusters which had ten bracts wtis 5*11 rays, for the clusters with 13 bracts was 
4*34 rays, etc., as is seen in the second column. 

The following arc the average numbers of rays for the entire distributions in 
Alichigan and Indiana: 

Michigan 5‘00 rays, 

Indiana 5*03 rays. 

Comparing the table on p. 452 with that on the previous page it is seen at once 
that the averages for the most part are larger in the latter table. The averages 
for the entire distributions are also much greater. One would be safe in asserting 
that the average number of rays per bract for the Daucus carota L. from the last 
two samples is 5*0 rays. 

The above study has shown that the Daucus carota L. changes its organic 
structure under different environmental conditions, but has a tendency to throw 
off these differences when grown under the same conditions. 

A similar study will now be made with the biennial blossoms of the plants 
which flowered during the past summer, comparing their distributions with those 
under dissimilar conditions and with the annual blossoms. 


III. A Study of the biennial inflorescences. 

About 43 per cent. (100 plants out of 230) of the plants which came from 
Michigan seeds bloomed the first year, while about 31 per cent. (75 out of 240) 
from Indiana seeds bloomed the first year. The plants which did not bloom the 
fir.^^t year were in fine condition before the winter set in. The spring of 1933 was 
unusually wet, while the summer was unusually dry. On the plot containing 
})lants from Indiana seeds only 11 plants survived, while 22 plants survived on 
the plot containing plants from Michigan seeds. To allow each plant to enter into 
the results with the same weight, fifty inflorescences were taken at random from 
each plant on the two plots. 

(a) Characteristics of the DistHhutions of the Bracts, 

The following table (p. 461) gives the frequency distributions of the number of 
bracts per inflorescence for the second year crop of blooms, or the biennial blooms. 

Fig. 9 presents Irequency polygons for the above distributions in percentages. 
The polygons are not as much alike as those for the annual inflorescences, but the 
means are much nearer etich other, as the vertical lines indicate. The main object 
of this study was to compare the means for the various samples. The vertical 
lines in Pig. 9 show that the means for the number of bracts on the biennial 
clusters are almost the same. The significance of the means is only *7247 probable 
errors of the difl'erence of the means, and hence shows that the small difference in 
the means may be due to fluctuations in ramlom sampling from the same parent 
population. 
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Number of 
bracts per 
cluster 

Plants from 
Michigan seed. 
Frequency 

Plants from 
Indiana seed. 
Frequency 

7 

9 

3 

8 

220 

77 

9 

233 

119 

10 

219 

138 

11 

171 

109 

12 

131 

73 

13 

106 

27 

14 

10 

4 

15 

0 

0 

16 

1 

0 

Totals 

1100 

550 


Michigan 

Moan 10*088 bracts 

Standard deviation ... 1*65983 „ 

Skewness... ... ... *3771 

Significance of the Means =*7247. 

Frbquencv op Bract?, (dauous carota). 
BiBNWTAL. Cl.U5TE.H3. 


Indiana 
10*127 bracts 
1*44498 „ 
*2251 



Fig. 9. (Biennial cultivated plants, 1933.) 


Biometrika xxvi 


so 
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Environment played a large role in creating the average number of bracts per 
cluster, as can be seen by examining the averages for the three different years. 

{b) Ghty'acteriatios of the Distributions of the Rays. 

The following table gives the distribution of the rays for the biennial inflor- 
escences of Dattcus carota L. 
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21 
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24 

10 
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64 

10 

8 

30 

11 

5 

65 

6 

7 

31 

10 

10 

66 

9 

5 

32 

18 

8 

67 

9 

6 

33 

2!) 

12 

08 

9 

6 

34 

24 

0 

60 

11 

1 

35 

40 

0 

70 

5 

1 

30 

27 

0 

71 

4 

1 

37 

10 

13 

72 

1 

•2 

38 

33 

0 

73 

3 

2 

3J) 

47 

15 

71 

4 

1 

40 

20 

10 

75 

2 

i 3 

41 

52 

24 

76 

1 

3 

42 

40 

13 

77 

3 

3 

43 

10 

23 

78 

2 

0 

44 

32 

13 

79 

4 

1 

' 45 

34 

24 

80 

1 

1 

u; 

21 

17 

81 

2 

0 

47 

27 

27 

82 

1 

0 

18 

23 

12 

83 

1 

1 

40 

52 

21 

84 

0 

1 

50 

10 

15 

85 

1 

0 

51 

33 

25 

91 

1 

0 

52 

20 

14 

92 

1 ! 

0 

53 

24 

22 

93 

2 

0 

54 

20 

15 

04 

1 

1 

55 

1 _ 

32 

14 

97 

1 

0 

1 

L_ -- - 
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1100 

r)50 


The largo frequencies are now for the odd number of rays, whereas before the 
large frequencies wcfe for the even number of rays. Compare with reference given 
at the beginning. I do not know how to account for this as the same person counted 
the rays for the annual and biennial inflorescences. This difference may be in the 
counting, but it seems strange that the same person would one time have a 
tendency to stop counting on an even number and then one year from that time 
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have a tendency to stop on the odd numbers. The averages are closer to each other 
than for the preceding crops. 

The following table gives the frequency distribution of the number of rays for 
the biennial clusters when thrown into groups of fives. 


Classes 

Bays 

Michigan 

Frequency 

Indiana 

Frequency 

Classes 

Bays 

Michigan 

Frequency 

Indiana 

Frequency 

jr,~io 

1 

0 

(ii) — 0^ 

71 

45 


5 

4 

iin ~i'i0 

44 

25 


27 

16 

70 7J^ 

20 

10 

S0--:i4 

JOl 

44 

75-7.9 

15 

10 


187 

52 

.S’O ~SJt 

5 

3 


199 

83 

sri-~so 

1 

0 


160 

101 

OO—OJt 

5 

1 

na—rUf 

119 

91 

05 -00 

1 

0 

r/,i 

139 

65 







Totiils 

1100 

5.50 


1 






Michigan Indiana 

Moan 47*3882 rays 48*773 rays 

Standard lie viation ... 11*9693 „ 11*5705,, 

Skewness ... ... ... *7047 *3373 

Significance of the Means =3 *3596. 

These constants were obtained from the table on page 462. 

Histograms for the grouped data are exhibited in Figure 10 (p. 464). The 
ranges of the distributions are about the same, while the heavy vertical lines near 
the middle of the figure which represent means are nearer together than before. 
Frequency curves have been dniwn in freehand to aid the eye. The significance 
of the means is 3*36 probable errors of the difference of the means. This is not 
significant, that is this could be due to fluctuations in random sampling. Thus, as 
far as the means of the rays are concerned we cannot say that the plants which 
grew in Indiana during the summer of 1931 camii from one species while the plants 
which grew in Michigan came from another. The results of planting the seeds 
under the same conditions have shown that the biennial inflorescences from 
Michigan seeds are nob different from the inflorescence from Indiana seeds as to 
average number of bracts and average number of rays. This study certainly has 
shown that environmental conditions play an important role in creating the average 
number of bracts and the average number of rays per cluster. Important physical 
features of the clusters vary significantly for different environments, but do not 
vary significantly when the seeds are grown under the same conditions. 

(c) Congelation between Bracts and Rays, 

Correlation tables arc given on p. 465. These tables show that there is higher 
correlation between bracts and rays for clusters which came frotn Michigan seeds 
than for those which came from Indiana seeds. 

30—2 
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A Statistical Study of the Daucus carota L. 


FrEQUBNCY of RAY& (dAUOUS OAROTa), BTE.NWTAU Ct.U3TE.RS. 



1C n ZC C7 38 37 4*8 AH R2 57 68 67 73 77 82 87 ys ^7 102 

Number of 

Fig. 10. (Biennial cultivated plants, lO.'l.S.) 


The correlation coefficient for the biennial clusters from Michigan plants is *70 
while that for the biennial clusters from Indiana plants is *49. The large correlation 
coefficient for the plants from Michigan seeds is unexpected as the coefficients for 
the two previous crops were not so large. A decrease in the coefficient for the 
Indiana plants is also surprising as the correlation coefficients for the other crops 
were much larger and about the same size. There is significance between the 
coefficients for the two plots for the annual and biennial inflorescences. 

Planting the seeds under the same environmental conditions no doubt caused 
the means of the bracts and the means of the rays to differ slightly while it seemed 




Xumber of bracts 
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Correlation TMe, Raya and Bracts. (Biennials, 1933.) 
Nuinbor of rays per inflorescence from plants from Michigan seed 



A glance at the corredation table shows a rather definitely high correlation 
between bracts and rays per cluster. 


Correlation Tahir. Rays and Bracts. (Biennials, 1933.) 

Number of rays per inflorescence from plants from Indiana seed 



to cause the correlation coefficients to differ luon^ widely. In every case there seems 
to be correlation between rays and bracts. The number of rays per inflorescence 
appears to be a function of the number of bracts. 

The following figures give the correlation coefficient's for the samples taken from 
the crops for the three years. 

Michigan Indiana 

1931 — First year samples ‘55 ‘62 


1932 — Annual inflorescences *4»3 *66 


1933 — Biennial inflorescences ... ... ‘70 *49 
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A StatiMieal Stuihj of the Daucus carota L. 

These figures show that there is a considerable amount of variation in the size 
of the correlation coefficient. 

On Fig. 11 are plotted regression lines for predicting the average number of 
rays for a given number of bracts. These lines show that clu8tei*s with a small 
number of bracts have a small number of rays, while clusters with a large number 
of bracts have also on the average a large number of rays, etc. 

Regression Lines of IYIean Nuiyiber of JIays per Cluster 



The regression equations for predicting the average number of bnujts for a given 
number of rays are as follows: 

Michigan Indiana 

X = 6*491 ;I6 + *097 y 7*11527 -f *06175 y 

The following figures give the average number of rays per bract for the samples 
for the three years. 
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Average Numher of Rays per Cluster 


Vcar Michigan Indiana 

1931 474 4*93 

1932 5*02 503 

1933 470 4vS2 


It appears from these figures that there are about five rays for each bract. 

IV. Summary. 

This statistical study of Daitcus carota L., which has extended over a period 
of three years, has shown the following. 

(а) The number of bracts per inflorescence of the Wild Carrot varies with 
the environment and the average number of rays varies even more so with the 
environment. 

(б) The average number of bracts and the average number of rays per 
inflorescence are about the same when the plants are grown under the same 
conditions. 

(c) One does not always have the right to conclude that two plants growing 
in different localities belong to different species when the significance of the means 
of certain characters is greater than five. 

(d) Plants which differed widely when grown in different localities were 
brought back to similar physical conditions by growing the seeds in the same 
environment. 


Bracts. 



MeanH 

Standard 

Deviation 

SkewnesB 

Correlation 

Coeflioient 

Ycmr 

Michigan 

Indiana 

Signiti’ 

cance 

Michigan 

Indiana 

Michigan 

Indiana 

Michigan 

Indiana 

1931 

9*02 

10-80 

38-7 

1-54 

1-02 

•06 

-•22 


•62 

1932 

10-04 

9-93 

2-4 

1-05 

1-63 

•36 

•28 

•43 

•«6 

1933 

10-09 

1013 

*7 

1 CO 

1-44 

•37 

•23 

•70 

•49 


Rays. 



Means 

Standard 

Deviation 

r 

SkewnesB 

Average number of 
rays per bract 

Year 

Michigan 

Indiana 

Signifi- 

cance 

Michigan 

Indiana 

Michigan 

Indiana 

Michigan 

Indiana 

1931 

42-76 

53-51 

32-3 

11-93 

10-15 

•18 

•51 

4*74 

4-92 

1932 

50-92 

52-92 

6*6 

11-36 

13*91 

•44 

•18 

5*02 

5-03 

1933 

47-39 

1 

48-77 

3-4 

11-96 

11-57 

•70 

•34 

4-70 

4-82 
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(e) There is considerable correlation between the number of bracts and the 
number of rays per inflorescence. 

(/) The amount of correlation between bracts and rays varies for different 
environments. 

(g) On the average there are about five rays to each bract. That is a cluster 
with 12 bracts can be expected to have 60 rays, while one with 9 bracts will have 
45 rays, etc. 

(h) We do not know whether the plants from Indiana came from one species 
while those from Michigan came from another. The above results seem to show 
that the plants from both states came from the same species, and that the differences 
were due to changes in environment. 

The author feels as though this study points in one general direction, yet 
believes that the evidence might have been more conclusive had there been more 
plants the second year from which to sample. 

The author wishes to express appreciation for the valuable assistance of 
Mr W. H. Long, who so untiringly made the majority of the counts, for the com- 
putations of Mr G. M. Brown and also for the financial assistance rendered by the 
Committee in charge of the Research Fund at the University of Michigan. 

[The Editor has felt some difficulty in publishing the preceding memoir. It is 
the first occasion on which smooth curves drawn in with freehand’* have been 
permitted in Biovietrika to replace properly computed graduation curves of 
frequency. It is further difficult to believe that in 1931 there could be such 
a redundancy of even numbers of rays in both series, while this could be reversed 
in the biennial flowering of seeds from the same plants. Unfortunately the author 
did not do the counting himself, and cannot explain such a startling change. Again 
a “sigiiificance” of 6'4883 in the case of rays of the Michigan and Indiana annual 
flowers in the same environment corresponding to a probability of •000,006 would 
seem to most statisticians evidence against the two groups being samples of the same 
parent population. Further a “significance” of 30142 involving a probability of 
•0117 in the rays from the biennial flowers of the same groups appears to point in the 
same direction. It is not clear that the original difference in counts found between 
plants gi'owing wild in Michigan and in Indiana maj not to some extent be due to 
the Michigan plants having more annual, and the Indiana plants more biennial 
blossoms. The author does not tell us how biennial were distinguished from 
annual blossoms, when the plants were in the wild state. Notwithstanding these 
criticisms, however, there does seem definite evidence in favour of a wide environ- 
mental influence, such as the biometricians found many years ago in celandines 
grown on either side of the same hedgerow. Perhaps a final test might be made by 
taking the seed of both Michigan and Indiana biennial plants and gi’owing them 
side by side in both Michigan and Indiana and counting both the annual and in 
the following year the biennial flowers. 

The paper on account of the important problems it raises does, notwithstanding 
these criticisms, seem worthy of publication in BiometHkaJ] 
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Tabellen fiir alle ■tatiatlBche Zwecke in Wiasenschaft und Praxis'^. 


By PAUL HARZER. 


There are two criticisms to be made of this sot of tables. The first is that the title, which in 
full reads “ Tabellen fiir alle statistischo Zwecke in Wissens(;haft und Praxis, insbesondere zur 
Ableitung des Korrelations-Koeffizient und seines mittleron Fohlers,” is misleading and gives 
the impression that the Tables cover all scientific ptobleins amenable to statistical analysis, 
whercjas they only refer to those in which a correlation coofiicient is concerned. 

The s<3<Jond, a far more serious one, is that the tables are !iot founded on any accepted 
principles of mathematical statistics. It has also long t>oen known that the skewnass of the 
distribution of the cori’elation coefficient renders the use of its standard error in many cases 
unsound ; two alternative methods are available, (i) Fisher’s logarithmic transformation +, which 
affords a variate approximately normally distributed, or (ii) the use of the exact frequency 
distribution, which has been tabled J. 

The tables give the values of two functions denott^d by r and m (r) of the t)l>served correlation « 
for various values of % and it, the numl)or of degrees of freedom. Thus if sample size, then 
— 1 or n, a(!Cording as the sample nieiiiis or the population mo^ins have been used in 
calculating s. In throe previous papers, AstronomUche Nachrichten^ Bd. 219, Nr. 5247 ; Bd. 232, 

Nr. 5567 and Bd. 234, Nr. 5605, Harzor obtained those functions as power series in thus the 
first few tonus are (Nr, 5247, S. 252): 




l-j,!! (1 -.2)(1+3«2) (l-i*)(l+18»2_27ji<) 






I6n“ 




m (.•) 




2 + «2 44 - 3165 ‘-« + 193«4 


4n 


32n3 




.(ii). 


Further terms are given in Nr. 5605. 

To facilitate tabling the transformations 

r — sin p, 

««=sin (T 

are made; the argument o- is in degrees, p — o- in thousandths of a degree (S. 7- 50) and m(r) in 
units of the 5th decimal (S. 51 — 91). Subsidiary tables for finding the coefficients of the series 
(i) and (ii) are also given (S. 3 — 6). 

On S. 251 — 2.52 (A.N., Nr. 5247) and, later on, S. 263 — 264 (Nr. 5605), the moments of « are 
found ; in particular the equation for the mean is .solved for the population correlation coefficient 
r, and when s is substituted for the mean of s the equation (i) is obtained. Thus the function r 


* Abhandlungen der Bayerischen Akademie der Wisgenschaften, Neue Folge, Heft 21, Manioh 1933. 
t Metron, Vol, i. No. 4 (1921). 

Tablet for Statisticians and Biometrietansi Part ii. pp. 182 — 210. 
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of the observed correlation is quite an arbitrary one; it is not, for example, the “optimum” 
value of tlie poj)ulation correlation coefficient, which is known* to be 


j^l - 


( 1 ^, 2 ) ( 1 ^ 552 ) 


2n 


8n2 




The function r will have a sampling distribution depending on the true correlation ; by using 
his expressions for the momenta of « llarsser found the stAudard deviation m(r) on S. 265 — 266 
of Nr. 5605, and then expressed it in terms of % by means of the substitution (i), thus obtaining 
the function (iij. The value of the mean is not given, but we find 


r 3(l-r2)2 “I 
meanr=rj^l- 

when?, of course, the population correlation is used on the right-hand side. 

If therefore api)ears that those tables cannot he used for the purpose for which they were 
apparently designed, because of the confusion between the “mathematically expected” value and 
the observed value of the correlation coefficient. 

F. Garwood. 


* Metron^ Joe. cit. p. 13. [This result was given four years earlier in Biometrika^ Vol. xi. p. 356, 
Formula (Ixviii), 1917.] 
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Fig. 1. Type RoumftiiiMi ^ stlhonelto. baned on fifty etodents frofo Old Roomanis, — showing the network 
of mean cooedkiate* from which it was plotted, and the Frankfurt TforizontaJ^ as indicated by tbt 
continuous line toonffh the auricular point .4 . 
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Atov/idn of{J ^fliworia— .aifiamyoJI blO cnoil /to bs^ati 9>^ofiJi8 h oaioami/oH 9<rtT *1 

oifl 7 :^ hsiaoibrir aa Ja;^no\holI o/ii bflfi .bdllotq fyiw .)i daldw moil lelaaibiooo nasm lo 

.K itaioq tMtiJohoM 9tli dptotdi »aU utsoattUao$ 

71 bas m 9tu^ J7XX .hV .tdhHimM 




Fig. 2. Typ« BowBAiiian rf silhouette based on fifty students from Ti-ansyW an ia,— allowing the ootwork 
of mean coordinates from which it was plotted, and the Fiankfurt Horisonial, hh indicated by the 
oontinuoas line through the auricular point 

Blometrika, Vol. XXVI, Farts III and IV 





ii<»wien jjttlworfa- - aw>il no beiwcf ^Isouodfia % naicuimooH eq^T X 

^)r{) vd boiiior&ni ha tJjdflositoH ihfiynatU oifl bna ^bo^iolq ii doiifw moil Bdlaoibiooo cuMin k 

.K iabq mltfahoa ddi ri^uoiiii »ail moiraiiaoe 
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